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Characteristics of Mexican hat wavelet transform 
in a class of generalized quotient space 


Abhishek Singh*', Aparna Rawat! and Shubha Singh? 
December 24, 2022 


Abstract 


In this paper, Mexican hat wavelet transformation is defined on the 
space of tempered generalized quotients by employing the structure of 
exchange property. We study the exchange property for the Mexican hat 
wavelet transform by applying the theory of the Mexican hat wavelet 
transform of distributions. Further, different properties of Mexican hat 
wavelet transform are investigated on the space of tempered generalized 
quotients. 

Key words: Wavelet transform; Exchange property; Distribution 
space; Tempered generalized quotient 
Mathematics Subject Classification(2010): 44A15; 44A35; 46F99; 
54B15 


1 Introduction 
The wavelet transform (W f)(b,a) of a square integrable function f, is given by 


wp(o.a) = [ ” $()Boalé)dt, (1.1) 


where 
t—b 


) , 50,te€R”, anda>0. (1.2) 


The inversion formula for (1.1) is given by 


a2 


c ie [wartor nna (=) a Safle), ceR, (13) 


1* Corresponding author (mathdras@gmail.com) 'Department of Mathematics and Statis- 
tics, Banasthali Vidhyapith, Banasthali, India 
?Department of Physics, Banaras Hindu University, Varanasi 
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where the admissibility condition Cy is given by 


Cy _ fe Ww? — f° We-uwP 
5 -| ia w= | al du<co  [3,p. 64]. 


The Mexican hat wavelet is constructed by taking the negative second derivative 
of a Gaussian function and is given by [24] 


t 2 t? 
w(t) =e" @(1 P= Se) (1.4) 
such that ‘ 
i AS aati oe @ = =) ; (1.5) 
Thus, (1.1) can be reduced to 
(W f)(b, a) = -al f 7) t) Dee“ dt, «= ERy (1.6) 
which then, under certain conditions on f is 
af QQ —- SF 
2 i ) +. - 
(W f)(b, a) = —a? ri (t) e 2a? dt aé€R (1.7) 
Let a function ka(b— t) be defined by 
1 =itee? 
ka(b—t) = ae 7 i (1.8) 
where t€ R, b=o+ iw andae€ Rx. Then 
1 - 0-1? 
D2k,2(b—t) = Tah (« ae i, (1.9) 


Therefore, by (1.5) 
boat) = —(2m)# a3 Dikg2(b—*) 
and hence the Mexican hat wavelet transform is given by 
(Wf)(b,a) = (Qnjtal [ 600 t)D?kq2(b — t)dt 
& Qnjtal [ pO Vigo (b — t)dt 


_ ee *kq2)(b), BEC, aER,, — (1.10) 


~(b—t)? 
where k,2(b — t) = Tae 2a, 
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The most general theory of the MHWT is investigated on the generalized 
function space (W%,',) developed by Pathak et al. [8]. It is proved that the 


MHWT (W f)(b, a) of f € (W%1,) , is given by (f@)(t), ka2(b—t)) is an analytic 
function in the strip a <Reb< 7 for some a, 8,7 € R. 


Recently, the wavelet transform has been comprehensively studied in many 
functions, distributions, and tempered distribution spaces. Several interesting 
properties and applications in generalized function spaces have been developed 
(See, for example, [6, 9, 10, 11, 12, 13, 17, 18, 19, 20, 21]. On the other hand, 
Mikusinski’s algebraic approach gave a new transformation to the theory of 
functional analysis. The space of generalized quotients (Boehmians) is the 
recent generalization of the Schwartz distribution and the motivation for the 
expansion is in the core of Mikusinski operators. Its application to function 
spaces with the involvement of convolution provides different generalized func- 
tion spaces. Hence, many integral transforms have been investigated in such 
spaces [1, 5, 7, 14, 15, 16, 22, 23). 


Let .Y(R”) and .7(R” x R,) be the spaces of functions with continuous 
derivatives which are rapidly decreasing on R” and R” x R,. The dual of .7 is 
represented by .~’ that is known as the space of tempered distributions. The 
spaces -Y and .¥’ have been introduced and developed in [2]. The class .~ 
of tempered distributions is contained in (V7 Pe Therefore the Mexican hat 
wavelet transform theory can be made applicable to .Y’. Further, the Mexican 
hat wavelet transform can be expanded to the space of tempered generalized 
quotient, as the space is a natural expansion of tempered distributions. Here, we 
extend the Mexican hat wavelet transformation to a class of generalized quotient 
space that have quotients of sequences in the form of f,/~n, where the numer- 
ator contains terms of the sequence from some set .~’ and the denominator is 
a delta sequence such that it satisfies the following condition 


Further, the delta sequences are defined as sequences of functions {yn} € 7% 
that satisfies 


1. fea Gy eda = 1 for all w= 1, 2,3... 


2. There exists a constant C' > 0 such that 


| \yn(a)| da < C for all n = 1,2,3,---. 
R” 


3. limnsoo fiayse llall” (es (w))| dx = 0 for every k EN and € > 0. 


In particular, we extend the transformation to generalized quotient space by 
defining an exchange property for the Mexican hat wavelet transform. In the 
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next section, we introduce some of the basic results required for the investigation 
of MHWT on the generalized quotient space. Section 3 describes some algebraic 
properties of MHWT in the context of tempered generalized quotients. 


2 The exchange property 


In this section, the space of tempered generalized quotients is constructed by 
applying the exchange property. This construction for generalized quotients in- 
dicates that the role of convergence is not necessary. 


Theorem 2.1. For a function f € A’ andt ER, 
+2 


(W f)(b,a) = (2m)2a3(f + kq2)(b) = (20) 22 lim ((f * kg2)em  )(b). 


noo 
Proof. Consider, 
(2n)2a% lim ((f * kq2)e7#)(b) = (2r)tal lim | f2(t)kga(b)e7 Se dt 
noo 


n—- Co 


+2 


R 
(b-t)? 
— a? lim [Pe aa e 2 dt 
noo R 


= ai i far eae 
R 


Therefore, 
2 


(Wf) (b,a) = (27)2a? lim ((f 2) * kg2)e7 2" )(b). 


n—->co 


Theorem 2.2. For f € S and pe SF, we have 


(W(f * 9))(b,a) = (Wf) (6, a) * 9. 


Proof. By using [4, Lemma 4.3.8], (f * y) € Y’ and hence (W(f * y))(b, a) is 
defined. Also, by Theorem 2.1 


(W(F*—))(b,a) = (2m)4a% tim (FO *g) * kaz)e“* )(0). 
Consider, 
(2m) a3 (((f® «y) *kes)e7#)(b) = (2n)ta i (FO) * p)(t)k(b— ta)" dt 


(b=)? 2 
= at [7 * p)(t)e7 me en Bn dt 
R 
(b-t)? 22 


= a | (f(s), 9(t— sleet at 
R 


_ a2 [4 @.vl - drbattat, (2.1) 
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(b—t)? S 
where Un (t) =e 2a eo. 


By [8, Lemma 4.3], we have 
aff" (F(o),olt-s)un(tnae = at (£8), [gt syen(t)at) , Yn > 0, 
which converges to 

ab (700), [lt s)wn(t)dt) a8 m +00, 


Therefore, 


42 


[0.6 - Ne SFek d= (76), [ ee- sunt a) 
= (f(s), (pede (8). (22) 


Let us now consider, 
(2m)2a3((f *ka2) *y)(b) = (2n)?a? : (f + ka2)(b— t)p(t) dt 
a4 5 iM, 
= nial f (f(s) heal—t~s)) elt) at 
—M 
where supp y C [—P, P]. Now by [8, Lemma 4.3 ], 
qd 5 1 5 M 
(2m)2a2 ((f * kg2) *y)(b) = (2m)?a? [FO seal t- s)) p(t) dt 
= (Orta? (£2) fT bt) at) 
= Qn) 2a2 (£2), fT : 7 te — s)y(t) at) 


Jor 
arid (#5), [ oe-90to at) 
= a3(f(s), (p* ¥)(s)). (2.3) 


From (2.2) and (2.3), we obtain 


(W(f * 9))(b, a) = (Wf) (6, a) * 9. 


Definition 2.3. For a family {y,} where y; € S, we define 


jEJ? 


M( tei}, ) = {e ER" svs(e) =0, Vj Ee J}. (2.4) 


5 
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A family of pairs {(fj,(9;)}., where f; € S’ and y; € S, have the exchange 
property if 


Let set A denotes the collection of {(f;,~;)},, where fj € S’(R”) and 
~; € S(R”), Vj € J, with exchange property such that M( (vit, ) =o). 


If M ({pj};) = and M ({Ag}i) = 0, then M ({p; * Ath ycx) =O. 


Theorem 2.4. /f {(fj,¢;)}, € A, then there exists a unique F € S' (R” x Ry) 
such that F is the Mexican hat wavelet transform of the family of functions 


{(fj,9s)}u, ue, F = (W{(f;, 95) fa). 


Proof. Let us consider family of sequences {(f;,¢;)}, € A, where fj € -7’(R”) 
and y € .%, Vj € J, with exchange property such that |y(a)|> €, for some € > 0, 
and x € M ({p;}.)°. Then, in some open neighborhood of «, we define 

pa (2.6) 

Pj 

Case 1: We show that for some open neighborhood of x we have a quotient 
F that is unique in that neighborhood, i.e., F does not depend on j € J. Let 
U and V be some open neighborhood of x such that |y;(a)|> «, Ve € U and 
lpr(x)|> €, Vax € V. Then since {(f;,y;)} € A, hence it satisfy the exchange 
property and therefore, 


Si * Gk = fe* 9, VI, € J. (2.7) 
Applying Mexican hat wavelet transform to (2.7), we get 
(W(fj *en)) = (Whe * 95) 
(Wf;)*~per = (Wfk)*~; (by Theorem 2.2) 
Wf; Ww 
(W fj) _ ( Fi) (2.8) 
Pj Pk 

Hence, we get a quotient F = (WA) on UNV. 


Pi 
Case 2: We need to show that F € .Y’(R” x R+) is unique. From (2.6) and 
(2.8), for any j,k € J, we have 


(W fr) = Fer, Vk E J (2.9) 


such that there exists a unique F' € .¥’(R” x R;) which implies exchange prop- 
erty. 


Clearly, for a total sequence, say {yj}, where y; € S(R”) for all j € N, 
there is an f; € S’(R”) such that (Wf;) = y;F. Hence, {(f;,~;)}y € A and 
F= (W({(fj, 93) dy): 
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For the family of pairs of sequences {(fj,9;)} 7, {(ge, Ar} € A has an 
Equivalence Relation, i-e., {(fj,9;)}, (gr, on) } x if 


fix Ar =o *9;, VIET KEK. (2.10) 


Theorem 2.5. Let {(fj, 9; )} 7 {(Ge, Anbn € A. Then {(fj, 95) by ~ (Ges Abb K 
if (Wf; ea) F 7) = (WL (gr Ag) be): 
( 


Proof. Let {(f;;e;)} 7 ~ (Ge, Ak) te, hence, they satisfy the exchange property, 
defined as 
fj * Ak = Gk * Pky VIE STKE K. 


Let F and G denotes the Mexican hat wavelet transform of some family of 
sequences such that F = (W({(fj,9;)},)) and G = (W({(gx, An) be). Now, 
consider, 


ppF*eA, = (Wf) *Ax 
(fj * Ax) 
(9k * ¥3)) 
Wx) * 95 
= ARG * D5. 


I 


( 
(Ww 
(w 
( 


l| 


Now, by applying Lemma 2, we get F = G. 
Conversely, we need to show that the family of sequences {(f;,;)}, and {(9n; Ak) bie 
are equivalent. Let us consider 


F=G 
= (Wf) * An = (W9e) * 9; 
= (Wf; *AK)) = (W(ge * 95) 
= fy*rAc = Gk * Yj. (2.11) 


Hence, {(f5,9;)} 7 ~ (Ge. An) }K- 


From the above theorem it is shown that there is an equivalence relation on 
A and hence splits A into equivalence classes. The equivalence class contains the 


generalized quotient Jn and is denoted by | . These equivalence classes are 
n Pn 
called generalized quotients or Boehmians and the space of all such generalized 


quotients is denoted by B. 


fi 


n 


Definition 2.6. Let X = | € &, then the MHWT of X as a generalized 


quotient is defined by, 


Y = (WX)(b,a) = [Mee 


Pn 
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It is well defined since, if X = [&] == [| in Z, then 


Yn 
fm*Un = Gn* Pm Vm,neN 
(W (fm * Un))(0,4) = (W(Gn * m))(d, a) 
(W fin) (b,a) * Un = (Wagn)(b,a)* Ym (by Theorem 2.2) 
[Ae 2) es at 2) . 
Pn Wn 


Further, by considering the map f — [2], any f € W'(—oo,00) can be 


considered as an element of & by [4, Theorem 4.3.9], ie., if X = [4] , then 


(WX)(b,a) = ue “pobal] 7 rae. a) * bn 


= | -ornde 


n 


This definition extends the theory of MHWT to more general spaces than 
(Weg) - 


From Theorem 2.4 and Theorem 2.5, it is clear that the Mexican hat wavelet 
transform is a bijection from the space of generalized quotients to the space of 
distributions. 


Theorem 2.7. For every X € By (gn) there exists a delta sequence (Yn) such 
that X = [{(fns Pn) }n] for some fr € 7'(R”). 


Proof. Let (¢n) € /(R"), be a delta sequence and X € Bygn). Then, (WX)* 
gon € SF', since (WX) € SA’. Consequently, (WX) * d, = (Wg,) for some 
Gn € S%'. Therefore, we have 


ee aoe (2.12) 


Hence, fn = (gn * dn) € SY’ and by using the property of delta sequences 
dn * bn € SY is a delta sequence. This completes the proof. 


Conclusions 


The space of generalized quotients includes regular operators, distributions, 
ultra-distributions and also objects which are neither regular operators nor dis- 
tributions. It may be concluded here that the space of tempered generalized 
quotient is constructed in a simple way by using the exchange property. This 
new construction is further used to represent the Mexican hat wavelet transform 
of tempered generalized quotients with its algebraic properties. This space of 
generalized quotient can be applied to examine Mexican hat wavelet transfor- 
mation on various manifolds. 
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Abstract 


The onset of Maxwell-Cattaneo DDC in a viscoelastic fluid layer 
is studied using linear stability analysis with the help of normal mode 
technique. The parabolic advection diffusion equation, which presupposes 
classical fickian diffusion for both heat and salt, controls the evaluation 
of temperature and salinity. Analytically, the onset criteria for station- 
ary and oscillatory convection is derived. Since the onset of stationary 
(steady case) convection is unaffected by Maxwell-Cattaneo effects as well 
as visco-elastic parameters, oscillatory convection rather than stationary 
convection is the key to visualize the effects of different parameters in 
this paper. Two different scenarios for oscillatory convection have been 
discussed (i) when Maxwell-Cattaneo coefficient for salinity Cs = 0 and 
(ii) when Maxwell-Cattaneo coefficient for temperature Cr = 0. Also a 
comparative study for these two cases i.e. Cs = 0 and Cr = 0 is per- 
formed for different controlling parameters like relaxation parameter (A1), 
retardation parameter (A2), diffusion ratio (7), solutal Rayleigh number 
(Rag) and Prandtl number (Pr) with the help of graphs. 


Keywords 


DDC, Maxwell-Cattaneo Effect (M-C Effect), Viscoelastic binary 


Rayleigh number, Thermal Convection. 
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Introduction 


Maxwell Cattaneo double diffusive convection 


Emails: priyabharty58Q@gmail.com!, atulshaswat@gmail.com? 


fluid, 


The viscoelastic fluid flow is of significant importance in many fields of sci- 
ence, engineering, and technology, including geophysics, bioengineering, and the 
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processing of materials in the nuclear, chemical, and petroleum sectors [15][4]. 
Unique patterns of instabilities, such as overstability, which cannot be predicted 
or seen in Newtonian fluid, are present in viscoelastic fluids. For almost 40 years 
[5], the literature has explored the nature of convective motions in a thin hori- 
zontal layer of viscoelastic fluid heated from below in the context of the classical 
Rayleigh-Benard convection geometry. The key papers by Vest and Arpaci [5] 
provided the first thorough study of the linear stability of a layer of an upper- 
convected Maxwell fluid, in which stress exhibits an elastic response to strain 
typified by a single viscous relaxation period. Due to the high viscosity of the 
polymeric fluids, flow instability and turbulence are much less common than 
in Newtonian fluids. For a very long time, it has been widely accepted that 
in realistic experimental conditions, oscillatory convection cannot occur in vis- 
coelastic fluids .However, recent studies on the elastic behaviour of single long 
DNA strands in buffer solutions have revealed how to make a fluid in which 
oscillatory viscoelastic convection might be observed. Recently, this notion was 
confirmed by Kolodner [21], who found oscillatory convection in DNA suspen- 
sions in annular geometry. Theoretically, these studies reignite interest in heat 
convection in viscoelastic fluids. 

Sushila et. al. [25] studied a hybrid analytical algorithm for the thin film flow 
problem that arises in non-Newtonian fluid. They looked at the thin film flow of 
a third-grade fluid down an inclined plane in their paper. For the local fractional 
transport equation that occurs in fractal porous media, in [14], a an effective 
computational technique is presented. Mehta et. al. [22] investigated heat 
generation/absorption and the effect of joule heating on radiating MHD mixed 
convection stagnation point flow along vertical stretched sheet embedded in a 
permeable medium. The use of an unique fractional derivative in the analysis of 
heat and mass transfer for the slipping flow of viscous fluid with SWCNT’s sub- 
ject to Newtonian heating is explored by [17]. Whereas heat and mass transfer 
fractional second grade fluid with slippage and ramped wall temperature using 
Caputo-Fabrizio fractional derivative approach is investigated by [24]. 

Due to a variety of real-world situations where the Fourier law of heat flux is in- 
sufficient, the dynamics of Maxwell-Cattaneo (or non-fourier) fluids have drawn 
interest. In his investigation of the theory of gases, Maxwell argued that the re- 
lationship between heat flow and temperature gradient not only contain a finite 
relaxation time but also not be instantaneous. In the case of solid, Cattaneo [3] 
established a comparable relation, which Oldroyd [11] developed further. Later 
additions were important, such as those by Fox [20] and Carrassi, Morro[18]. 
The classical Fourier law of heat conduction expresses the heat flux within a 
medium is proportional to the local temperature gradient in the system. i.e. 


Vp = -—KVT (1) 


In which Vr is heat flux, J is temperature and K the thermal conductivity. 
A well consequence of this law is that the heat purturbation propagate with a 
infinite velocity. To eliminate this unphysical feature, Maxwell-Cattaneo law is 
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one of the various modifications fourier law and takes the form: 


DVr 
—— =-Vr—-KVT 2 
a, T (2) 
Where the relaxation time is tr and the thermal conductivity is K. The deriva- 


tive 4 here represents the time derivative following the motion so that: 


DVr (2A 
> = (4 + vv) Vr (3) 


Where ¢ is time and V is velocity. When a finite speed heatwave [6],[1],[2] is 
solved by the inclusion of finite relaxation periods, the parabolic heat equation 
of Fourier fluids, in which heat diffuses at infinite speed, is transformed into 
a hyperbolic heat equation. The significance of the thermal relaxation term 
is typically expressed by the dimensionless Maxwell-Cattaneo coefficient Cr, 
which is the ratio of the thermal relaxation time to twice the thermal diffusion 
time. 


tr kK = TTR _ (2) (4) 


CG — 
T OpCpd2 2d? ST 


where thermal diffusion time is 7,,(= 2), density is p, specific heat at constant 
pressure is C'p, length is d and thermal diffusivity is «. Thus the classical Fourier 
law has Crp =0. 

Numerous physical scenarios have been investigated when it comes to the Maxwell- 
Cattaneo heat transport effect, including nano-fluid and nano-material [7], bi- 
ological tissue [26] and stellar interiors [16] in the context of DDC. Many fac- 
tors, including the coefficient definition, affect the Maxwell-Cattaneo effect’s 
potential importance. Eltayeb [9] discussed convection instabilities of Maxwell- 
Cattaneo fluids. In his study, he used three distinct forms of the time derivative 
of the heat flux to explore the linear and weakly nonlinear stabilities of a hor- 
izontal layer of fluid obeying the Maxwell-Cattaneo relationship of heat flux 
and temperature. While Eltayeb, Hughes, and Proctor [10] have examined the 
convection instability of a Maxwell-Cattaneo fluid in the presence of a verti- 
cal magnetic field and have discussed about the instability of a Benard layer 
under a vertical uniform magnetic field. The DDC of Maxwell-Cattaneo fluid 
has been studied by Hughes, Proctor and Eltayeb [8]. The consequences of in- 
clude the Maxwell-Cattaneo (M-C) effects on the commencement of DDC, in 
which two factors alter the density of a fluid but diffuse at separate rates, were 
investigated in that study. For both temperature and salinity they considered 
Maxwell-Cattaneo effect. The modified salinity evolution equation is expressed 


as: 
DVe 


Dt 


Tée = —Ve — Ke VE (5) 


by analogy with temperature equation when M-C effect is included. where @ 
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is salt concentration, & is salinity diffusivity, te the relaxation time for salinity 
and Vv is salt flux. Most of the above discussed work is related with the New- 
tonian fluid. 

The onset of DDC in viscoelastic fluid (non-Newtonian fluid)layer is investi- 
gated by Malashetty and Swamy [19]. They analysed the stability of a binary 
viscoelastic fluid layer using linear and weakly nonlinear methods in that study. 
In view of importance viscoelastic fluid as discussed above, in this paper we 
carry out a linear stability analysis for a Maxwell-Cattaneo DDC in a viscoelas- 
tic fluid layer. Here, we focus on the scenario in which the M-C coefficients are 
extremely small, driven by geophysical and astrophysical concerns. Therefore, 
even when Cr,Cs << 1, new mechanisms for oscillatory instability might de- 
velop, given that the initial gradients of temperature and salinity are relatively 
significant. This is because the modified equations now describe singular per- 
turbations in the time domain. 

The work is presented in the following way. The physical problem is discussed 
in sect. 2 with a brief mathematical formulation. In sect. 3, the linear stability 
analysis in oscillatory convection for two cases i.e (Cr = 0 and Cg = 0) for the 
free-free boundaries is covered. The results and discussion are included in sect. 
4, where we described results shown with the help of graph drawn for different 
parameters by fixing the values of all other parameters and discussed whether 
these parameters stabilise or destabilise the system. Last but not least, sect. 5 
brings to a close a few key aspects of the analysis. 


2 Mathematical model 


2.1 The physical domain 


We consider DDC in a horizontal layer of an incompressible binary vis- 
coelastic Maxwell-Cattaneo fluid confined between two parallel horizontal planes 
at z = 0 and z =d, a distance d apart with the vertically downward gravity g 
acting on it. Origin is set in the lower boundary of a Cartesian frame of refer- 
ence, horizontal component x and vertical component z increases upwards. The 
surfaces are stretched indefinitely in both x and y directions while maintaining 
a consistent temperature gradient AT across the porous layer. To account for 
the impact of density fluctuations, we presum that the Oberbeck-Boussinesq 
approximation is used. 


2.2 Governing equations 


The momentum equation is modelled using the viscoelastic fluid of the Oldroyd 
type. The basic governing equations are 


a) OV _ a) Fe 
(+43) c (S+vvv) +Vp—ps| =u(1tme)v V (6) 
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(F + vv)r) =-V.Vr (7) 

TT (= + v.VUr)) = —Ur-KV°T (8) 
(F + vvye) = -V.Vig (9) 

ee ee fp v.(VU«)) = Ug — KeV’@ (10) 
V.V =0 (11) 


where Up = V.Vr, Ue = V.Ve , V = (u,v, w) is velocity, ~ is viscosity, A1 is 
relaxation parameter, A2 is retardation parameter, p is density, K is thermal 
conductivity, Kg is salt conductivity, Vr is heat flux and Vv is salt flux. The 
formula for the relationship between reference density, temperature, and salinity 
is:- 

p = poll — Br(T — To) + Be (@ — )| (12) 


Temperature and salinity’s appropriate boundary conditions are:- 
T=T)+AT at z=O0OandT =Tp at z=d (13) 
C6 =G6+AE at z=Oand © =% at z=d (14) 


2.3 Initial state 


It is considered that the fluid is in a quiescent initial state, which is represented 


by 
Y= (0, 0, 0) ,P= P,(z),T > To(z), 6 = >(z), p= po(2); (15) 
Vn, = (0, 0, Vr(z)) Ve, = (0, 0, Ve(z)) 
Using (2.3) in Eqs. (6) — (12) yield 
dpb PT, PCy 
dz OS de? : dz? g ue) 
The initial state solution for temperature and salinity fields are given by:- 
T,(2) =T) — ATS, 6(2) = 6 — ABS (17) 
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2.4 Perturbed state 


On the initial state, we superimpose a disturbance of the type:- 


V=V,(z) 4+ V'(2,y.2,t),T = Th(z) + T' (2, y,2-4),6 =G@,(z) + G' (x,y, 2, t), 
P= P,(z) + Pega tp Fe po(z) + P Get) Vr =Vr,+ Vr(2,y, 2,t), 
Ve = Vie, + Vela, y, 2, t) 

(18) 

where perturbations are indicated by primes. Introducing (18) in Eqs. (6) — 


(11), and using basic state from Eq. (16), The resulting equations are then 
non-dimensionalized using the following transformations 


2 


KT z KT z * KT z 2 
(x,y,z) = d(x 5Y",2"),t= Fa oe - Ar*, (V") = - (V Pate P 
KT Ko Hinde. ats Roar F 


(19) 
After eliminating the asterisks for simplicity, we arrived at the non-dimensional, 
linear governing equations, which are 


(1 + \y =) | zlee WV — RarViT + rasVi6| = (1 + oe) Viv =0 


ot Pr Ot 
20) 
OT 
5G CUE = -Up —V°T 22) 
Ot 
06 
205° = —Ug —1V’@ 24) 


where the Prandtl number Pr, thermal Rayleigh number Rav, solutal Rayleigh 
number Rag, Diffusivity ratio 7, Maxwell-Cattaneo coefficient for temperature 


Cr and Maxwell-Cattaneo coefficient for salinity Cy are defined as: Pr = =, 

Zz 
— BrgATdKzv — BsgACdKzv _ kK _ Trk _ TeK 

Rar = he 2~, Ras = oe aay TS ~Cr= 37, Cs = Spe, and 


A 
u, v and w are x, y and z component of velocity respectively. 
The boundaries are assumed to be impermeable, isothermal and stress free, 
therefore we have the following conditions 
Ow 
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3 Linear Stability Analysis 


In this part, we employ linear theory to forecast the thresholds of both marginal 
and oscillatory convections. Assuming that the amplitudes are small enough, 
the time-dependent periodic disturbances in a horizontal plane are used to solve 
the eigenvalue problem specified by Eqs. (20)—(24) subject to the boundary 
conditions (20) is solved as follows: 


T 0 (z) 

C6 |= G(2)-'| eens (26) 
Ur ¢ (Z) 
Ue 7 (Z) 


where the growth rate is represented by the complex quantity o and the hori- 
zontal wave numbers | and m. W, ©, ®, ¢ and ¥ are the amplitudes of stream 
function, temperature field, solute field, heat flux and solute flux respectively. 
[a +0) (— = a) + (1+ Ago) (D? — a?)?] W + (1 +10) Raza? 
Tr 
—(1+A,0)Raga’ = 0 


27) 
—-W+004+¢=0 28) 
(D? — a?)O + (2Cra +. 1)6 = 0 29) 
—W+o06+7=0 30) 
7(D? — a”)® + (2Cg0 +1)y =0 31) 


where D=4 and a?=I? + m?. on the free boundary. we take the solution of 
Eqn. (27)-(31) satisfying the boundary condition for free-free case: 


[W(z), Q(z), P(z), C(2), y(z)] [Wo, Oo, Do, Co; yo] sin(n7z), (n = 1, 2, 3, Le) 


(32) 
Substituting Eq. (382) into (27)-(31), and considering n = 1, we get a matrix 
equation 
M, —a?Rarp a?Rag 0 0 Wo 0 
—1 ol 0 1 0 Oo 0 
0 —a 0 2Crao+1 0 ®) | =|] 0 (33) 
—1 0 ol 0 1 Co 0 
0 0 —Ta 0 2Cs0+1 Yo 0 
where a = a? +77, M, = [#2 + urls! 


For non-trivial solution of W, ©, ®, ¢ and 7, we need to make the determi- 
nant of the above matrix as zero, we get 


(34) 


Rae = (+ Ses a ) Ee Rasg(2Cso + 1) 


(2Crpa+1)/ | a?  o(2Cs0+1)+7Ta 
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3.1 Stationary state 


We have o = 0 at the stability margin for the direct bifurcation, or stable onset. 
The Rayleigh number at which a marginally stable steady mode occurs therefore 
becomes a 
R 
RS ae (35) 
a T 

We obtained the result which is comparable to that of Turner [13]. This result 
also indicate that stationary Rayleigh number is independent of the viscoelastic 
parameters and Maxwell-Cattaneo coefficients. The stationary Rayleigh number 
Ras given by Eq. (35) attains the critical value 


3 2 Rag 
Ratio = a = ae (36) 


for the wave number a, = aoe 


When Rag = 0, Eq. (36) gives 
st 2 
Rar co = 7 (37) 


which is classical outcome of Newtonian fluid layer mentioned in the book of 
Chandrashekhar [23]. 


3.2. Oscillatory motion 


In general, o, the growth rate, is a complex quantity with the formula ¢ = 
or +iw. While the system will become unstable for o, > 0, it is always stable 
for o, <0. o, = 0 for the neutral stability state. 
1. The case of Cs=0 

we put Cg=0 in Eq. (34), and get 


= a —ca , (1+ Age)a? oe 
ae (« . 2Cro + :) (ce "(+ Ayo)a2 Bean (38) 


then put o = iw(w is real) in Eq. (38) and get 


Rar = Il, + (iw) Il, (39) 


The expression for II; is given by 


fp Sp Dp Dee De De 


The fact that Ray is a physical quantity proves that it is real. Hence, 
from Eq. (39) it follows that either w = 0 (steady onset) or Hy = 0 (w 4 0, 
oscillatory onset). For oscillatory onset Tz = O0(w 4 0) and this provides a 
dispersion relation of the form 


B, (w?)” + Bo (w?)” + Bz (w?) + By =0 (40) 
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where the constants By = Qi, Bz = Q1Q7 + Q2 — Q3Q5 — Q3Qs, Bs = Q2Q7 — 
Q4Q5 — Q3Q6 — Q3Q7Qs — Q1Qs + Qo + Q3Q10, Ba = —Q1Q6 — Q4Q7Qs + 
Q7Q9 + Q4Q10 
Now Eq. (39) with Hy = 0, gives oscillatory Rayleigh number Ra%*° 
at the margin of stability as 
Ras = ly. (41) 


Also, to cause the oscillatory convection, w? must be positive. The symbols 


Dy, D2, D3, Da, Ds, Q1, Q2, Q3, Q4, Q5, Qe, Q7, Qs, Vo, M10, Q11, Qi2; Q13, Qi, 
Qis,Q1ig and Iz are defined in Appendix-I 


2. The case of Cr=0 
we put Cy=0 in Eq. (34), and get 


—oa  (1+A20)a? Ras(2Cgso + 1) 
= 42 
eed ea (3 a 1+A\0)a? (a(2Cg0 + 1) + Ta) a 
then put o = iw(w is real) in Eq. (42) and get 
Rar = I, + (iw) (43) 


The expression for II} is given by 


I, =F, —- Po + F3+ Fi — Fs 


For oscillatory onset II, = 0 (w 4 0) and this provides a dispersion relation of 
the form , j 
Ci (w) + C2 (w) + C3 (w”) + Cy, =0 (44) 


where the constants Cy = P,P? — P2P?Pr, C2 = P, + 2P2PsPsP7 — P2P; — 
PP? P, +P? Ps+P2P5Po, C3 = P,P? —2P, Ps Ps —P2P1— P2P? Py +2P3 Ps PsP, — 
P3P7 — 2P5PsP3 + Pg — P2PsP 9 + P3PsPo + P2P 9, Cy = —P3Ps — P3P3P7 + 
P? Ps — P;PsPy + P3Pz 
Now Eq. (43) with I, = 0, gives oscillatory Rayleigh number Ra° 
at the margin of stability as 
Rao? = Il. (45) 


Also, to cause the oscillatory convection, w? must be positive. The symbols 


F), Fo, F3, F4, Fs, P1, Po, P3, Pa, Ps, Pe, Pr, Ps, Po, Pro, Pir, Piz, Piz, Pia and II, 
are defined in Appendix-I 


4 Result and discussion 
In this paper, Linear stability has been investigated in the presence of Maxwell- 


Cattaneo DDC for viscoelastic fluid. The onset of instability is examined for var- 
ious controlling parameters such as Prandtl number (Pr), diffusivity ratio (7), 
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relaxation parameter(A;), retardation parameter (2), solutal Rayleigh num- 
ber (Rag), Maxwell-Cattaneo coefficient for temperature (Cr) and Maxwell- 
Cattaneo coefficient for salinity (Cs). In most physical contexts, the Maxwell- 
Cattaneo effect is so negligible that we have concentrated on the case where 
C is smaller than 1, where C is used in the discussion to signify either Cy or 
Cg. Because C' is so small, the Maxwell-Cattaneo effect only manifests itself for 
concomitantly strong heat and salinity gradients. 

In the (a, Rar) plane, Fig. 1(a)-(f) illustrate the neutral curves of oscillatory 
convection for Cg, A1, A2, T, Pr and Rag when Cr = 0 while Fig 1(a’)-(£’) 
illustrate the neutral curves when Cs = 0 for Cy, Ay, A2, T, Pr and Rag. Fig. 
1(a) illustrates how Cg affects the system’s stability whereas the impact of Cr 
is depicted in Fig. l(a’). With a rise in Cg, the minimum Rayleigh number 
increases, but with a rise in Cy, the minimum Rayleigh number decreases. So, 
clearly it is shown that C's has stabilizing while Cr has destabilizing effect on 
the stability of the system. 

Fig. 1(b) and Fig. 1(b’) show the influence of relaxation parameter 4; on the 
stability of the system for Cr = 0 and Cg = 0 respectively. We can see that 
raising A; causes the lowest value of the Rayleigh number, Rar, is decreases, 
indicating that A, has a destabilising influence on the Maxwell-Cattaneo DDC 
in viscoelastic fluid for both situations, where (Cp = 0 and C's = 0). Also, 
it is shown graphically that for different values of A, the case C's = 0 is more 
stable as compare to Cr = 0. Fig. 1(c) and Fig. 1(c’) demonstrate that when 
the value of A2 grows, the lowest Rayleigh number similarly rises, stabilising 
the system. For different values of A2, C's = 0 case is more stable. Viscoelastic 
parameter behaviour is clear and consistent with what [12] said. 

The influence of diffusion ratio 7 on the system’s stability is depicted in Fig 
1(d) for Cr = 0 and in Fig 1(d’) for Cs = 0. It is shown the minimum of 
critical Rayleigh number rises with rise in the value of (7). It occurs because 
7 = “** has an inverse relationship to thermal diffusivity «. Therefore, when 
the diffusivity ratio 7 increases, the value of thermal diffusivity falls, implying 
an increase in the Rayleigh number. Also, for different values of 7, Cs = 0 is 
more stable. 

Fig 1(e) and Fig 1 (e’) show graphs for various values of Prandtl number Pr 
when C'r = 0 and Cg = 0 respectively. For the case Cyr = 0, the system be- 
comes stabilised as a result of the minimum of Rar value increasing together 
with the value of Prandtl number Pr. The fact that Pr is inversely proportional 
to thermal diffusivity explains it. It has been demonstrated that as the value 
of Pr increases, the minimum Rayleigh number drops and the system becomes 
unstable as a result for Cg = 0. 

The graphs for various Rag values on the (a, Rar) plane for Cr = 0 and Cs = 0 
are shown in Fig 1(f) and Fig 1(f’) respectively. So, for Cr = 0, as Rag values 
rise, the minimum of Rayleigh number rises as well, which causes the system to 
stabilise. It has been seen that the system becomes unstable when the value of 
Rag rises because the minimum Rayleigh number decreases for C's = 0. 
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5 Conclusion 


We have attempted to understand the onset of Maxwell-Cattaneo DDC in a bi- 
nary viscoelastic fluid layer. With the use of the normal mode technique, linear 
stability analysis for stationary and oscillatory convection is carried out in this 
study. Because the Maxwell-Cattaneo coefficients have no effect on stationary 
states, we have generated graphs for oscillatory convection rather than station- 
ary convection. 

The conclusions are as follows. 


1. The onset of oscillatory convection is found to be delayed by C's, Aa, 
tT, Pr, and Rag, whereas the onset of oscillatory convection is found to 
be advanced by increasing the value of 1, which decreases the value of 
Rayleigh number corresponding to oscillaory convection in the case of 
Cr =0. 


2. A2, T are found to delay the onset of oscillatory convection whereas on 
increasing the value of Cr, 41, Pr and Rag the value of Rayleigh num- 
ber corresponding to oscillaory convection decreases, thus it advances the 
onset of convection for the case Cg = 0. 


According to Maxwell-Cattaneo law, there is currently relatively limited study 
being done on thermal instability. The Maxwell-Cattaneo law for heat flux and 
temperature relation with various external effects, such as Electrohydrodynam- 
ics, radiation, rotation, etc., can therefore be applied to diverse types of fluids 
in the future. 

Appendix-I 


— Q _ _w’Q Q _ ww? Qi: Q 
Dy = w?Qs (1- g@th), De = pokes (1- Sts), Ds = $24 (1- a24e). 
_ wQ _ Q = 2.2 = 
Ds = (aw F Qa) (Qisw? FI)? Ds = (Q7402)(Oisw FI)? Qi = AC pa ArA2, Q2 = 
AiA20? — 2CprA1 A207, Q3 = Aza”, Qa = a7, Qs = 4RagCF Ta, Qe = Rasta — 
2Cr Rasta, Q7 = 77a”, Qs = pia, Qo = 0° (A2—A1) Qio = aRag, Qu = 2Cr, 
Qi2 = (A2 = Ai )o*, Q13 = Ras, Qi4 = 0°A1A2, Qis = Rasta’, Qig = 404, 
Il, = (Qiw?+Qow~) (Qsw*+Qe) Qs ae set Oa) ahi Q10 F= w? Pro, 


(Q3w?+Qa) x Q7t+w?2 : Q74+07)? : 
2 = = 2 os 
P= plate Fy = 29 QeI=D. py Dt Fe = Hee Ain Ge 


= Prw?+P3? (Qs—Qow?)2+u ” 

Py = a? d1A2 ; P» = ane, P3 = a’, Py = Rasta, Ps = Ta, Ps = 2Cs, 
2 

Pz = ps, Pg = (A2 — A1)a®, Po = 2RagaCs, Pro = as-, Pu = (A2 — Ai)”, 


Pra?? 
-.28 = = 1 Prw? Ps 
Pig = a AiA2, Pig = 2C'sRag, Pia = Rasa, Wy = prep, — Go Po Fw? 
Pg Po((Ps—Pew*)—1) 


de Pw? +P3 (Ps — Pew?)? +a? 
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Figure 1: Oscillatory neutral stablity curves for different values of: 1(a) 
Maxwell-Cattaneo coefficient for solute Cs when Cr = 0; 1(a’) Maxwell- 
Cattaneo coefficient for temperature Cr when C's = 0. 


Figure 2: Oscillatory neutral stability curves for different values of: 1(b) relax- 
ation parameter 4; when Cr = 0; 1(b’) relaxation parameter A; when Cs = 0 


Figure 3: Oscillatory neutral stability curves for different values of: 1(c) re- 
tardation parameter \2 when Cr = 0; 1(c’) retardation parameter A2 when 
Cs = 0. 


Figure 4: Oscillatory neutral stability curves for different values of: 1(d) diffu- 
sivity ratio 7 when Cr = 0; 1(d’) diffusivity ratio r when Cg = 0. 


Figure 5: Oscillatory neutral stability curves for different values of: 1(e) Prandtl 
number Pr when Cr = 0; 1(e’) Prandtl number Pr when Cg = 0. 


Figure 6: Oscillatory neutral stability curves for different values of: 1(f) solutal 
Rayleigh number Rag when Cy = 0; 1(f’) solutal Rayleigh number Rag when 
Cs = 0. 
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Abstract 


In this paper, we construct some new image formulas for the incom- 
plete H-and H-functions under the Akel’s M-transform. We also pro- 
vide image formulas for the incomplete Meijer’s G-functions, incomplete 
Fox-Wright functions and Fox’s H-function, as special cases of our main 
findings in corollaries. 


Key Words and Phrases. Incomplete gamma function; M-transform; Incom- 
plete H-functions; Incomplete H-functions; Mellin-Barnes type contour; Incom- 
plete Fox-Wright generalized hypergeometric functions. 

MSC2010. 26A33, 33B20,33C60, 33E20, 44A40 . 


1 Introduction and Preliminaries 


Integral transforms have been useful in solving numerous differential and integral 
problems for many years. It is possible to convert differential and integral 
operators from one domain under consideration into multiplication operators in 
another domain by using the right integral transform. 

The Laplace transform, the Fourier integral transform, the Mellin transform 
are the classical integral transforms used to solve differential equations, integral 
equations, and in analysis and the theory of functions. For further information, 
see the research papers [5, 10,12, 13). 
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Akel’s M-transform 
Akel in [1] recently, introduced the following M-transform in this sequence: 


—ur—2 


Momif(e) (ues) = f _ a 


Gm pwmypt (wa) de, (1) 
with p € C,Re(p) > 0,m € N and u,v € C, w € R® are called the transform 
variables. 

The M-transform given by (1), depends on a number of parameters, so that 
it covers many known integral transforms as its special cases. This transform has 
the duality relations with well-known transforms such as the Laplace transform, 
the natural transform and the Srivastava-Luo-Raina M-transform. 

This transform is a precious tool for solving certain initial and boundary value 
problems with certain variable coefficients. Additional ionformation on this 
transform, may be found in [1]. 


The incomplete H-and H-functions 


The incomplete H-functions 7;"," and Ip’ have studied and defined by Srivas- 


tava et al. [13] in the form of Mellin-Barness contour integral as follow: 


(9154154), (9).Y%)ap | _ z - 
(5;.0))i.6 |= cn [son 9 dd, (2) 


(9171-9) (B5.5)20 | = (emi? f (0,y) 2? a, 
ES 


er oe (Hj, Wi) 1.9 
(3) 
where, 
y(1— 91 — 19, y) LL Es + wy) IT P(1 — gj) — 4) 
(9, y) = 5 = = , (4) 
I] Ta-b)-4¥) I] Tig +4) 
j=m+1 j=n+1 
and 
Pl -gi-mv,y) [LT +4¥) [[ PU — gj) — 42) 
j=l j=2 
G(v,y) = 7 > (5) 
j=m+1 j=n+l 


This family of incomplete H-functions characterized as (2) and (3) exist for 
x > 0, according to the conditions specified by Srivastava [13]. 
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Srivastava in [13] developed a generalisation for the family of incomplete 
H-functions, referred as the incomplete H-functions, which is described by: 


(53,5 )am, (3,05; 9j)m+41,q 


(91,41; G1; y), (9), %3 Gj2,n5 (Gj, 4%) )n41, p | 


= (2m)! a G0, y) 2” dv, (6) 


and 
7mm, m,n (91,21; 815 y), (9),%43 Bj)2,n5 (9), %4)n41, p 
Pp.a (2) =T p,q | CO) Teme (Diyos 5 eis | 
= (amy f Glo,y) =? ao, (7) 
£ 
where 
fy(1 = 91 — 419, y))® FT P(6 + 9) [TIP = 9; — 40) 
g(0,y) = et =e , (8) 
I] FG=6) -—w 5 TT P(g +42) 
j=m+1 j=n+1 
and 
(1 = gi — 19, FL P(b; +59) HIPC — 9; — yo] 
G(0,y) = jet j=e (9) 
T] ©a-5)- 49) T] Tg +40) 
j=m+1 j=n+l 


Numerous authors are actively working on the development and wide variety 
of implications for these incomplete functions, such as in [3,15], authors es- 
tablished modified saigo fractional integral operators involving the product of 
a general class of multivariable polynomials and the multivariable H-function 
and an integral operator involving the family of incomplete H-function in its 
kernel, respectively. The authors of [11] investigated applications of the incom- 
plete H-function on the influence of environmental pollution on the occurrence 
of biological populations, whereas the authors of [6,7] developed an equation of 
internal blood pressure involving incomplete H-functions and specific expansion 
formulae for the incomplete H-functions. 
The main purpose of this paper is to give new image formulas for incomplete H- 
and H-functions under Akel’s M-transform. And by giving suitable values to 
the involved parameters, we also present some special cases of our main findings. 
The paper is organized in the following way. In Section 2, we establish the 
Akel’s M-transform image formulae for the incomplete H- and H-functions. In 
Section 3 , we derive some interesting and important special cases of our main 
findings. Finally, a brief conclusion in Section 4. 
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2 The M-Transform of Incomplete H- and H- 
Functions 


In this segment, we establish new image formulas for the incomplete H- and 
H-functions under the Akel’s M-transform. 


Theorem 1. /f p € C,Re(p) > 0,m € N and u,v € C, w € R*, then the 
following image formula exists for yo-¢'[]: 
(o- ££) (uw)é 
m'>m 


NAS te vee [= (91,1, 4), (9j,%)2,p | enn wom i 
(g1, V1, y), (é, lwo; (95, Vj)2,p | dé. 


(5j, Wj )1,q um On 
(5},j)1,4 


ow 


m,n+1 w 
Mass a 1? a5 


(10) 


Here, B(x, y) represents the classical Euler-Beta function. 


Proof. To get the result (1), first we take the L.H.S of (10) and use the definition 
(1), we have 


ZL 


(91, 11,4); (9},%)2,p | ! (u,v, w) = i eran? Vs q. ee x) dx 
0 


(0), )1.4 am + apt) 


m,n 
Mo,m {78 q 
eo Ut Fs 


Saye. 1 weer 
a (o™ + w™)? ma |. Wd, y)z- "(wa)" dd dx 


On interchanging the orders of the integration 


1 co —Ux—z 
= g(¥, yz? i —__*_ (we)? dx dv 
£ ae 


~ One x” + wm) 


Now, on utilizing [1, pg. 6, Eqn. (2.11)], we get 


24 ee: ae a (1y5) 
eo, a aarp) fo (1-8, 1)uv, (p, 4) dd 
—mp 1 -) | +Lo0o 
= Sel. 9(0.9) (2) =| (uw)P(Z Pal €—V)I(p © ae a 


On changing the order of the integrations and after some adjustment of terms 


wm? 1p T(E)T(-£), ag I ee 


using (2), we obtain the required R.H.S of (10). 
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Theorem 2. /f p € C,Re(p) > 0,m € N and u,v € C, w € R*, then the 
following image formula exists for Tyg |z]: 


(91,7159); (9),%)2, ae 1 ae: 
Ora "| foe wm ni eB (P— sare) Com 


(gi, 1}, Y), (E, Luv: (gj, V;)2,p | dé. 


(bj, 4} )1,4 


Mom ites [+ 


1 WwW 
putt | 
ptl,q |“ a, 


(12) 


Here, B(x, y) represents the classical Euler-Beta function. 


Proof. To get the result (12), we take the Akel’s M-transform presented in (1) 
of (3), then on interchanging the order of the integrations and making use of the 
known result given in [1, p. 6, Eq. (2.11)], and after some small arrangements 
of the terms, we easily get the right hand side assertion of (12). 


Theorem 3. If p € C,Re(p) > 0,m € N and u,v € C, w € R*, then the 
following image formula exists for 7° ¢ [2]: 


= 6, y), (Gj, 43 Gj )2.n, (95,45 )n41, 
M - m,n | vp (91,7713 ’ DDBJ jr S757 2,n Bj 4 P U, U, W 
i (6), 4} )1m, (6), 45; 9} )m+1.4 ( 


we a 
= am Be Sem) um 


—m,n+1 2 (91,21; 6, y), (€ 15 Daw, (9),%43 Oj) 2,05 (Gj, 4% )n41,p dé. 


Tel. (5j, 0 )1,m; (05,05; 9} )m+1.4 


(13) 


Here, B(x, y) represents the classical Euler-Beta function. 


Proof. To get the result (3), first we take the L.H.S of (13) and use the definition 
(1), we have 


U,V, w) 


= 5815 y), (9),%3 Bj)2, ny (Gj, Y%)n44, 
Wiican ia eee (91,1; 159), Bir 4j15V5/)2,n5 Bir 4% »P 
- 1 (Hj, Wj )1.m, (9}, 053 9))m+i,q ( 


co eT Ut Fs 
= | Gam pwn Tera (ew x) dx 
. i 


co —uxz— 2 1 
= a [ eve" wo)? dd de 
o (“™ £ 


+wm)? Qn 


On interchanging the orders of the integration 


G(0,y)z” af aa dx dd 
0 


~ Dies £ xm + wm”) 


42 Sanjay Bhatter et al 38-47 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO.1, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


Now, on utilizing [1, pg. 6, Eqn. (2.11)], we get 


= a Be a ame er (ic) 
= i - GV, yz aero 2 x (1 = 8, un, (p, 1) dd 
—mp 1 =) 1 +100 
= ane H(0.9) (2) =| (uw)P(Z Pao (l €- VI (p © le a 


On changing the order of the integrations and after some adjustment of terms 


wom 1 T(£)T(p— 4) a ae ined 
~ um ae Fy ut)? sz f, HP) Puo(d -€- 9) (ey) ees 


using (6), we obtain the required R.H.S of (13). 
Theorem 4. I[f p € C,Re(p) > 0,m € N and u,v € C, w € R*, then the 


; 2 . =m, 
following image formula exists for T,’, [2]: 


(g1, "4; 6,y), (gj, Vj; Gj)an, (gj, Yj) n+1,p 
u,v, W 
(5j, 03 )1,m, (65,05; 9} )m+1.4 ( ) 


=a ta |, Ble an) Oo 


=m, n+1 2 (91,1; 6, y), (65-15 Deas (G55 145 OF) 909 (Oj, netip | dé. 


(5j,0})1,m; (6}, 3 9) )m+1,q 


(15) 


Here, B(x, y) represents the classical Euler-Beta function. 


Proof. To get the result (15), we take the Akel’s M-transform presented in (1) 
of (7), then on interchanging the order of the integrations and making use of the 
known result given in [1, p. 6, Eq. (2.11)], and after some small arrangements 
of the terms, we easily get the right hand side assertion of (15). 


3 Special Cases 


In this section, we derive some interesting and important special cases of our 
main findings by giving some particular values to the parameters involved in 
the definitions of M-transform (1) and incomplete H-functions (2) and (3). 

(1) Taking n = p, m = 1, substitute q with q + 1 and choosing appropriate 
parameters such as z = —z, gj > (1—g)) G = 1,---,p), and h; — (1- 
h;) G=1,--- ,q), the incomplete H-functions (2) and (3) convert, respectively, 
to the incomplete Fox-Wright pu. and > Ww)? -functions (see [13, Eqs. (6.3) 
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and (6.4)}): 
my eee (1—91,%1,4),1-9),%)20 | _ gid] (91.719), (9 %203  , 
Butts (0,1), (1 — 6j,45)1,4 pend Gj, %j)1,q3 

(16) 
and 
re _»% (1 — g1,1,y), (1 — 9), %)2,p — yO) (91,7154); (Gj,%)2,p 3 Zz . 
sae (0,1), (1 — 6j,4)1,q Eg 955%} )1.q3 


(17) 
Using above relations (16) and (17), in (10) and (12), respectively, we will get 


the following corollaries. 


Corollary 1. If p € C,Re(p) > 0,m € N and u,v € C, w € R*, then the 
following image formulae exist for pu” [z] and pw? [z]: 


WA py 


2x 
1)uv, (935% )2 
um w (91,11, 4), (€, »\Gj,%/)2,p d 
gael ee (55,45 )1.4 $ 
(18) 
and 
r) (91,1, Y), (Gj, %)2,p = w ™P =f = rf 
Mam} of ap (Hj, Wj )1,4q ipsa) um 2m Je p m’ 
1) uv, (9), %)2 
yl) we (91,171, y), (€, 9 \Yjo 45) 2,p dé. 
Bree 10a (0},4 1.4 é 


(19) 


Here, B(x, y) indicates the classical Euler-Beta function. 


(2) Letting (yj)1p = 1 = (w)1,q, the functions (2) and (3) convert into 
Meijer’s incomplete DER and Gm p functions: 


(53, L)1. (55 )1.4 


m,n (91,1, y), (gj, 1)2,p — Mam,n (91,4), (9})2,p 
ne ' Ore fT] One oy 
and 
rm™"(z) |: (91,1, 4), (gj, 1)2,p | = (qm, n Zz (91,4); (Gj)2,p | (21) 
Pq Pq ; 


Using above relations (20) and (21) in (10) and (12), respectively, we get the 
following corollaries. 
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(91,11, Y), (9), %)2, U = wom i = e 7 g 
(b,0)10 ' jhe 1) = a mal, (+ ay Sd 
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Corollary 2. If p € C,Re(p) > 0,m € N and u,v € C, w € R*, then the 
; 3 : m,n Ty m,n ‘ . 
following image formulae exist for MGm q [2] and ( Gn q [2], respectively: 


“— (9), 1)2.p aa u,v, w) — ae (o- 4,4) (uw)§ 


Mom Mame 


ZL 
Gm nt+1 Pee (g1,1,y), (€,1) uv, (9), 1)2,p dé 
Gotta |*% (6), 1)1,4 
(22) 
and 
m,n /1, ’ ji Fi ee ee Ad. & gE 
Mam | OB 0) |} mosm = | p(o- 2,8) van): 


(PF) gm, nt |v 
Gotta [27 


(g1, 1, y); (&, luv; (gj, 1), 
(5), 1)1,q : | a 


Here, B(x, y) indicates the classical Euler-Beta function. 


(3) If we put y = 0 in (3), we get the Fox’s H-function 


rms |: | (g1,11, 9), (9), %)2,p | =e |: 
p,q 


(bj, W})1,q 


(63,24) 
(yas) | ¢ 


Using relation (24), we obtain the subsequent corollaries. 


Corollary 3. If p € C,Me(p) > 0,m € N and u,v € C, w € R*, then the 
following image formula exists for Hyg (z]: 


m,n (gj, %)a1, = wom i = & ‘s U 
Mom { |» ae |} osm = — sf B(o- 2.4) (wu 


w 
Here, B(x, y) indicates the classical Euler-Beta function. 


m,n+1 
Anti, q |*7 


U 


(€, 1) uv, (95%) 1,p | dé. (25) 


(5j,Wj)1,q 


(4) If we put v = 0 in (1), then the Akel’s M-transform converts into the 
Srivastava-Luo-Raina M-transform (see [1]): 


Mo.m|f(2)](u, 0, w) = Mp, mlF(a)](u, w), (26) 


here, My m[f(x)](u, w) is the Srivastava-Luo-Raina M-transform, defined in [14]. 
Using relation (26) in (10) and (12), we obtain the results derived by Bansal et 
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al. [2, p. 720, Eqs. (2.1) and (2.2)], 


m,n (91,71, 4); (gj, %)2, wm 1 aes 
a ‘e c (oq |} oom = om iri dB (Par) Com 


(91,154), (g, 1), (9),%)2,p | dé 


(5j,j)1,q 


(91,1, ¥), (Gj, %)2, ee is 1 gE g 
(is5)nq | bea = mf B(e- fom) (om 


(91,1, y), (E, 1); (95,%)2,p | dé. 


(6j,W})1,q 


(28) 


Remark. If we take v = 0 in (18) and (19), then we get the known results 
obtained by Bansal et al. [2, p. 720-721, Eqs. (2.3) and (2.4)]. 


4 Conclusion 


In this paper, we have derived image formulas for the incomplete H- and H- 
functions under the Akel’s M-transform. Furthermore, from our key findings 
various special cases can be evaluated by giving suitable values to the involved 
parameters and variables with applications in engineering and science, some of 
which are clearly indicated in section 3. 
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Approximate solutions of space and time 
fractional telegraph equations using Taylor series 
expansion method 
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The study investigates the telegraph equations by considering space and time 
fractional derivatives. Caputo’s concept of fractional derivatives is used here. 
We are focusing to generalize the solutions of integer order telegraph equations 
to fractional order telegraph equations. In this case, approximate solutions 
for fractional order telegraph equations have been obtained using Taylor series 
expansion. Additionally, it has been shown quantitatively how the solutions 
converge by using the number of terms in the series solutions. 
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1 Introduction 


Recent research suggests that fractional order derivatives are essential for a 
wide range of physical phenomena viz. rheology, damping law, heat-diffusion, 
wave dynamics, signal processing, etc. Researchers have used different types of 
analytical and numerical methods to handle such problems. Techniques includ- 
ing modified extended tanh method [1], novel analytical technique [2], coupled 
transformation method [3], Galerkin and collocation methods [4], etc. are some 


*shwetadubey9452@gmail.com (Department of Mathematics, National Institute of Tech- 
nology Rourkela, India) 

tsne_ chak@yahoo.com (Department of Mathematics, National Institute of Technology 
Rourkela, India) 

tmkundu@nitrkl.ac.in (Department of Chemical Engineering, National Institute of Tech- 
nology Rourkela, India) 


48 Shweta Dubey et al 48-60 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO.1, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


recent endeavors in this paradigm. Moreover, the semi-analytical homotopy 
perturbation method (HPM) has been used to tackle fractional models such 
as the heat-conduction equation [5], convection-diffusion problem [6], and wave 
equation [7] etc. Additionally, Dubey et al. have used local fractional natu- 
ral homotopy analysis method [8, 9] and some coupling techniques such as the 
local fractional variational iteration technique with the local fractional natural 
transform [10] and local fractional homotopy perturbation method with local 
fractional natural transform operator [11] to solve various types of physical 
problems. 


The studied of fractional telegraph equations (FTEs) have gained popularity 
due to various applications they can be applied to, such as modeling reaction 
diffusion, transmission and propagation of electrical signals, etc. 


The general FTE [12] is given as, 


Di o(ax,t) = aDj (a, t) + DD; G(x, t) + eb(a, t) + h(a, t) 


where 1<p,q<2,0<r<1, 2,t>0, 6(0,t) = filt), ¢2(0,t) = fa(t) and 
a, b,c are constants. 


Various authors have solved telegraph equations using different numerical 
and analytical techniques. The analytical solution for FTE with respect to time 
has been obtained by chen et al. [13] by using method of separating variables. 
The space-fractional telegraph equation (SFTE) and time-fractional telegraph 
equation (TFTE) and related telegraph process have been disscussed by Ors- 
ingher and Zaho [14] and Orsingher and Beghin [15]. Moreover, some other 
methods such as variational iteration method [16], HPM [17], differential trans- 
form method [18] have also been used to handle FTEs. 


The Taylor series expansion method (TSEM) is applied by Demir et al. [19] 
for different fractional partial differential equation (PDE). In this study, we use 
Taylor series of an analytical solution of the integer order differential equation. 
This Taylor series solution can be reach out to the approximate or exact solu- 
tion of fractional differential equation (FDE). Our approach changes the terms 
of Taylor series expansion for derivatives in the sense of fractionals and inte- 
gers so that their relationship remains unaltered. Applications of this method 
demonstrate that it may be used to solve any differential equation derived from 
FDEs with ease and effectiveness, provided that the differential equation has an 
analytical or approximative solution. Here, the Caputo concept of the fractional 
derivative is utilised. 


Here, Taylor series is applied on SFTEs and TFTEs. Firstly, the Taylor 
series expansion for analytical solution obtained from integer order telegraph 
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equation is determined and then the expansion has been extended for FDE. 


The rest of the paper follows this format: Methodology of the Taylor series 
expansion method is described in Section 2. Section 3 includes solutions of 
SFTEs and TFTEs. This section also covers convergency tables and graphical 
solutions. Finally, Section 4 concludes this article with a brief summary. 


2 Taylor series expansion method 


In this section, TSEM has been discussed to handle space and time fractional 
PDEs. 


2.1 Fundamental approach to solve space-fractional PDEs 


Let us consider a genaral form space-fractional PDE as 


D¢ (a, t) = n(o oF Tet), k-l<a<k,x>0,t>0. (1) 


To find the solution of Eq. (1), we must first calculate the solution to its 
integer order version by using the expression a = k, which is represented as 


k Suge ee 
Diolast) =n (0 at’ 


From the exact answer of Eq. (1), one can get the approximation or exact 
solution (2). To do this, we must modify the terms in the Taylor series ex- 
pansion of integer order differential equation (2). In the infinite Taylor series 
expansion of the solution of Eq. (2), the first k terms remain the same. More- 
over, the fractional derivative with respect to x is used in place of the integer 
order derivative with respect to x in order to maintain the relationship between 
the terms of the Taylor series and to satisfy the boundary conditions of the 
fractional differential equation. 


vt), t>0,x2>0. (2) 


To solve Eq. (2) with respect to x, a primitive Taylor series form is shown 
below. 


—— 9"0(0, t) t) a” 
t 
$0.9) = ar (3) 
The solution of Eq. (1) is thus expressed in the following way: 
k-1 oo k-1 ; 
0" o(0 OF" +5.4(0, t) gerd 
t) = ‘ 4 
Pkt) a Tae iS aoe bat Tinatgety 
3 
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2.2 Fundamental approach to solve time-fractional PDEs 


Let us consider a genaral form time-fractional PDE as 


Oo" 
Ox”? 


For obtaing the solution of Eq. (5), we have to determine the solution for integer 
order form of Eq. (5) by taking a = k, which is written as 


Did(2,t) = (32 OP Og 8) t>0. (6) 


DP d(a,t) = (03. ait) k-l<a<k,t>0. (5) 


On" 


If we alter the terms of the Taylor series expansion in the solution of the integer 
order differential equation, we can obtain the approximate or precise solution 
of Equation (5) from the exact solution of Eq. (6). The initial k terms of the 
infinite Taylor series expansion of solution of Eq. (6) are unaltered. Addition- 
ally, in order to maintain the relationship between the terms of the Taylor series 
and to satisfy the boundary conditions of the fractional differential equation, 
the integer order derivative with respect to t is substituted by the fractional 
derivative with respect to t. 


For the solution of Eq. (6) with regard to t, the sketched Taylor series form 
is shown below. 


0” b(ax, 0) t” 
t 
o(@,t) = = ar (7) 
Then the solution of Eq. (5) is given in the following format. 
co k-1 ; 
sO" b(x,0) t” OFn+4 b(a, 0) con 
cl yee) arr nt +d Otkre+3 — T(nat+jt41) (8) 
3 Numerical examples 
3.1 Solution of SFTE 
Take a look at a general SFTE example [20]. 
Ob Oo 
= } a? 4 t= <i, 
Fue OR at aan ) 0,0<a (9) 
with initial conditions 
60,1) =1+e-, be(0,1) =2. (10) 
The exact solution of Eq. (9) with initial conditions (10) is given as 
o(a,t) = e?* +e ™, (11) 
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The Taylor series expansion of the exact solution (11) is below. 


(a, t) = (< +14+2¢+ 


2! 


4e? 8x? 
or F aa F 


As discussed in the procedure, the solution to Eq. (9) is given by 


o(a,t) = (1 eee 


22% 


An?” 
| 


Qe3o 


T(a+1) 


resp tTeeept): 


(12) 


(13) 


To demonstrate how well the approach works, we will check its convergence by 
increasing the number of terms in the series solution. In perspective of this, 
Convergency Table 1 contains values for the fractional value a, with a = 0.8 
and a fixed value of t = 0.1, while x ranges from 0 to 1. 


Table 1: Convergency chart for the solution of the SFTE. 


x o(a,t = 0.1) 

3 terms 5 terms 7 terms 9 terms 13 terms 16 terms 17 terms 
0 1.818730 1.818730 1.818730 1.818730 1.818730 1.818730 1.818730 
0.1 2.159061 2.240025 2.241460 2.241473 2.241473 2.241473 2.241473 
0.2 2.411281 2.680719 2.694812 2.695188 2.695194 2.695194 2.695194 
0.3 2.638323 3.195128 3.249704 3.252453 3.252541 3.252541 3.252541 
0.4 2.850420 3.793880 3.937923 3.949311 3.949894 3.949895 3.949895 
0.5 3.052055 4.483454 4.791251 4.825739 4.828286 4.828291 4.828291 
0.6 3.245725 5.268850 5.843929 5.929557 5.938111 5.938144 5.938144 
0.7 3.433014 6.154317 7.133256 7.318560 7.342541 7.342702 7.342703 
0.8 3.615007 7.143644 8.699801 9.062343 9.121244 9.121873 9.121876 
0.9 3.792495 8.240293 10.587472 | 11.244084 | 11.3874845 | 11.3876950 | 11.376964 
1.0 3.966073 9.447488 12.843557 | 13.962366 | 14.230392 | 14.236641 | 14.236689 


The surface of the graph in Fig. 1 depicts the exact solution of the telegraph 


equation given in Eq. (11) for a = 1. Further, the surface of graphs in Figs. 
2 and 3 show the approximate solutions of the SFTE for a = 0.5 and 0.3 
respectively. 
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A(x,0) 


Figure 1: Exact solution of SFTE (11) for a = 1 


600 


A(X,1) 


Figure 2: Approximate solution of SFTE (13) for a = 0.3 
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Hd) 
: 

i—} 

L 


Figure 3: Approximate solution of SFTE (13) for a = 0.5 
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3.2 Solution of TFTE 
Take a look at the following TFTE [20], 


O° o(a,t) _ O?d(a,t) — OG(z,t) 
a ae Ai o(z,t), 2,t>0,0<a<2 (14) 


with initial conditions 


o(z,0) =e", (2,0) = —-e~”. (15) 


This equation has the following exact solution for a = 2, 


b(a,t) =e @F9), (16) 


The Taylor series expansion for exact solution (16) as below 


o(a,t) =e?" (1 t 4 7 ! = Ea | (17) 
The method allows us to arrive at the following solution to Eq. (14), 
£° ali ce adie 
A all (1 ‘+ Tes Tet2)’T@atl) T@atd a) 
18 


Here, we examine whether the approximation solution for the fractional value 
of @ is convergent. The calculated values of ¢(2,t) for a = 1.7,a = 0.1, and t 
ranging from 0 to 1 are shown in Table 2. This table indicates that the computed 
result $(x,¢) converges up to four places of decimal in the approximation of the 
tenth term. 


The graphical illustration for exact and approximate solutions has been 
shown. The graph in Fig. 4 has been plotted for the exact solution (16). 
In Figs. 5 and 6, the surfaces of the graphs show the approximate solutions (18) 
for a = 1.2 and 1.7. 
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Table 2: Convergency chart for the solution of the TFTE. 


t o(x = 0.1,t) 


2 terms 3 terms 4 terms 5 terms 6 terms 7 terms 8 terms 


0 0.9048374 | 0.9048374 | 0.9048374 | 0.9048374 | 0.9048374 | 0.9048374 | 0.9048374 


0.1 0.8426171 | 0.8499774 | 0.8482249 | 0.8485619 | 0.8485076 | 0.8485151 | 0.8485142 


0.2 0.7888023 | 0.8057117 | 0.8016857 | 0.8024599 | 0.8023350 | 0.8023524 | 0.8023503 


0.3 0.7390122 | 0.7665189 | 0.7599697 | 0.7612292 | 0.7610260 | 0.7610542 | 0.7610508 


0.4 0.6920779 | 0.7309256 | 0.7216762 | 0.7234549 | 0.7231680 | 0.7232079 | 0.7232030 


0.5 0.6473983 | 0.6981743 | 0.6860848 | 0.6884097 | 0.6880347 | 0.6880868 | 0.6880804 


0.6 0.6045998 | 0.6677937 | 0.6527476 | 0.6556410 | 0.6551744 | 0.6552392 | 0.6552313 


0.7 0.5634244 | 0.6394591 | 0.6213556 | 0.6248370 | 0.6242755 | 0.6243535 | 0.6243440 


0.8 0.5236826 | 0.6129314 | 0.5916817 | 0.5957681 | 0.5951090 | 0.5952006 | 0.5951894 


0.9 0.4852285 | 0.5880266 | 0.5635508 | 0.5682577 | 0.5674985 | 0.5676040 | 0.5675911 


1.0 0.4479456 =| 0.5645982 | 0.5368238 | 0.5421650 | 0.5413035 | 0.5414232 | 0.5414086 


AX) 


Figure 4: Exact solution of TFTE (16) for a = 2 
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A(X,1) 


Figure 5: Approximate solution of TFTE (18) for a = 1.2 


A(X,1) 


Figure 6: Approximate solution of TFTE (18) for a = 1.7 
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4 Conclusion 


If the integer order PDEs have analytical solutions, the Taylor series expansion 
method works well enough for fractional order PDEs. Numerical examples of 
this method demonstrate that it may be used to solve any differential equation 
derived from FDEs with ease and effectiveness, provided that the differential 
equation has an analytical or approximative solution. By extending the Taylor 
series expansion of the analytical solution, this study has determined the ap- 
proximate solutions of the SFTE and TFTE. Furthermore, the infinitive series 
solution obtained in numerical examples 3.1 and 3.2 is identical to that given in 
[20], confirming the validity of the considered method. Additionally, the con- 
vergency Tables 1 and 2 demonstrate the efficacy of the method. As we can 
observe that the recorded values in Tables 1 and 2 are being closure enough 
if the number of terms increases. Furthermore, a graphic illustration is used 
to show both the exact and approximative solutions for integer and fractional 
values of a. Using the MATLAB programme, the 3D graphs for the solution of 
SFTE and TFTE are shown. The discussed method can also be used to analyse 
ODEs and PDEs with fractional derivatives with exponential and Mittag-Leffler 
kernels in future iterations of the research. 
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Abstract 


An M/G/1 feedback retrial queue with working vacation and a waiting server is 
taken into consideration in this study. Both retrial times and service times are 
assumed to follow general distribution and the waiting server follows an expo- 
nential distribution. During the working vacation period customers are served 
at a lesser rate of service. Before going for a vacation the server waits for some 
arbitrary amount of time and so is called a waiting server. We obtain the prob- 
ability generating function (PGF) for the number of customers and the mean 
number of customers in the invisible waiting area by utilizing the supplementary 
variable technique. We compute the mean waiting time. Out of interest a few 
special cases are conferred. Numerical outcomes are exhibited. 


Keywords: Retrial queue, Working vacation, Supplementary variable tech- 
nique, Waiting server, Feedback. 


Mathematics Subject Classification 2010: 60K25, 90B22 


1 Introduction 


Retrial queues are expressed by the fact that if a customer observed that the 
server is occupied then they are entered into the invisible waiting area called an 
orbit. In recent years numerous researchers have examined the retrial queue. 
For a more in-depth analysis of the retrial queues, we can refer/1,2,3]. 

In Queueing theory queueing models with server vacation has a most impactful 
application. In addition to the vacation strategy Servi and Finn [4] developed a 
newest vacation strategy, called as Working Vacation (WV). In the WV period 
the server provides a lesser rate of service to the customers than during the 
regular service period. Wu and Takagi [5] examined M/G/1/Multiple Working 
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Vacation (MWV). Pazhani Bala Murugan and Santhi[7| studied the M/G/1 
retrial queue with MWV. For a comprehensive study on WV we can refer [8]. 
Whenever the system becomes empty the server leaves from the regular service 
period (RS) and goes on a WV, but in a waiting server model the server wait 
for a arbitrary amount of time before going to WV. 

The server wait option is representative of many queueing mechanisms used in 
real life, especially when interacting with people. For a detailed study on waiting 
server model we can refer [9,10,11]. In queueing models, some customers rejoin 
the orbit after receiving the service to receive it again out of dissatisfaction. 
This is referred to as feedback. For a broad analysis of feedback retrial queues 
we can refer[12,13,14,15]. 

In this article, we consider an M/G/1 feedback retrial queue with multiple WV 
and a waiting server. This article has the following structure. We explain 
the model in segment 2. In segment 3 performance measures are established. 
Segment 4 discusses some special cases. In segment 5 numerical outcomes are 
exhibited . The conclusion is given in segment 6. 


2 Model Description 


We examined an M/G/1 retrial queue with switch over time to working vacation 
where the primary customer’s arrival follows a Poisson process with a rate of 
X and service discipline is first-in-first-out(FIFO). If an approaching customer 
discovers that the server is occupied, then they exit the service area because 
we assume that there is no waiting area and they join the orbit. At a service 
completion instant, only the customer at the head of the orbit is permitted to 
approach the server. The retrial time follows a general distribution with a distri- 
bution function G(x) for the regular service period, let g(a) and G*(@) signifies 
the pdf and LST respectively, and for WV period, let D(a), I(x), L*(0) signifies 
the distribution function, pdf and LST respectively. On the service completion 
epoch of each customer, if there is a contest between the primary customer and 
an orbit customer. The service time in the RS period follows a general distribu- 
tion with the distribution function R,(x),rs(x) and R%(@) as its pdf and LST 
respectively. The service delivered in the WV period follows a general distribu- 
tion with W, (2x), w(x), W;(@) as its distribution function, pdf, LST. The server 
waits for an arbitrary period of time once the orbit turns empty, which follows 
an exponential distribution with a rate of a. After completion of the waiting 
time, the server goes for WV, which follows an exponential distribution with a 
rate of 8. After getting the service, customers either rejoin the orbit with prob- 
ability m or depart the system with probability n(= 1—m). Inter-arrival times, 
retrial times, service time in RS periods and WV periods are all presumed to 
be independent of one another. 

Let’s use the subsequent random variables. 

O(t)- Size of the orbit at time “t”. 

G°(t), R°(t)- the remaing retrial time and remaining service time in RS period. 
L°(t), W9(t)- the remaing retrial time and remaining service time in WV period. 
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At time “t” the four distinct states of the server are 


0 - if the server is not being occupied in WV 
E(t) = 1 - if the server is not being occupied in RS period 
2 - if the server is being occupied in WV 
3 - if the server is being occupied in RS period 
so that the supplementary variables L°(t),G°(t),W°(t) and R9(t) are intro- 
duced in order to obtain the bivariate Markov Processes {(O(t), B(t));t > O}, 


where 
L(t), if E(t) =0; 
G°(t f E(t) =1 
B(t) = (t), if E(t) 
Wet), if E(t)=2; 
R(t), if E(t)=3. 
Wo.0 = jim P([O(t) = 0, E(t) = 0] 
Roo = jim P[O(t) = 0, E t) = 1) 
Won = jim P[O(t)=h, E(t) =0, a< L(t) <2+da);h>1 
oo 
Ron = jim P[O(t)=h, E(t) =1, g<G(t) <a2+dz]; h>1 
oo 
Win = jim P[O(t)=h, E(t) =2, g< W(t) <2+dz]; h>0 
—0o 
Rin = jim P[O(t)=h, E(t) =3, g< R(t) <2+dz]; h>0 
The above mentioned are the limiting probabilities which we have defined. 
R(0) = fectrrs(ote W; (0) = feu (wae 
0 0 
L*(0) = i e ?*I(ax)dax G*(0) = if e °* g(a) dx 
0 0 
Won (9) = fet Won(e)ae Won (0) = | Won(a)de 
0 0 
Wy ,(0) = fee Wi nea Wy ,(0) = if W1n(x)dx 
0) 0 
Rt (8) = / ©” Ry n(a)da Rx ,(0) = / BAe 
0 0 
in(0) = fe? Ra (oe in(0) = f Rano) 
0 0 
3 
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W5 (2,0) = >) We, (8)2" Wo (z,0) = > WG.,(0)z” 
h=1 h=1 

Wo(z,0) = S> Wo,n(0)z Wi (z,0) = 5° Wy,()2" 
h=1 h=0 

W7(z,0) = }) Wr, (O)z Wi(z,0) = D7 Win (O)2" 
h=0 h=0 

R5(z,9) = >> Ro,n(8)2" R5(z,0) = >) R5,,(0)2" 
h=1 h=1 

Ro(z,0) = S$ Ro,n(0)2" Ri(z,0) = > Rt, (6)2" 
h=1 h=0 

Ri(z,0) = 5° Ri, (0)2" Ry(z,0) = $5 Rin (0)2" 
h=0 h=0 


The above mentioned are the Laplace Steiltjes Transform and PGF which we 
have defined. 

In steady state the system was illustrated by the subsequent differential differ- 
ence equations: 


AWo,0 = nW\,9(0) + aRo,o (1) 
—£ Wonl2) = —(B+A)Wo n(x) +nrW1p(O)l(x) 
+mW,,-1(0)l(z); h>1 (2) 
—* Wrol2) = =(A + B)W1,0(2) + Wo,1(0)wy (x) + AWo,0Wv (x) (3) 
Wa nl2) = =(A + B)Wi pn (2) + AW, ni (x) + Wo,n+1(0)we (x) 
+A | Wo n(x)dx wy(x);h > 1 (4) 
| 
(A+a)Roo = nRj0(0) (5) 
— © Ryn (2) 1 —rRo,n(x) + nR1,n(0)g(x) + mR, ,n—1(0)g(x) 
+8 [ Won(o)dz g(z); b> (6) 
0 
—£ Ryo(z) = —ARio(2) + Roa (O)ra(2) + Bre(2) if Wy o(a)dex (7) 
0 
4 
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my ee = -AR p(x) + AR n-1(2) + Bre(e) f Win(e)de 
0 


+Ro,n41(0)rs(x) + rate) f Ron (eae hil (8) 
0 


Taking the LST from (2) to (8) on both sides results 


OWo.1,(8) — Won(0) = (A+ 8)Wo (8) — nWin(0)L*() 

—mWy, n-1(0)L* (6); h > dL. (9) 
OW7'9(8) —Wio(0) = (A+B)Wio(A) — Wor(0)W; (8) 

—rAWo,oW; (8) 10) 
OWy (8) — Win(0) = (A+ 8)Wy (8) — Wo,n41(0)W; () 

—AWF n—-1 (8) — AWG, (0)W5 (A); h = 1 11) 
ORo (8) — Ro,n(0) = ARG ),(@) — rR1,n(0)G* (0) — BG*(8)Wg ;, (0) 

—mR,,n-1(0)G* (9); h > 1 12) 

OR} (9) — Rio(0) = AR o(9) — Ro1(0)R5 (A) — BR3(0)Wy (0) 

—ARo oR: (8) 13) 
ORi (9) — Rin(0) = ARz),(0) — ART» -1(9) — R5 (8) Ro,n41(0) 

—BRS(@)Wy (0) — ARS(@)Ro (0); k=l 14) 


Summing over h from 1 to infinity x (9) with z” and results, 


Wo (z,0)[@- (A+ 8)] = Wo(z,0) — L*(@)[(n + mz)Wi(z, 0) 
—nW,,9(0)| (15) 
Summing over h from 1 to infinity x (11) with z” and comprise with (10) 
results, 
We 
Wi(2,10-(A48—Az)] = Wi(z,0)- OW, (2,0) 


—AWo,0W, (8) — AW, (8) Wo (2,0) (16) 
Placing 0 = \ + @ in (15), results 
Wo(z,0) = L*(A+8)[(n+mz)Wi(z, 0) — nW1,0(0)] (17) 
Placing 9 = 0 and (Sub.) (17) in (15), results 


We(2,0) = (1— L*(A + B))((n a (z,0) — nWj,0(0)) (18) 
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Placing @ = \+ 8 — Xz and (Sub.) (17) and (18) in (16), results 


i + B)Woo — n[L*(A+ B)(A+ 6B - | 
wee ee +B =)2) eS 
(Sub.)(19) in (17), results 
(A+ B)z[(n + mz)AWF(A + B — Az)Wo,o 
mie —nW,0(0)|L*(A + B) (20) 


Dri(z) 


Let f(z) = (A+ 8)z-— We (A+ 8 -Az)(L*(A+ B)(A4 8 —Az) +Az), for f(z) =0 
we obtain f(0) <0 and f(1) > 0 which > that J a real root z € (0,1). 
At z = 21(20) is converted in to 


W,,0(0) = AW; (A — z+ B)(n + mz)Wo,o (21) 
(Sub.) (21) in (19), results 


Wi (z,0) = ENG GE 00 (22) 


where, 
UP(z) = 2(A+ 8) — (n+ mz)W (A+ 6 — Az) [Az + L*(A + B)(A + B — Az)] 
(Sub.) (21) in (20), results 
| [in +mz)rAz(A + BIW H(A + 8 - 7 
Wolz, 0) i 


-W3(A— Aer + BY] L*0+ 8) 
Dry(z) 


(Sub.) (21) and (22) in (18), results 


—W3(A+ 8 — da) 


[a — L(A + B))Az(n + mz) [WIA FB - P| 
Dri(z) a) 


— 


Placing 9 = 0 and (Sub.) (22), (23) and (24) in (16), results 


Wo oA(1 — Wir + B i Az))UP(z) 
(A + 6 — Az) Dri(z) 


Wi(z,0) = (25) 
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Summing over h from 1 to infinity x (12) with z” and results 
Ro(z,9)(9—A) = Rolz,0) — G°(A)[(n + mz) Ri (z,0) — nRx,0(0)] 
—Wo (2,0) 8G" (8) (26) 
(Sub.) W1,0(0) = (n+ mz)AW(A + 6 — Az1)Wo,0 in (1), we get 
aRogo = A(L—(n+mz)WZ(A + B- rz21))Wo,0 


Placing 6 = \ and (Sub.) R19(0) = AA—(n+mz)W3 (A+ 8—Az1))Wo,0 —ARo,0 
in (26), results 


Ro(z,0) = [(n+mz)Ri(z,0) — ACL — (n+ mz)WF(A + 6B — Xz1))Wo,0 
—Ro,o + BW (z, 0)]G* (A) (27) 


Summing over h from 1 to infinity x (14) with z” and comprise with (13) 
results 


R*(z,0)[0—A+Az)] = Ri (z,0)— Boles) syyz(z,0)+AR§(2,0)+ARo0 R*(0) 


(28) 
Placing 9 = 0 and (Sub.) (27) and 
nR10(0) = (1 — (n+ mz)WH(A + 8 — r21))AWo,0 — ARo,0 in (26), results 


Ro(z,0) = [(n +mz)Ry(z,0) — (1 — (n+ mz)WF(A + 6 = A21))AWo,0 
Roo + AW§(2,0)] [A= SON) (29) 
Placing 0 =X— Az and (Sub.) (27) and (29) in (28), results 
R3(A — dz) [B2W7 (2,0) + BA — 2)G*(A) + 2G (2,0) 
—[(1 — (n + mz)W (A + B = dz1))AWo,0 + ARo,o] 
Bakes) = z—(n4+mz)R*(A — Az)[z + G*(A)(1 = 2)] ay) 
(Sub.) (30) in (27), results 
2G" (A) [a(n 4+ mz)R*(\ — Az) W3(z,0) + BWe (z, 0) 
—X(1 — (n+ mz)WF (A + 8B — AzZ1))Wo,0 
—\(1— (n +:mz)RE(A — Az)) Roo] 
Ro(z,0) = (31) 


z—(n+mz)R*(A — Az)[(1 — z)G*(A) + 2] 


(Sub.) (30) in (29), results 
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(1—G*(A))z [BW (z,0)(n + mz) REA — Az) + BW5(z,0) 
—A(L = (n+ mz)Wi (A + B— A21))Wo,0 
—X(1 — (n+ mz) RE(A — Az)) Roo] 


Ro(z,0) = A{z — (n+ mz) REA — Az)[(1 — z)G*(A) +z] } 


(32) 
Placing 9 = 0 and (Sub.) (30), (31) and (32) in (28), results 
{Wé(z, 0)IG*(A)(1 - 2) + 218 + AzRoo — [G*(A\(1 - 2) + 2] 
x[A(L — (n+ mz)WZ(A + B — Az1))Wo,0 + ARo,0] 
+8W7(z,0)2}(1 — R3(A — dz) 


Ri (z,0) = 
(A— Az) z—(n+mz)R*(— Az)[z + G*(A)(1 — 2) 


(33) 
We define W,(z) = Wi (z,0) + Wi (z, 0) + Wo,0 


Wo,o igs i * 1! 
W,(z) =p (A+ 8 — dz) — Wt + 8B —Az1)) 


x (A+ B-Az)1— L(A + 8) +A — WHA+ 6 - Az) 

x [2A + B)— [Az + L(A + B)A+ B- Az)]W YA + B- Az) 
(n+mz)] + (A+ 8 Az)[z(A4 B) — (n+ mz)WF(A+ 6 - Az) 

x (Az + "(A+ 8)(A+ 8 — dz))]} 


(34) 


when the server is on WV period, as the PGF for the number of customers in 
orbit. 


(Sub.) (24) and (25) in (32), results 

2(1 aa G*(A))Wo,0 cepa < . 
(A+ B — Az) Dri(z)Dro(z) {a(n Mb WGA he —A2) 
x RE(A— Az) {(A+ B)z — (n+ mz)W3 (A 4+ B- Ax) [Az 
+ (A+ B—Az)L*(A+ B)]} + B2(A + B- Az)(1 — L*(A + B)) 


Roj(z,0) = 


a 


x (n+ mz)(WRA + B- Az) — WR (A+ B= Azn)) — (At 8 - Az) 
x (L—(n+mz)WF(A+ B-Azn)) {At B)z — WEA + 8 - Xz) 
x (n+ mz)[Az + (A+ B — Az)L*(A + B)]} ae + 8B — Az) 

( 


x (l= (n+ mz)WH(A + B- XzZ1))(1 — (n + mz) REA = Az)) 
x {A+ B)z-WF(A+ B Az)PAz + (X48 —d2)E*(+8)]}} 
(35) 


(Sub.) (24), (25) in (33), results 
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(1 — R*(A — Az)) Woo hes nsitecate 
Duos Pape + G*(A)(A + 8 — Az)](n + mz) 


x[L— L*(A + [Wo + B- Az) —Wi(B+A— Ax) Bz 
—(1— (n+ mz)WF(A 4+ 8 — r21)) [Az + BAYA 4+ 8 — Xz)] 
x{(A+ B)z — (n+ mz)W3 (A+ B Az) [Az + (A+ B- Az) 
xL*(A+ BY} + (We(A + B Az) — WE(A+ B — Ax1))Bz 

«(A + B)L*(A + B) x (n + mz)W3(A + B -— Az1))G* QO) 
K(A+ B—Az){(A+ B)z — [Az + (A+ 8B Az)L*(A + 8)] 
xWH(A+ 8 —Az)(n + mz)} + m( [B22 W500 +B — rz) 
+6?2We (A+ 8 —Az)We(A + B—Az)L*(A + 8) 

KX +WR(AFt B-Am)ABZL* (A + BYWZ (AF B- Az) — 2)] 
x(n + mz) — [6222 + A\Bz2]We(A + B r2)| \ (36) 


Ry(z,0) = 


We define Rg(z) = Ré(z,0) + R¥(z,0) + Ro.o 


o Woo E * ae ae 
R= Gaga tgmaay Ae Of a — Wea +9 — 22) 


x R*(\ — Az) B(n + mz) [aa + B)z—(n+mz)We(A + B— dz) 


x[Az + (A+B — Az)L*(A + 6)]] + Be(1 — L(A + B))(A4 B - dz) 
K(nmne\WeO4 P= AD) = WhO +8 dM) =O4 8-22) 
x(1 = (n-+mz)W3(A+ 8 — da) [(A+8)2 — WEAF B22) 


x [z+ (A+B —Az)L*(A+ A) (n+ mz)| \ + (1— R*(A— 22) 


x {Az + (A+ B= A2)G*(ANIIWS (A + B — Az) — W348 — dar)] 
x B2z(n + mz)[1 — L*(A+ B)] — (1 -— (n+ mz)W3 (A + 6B - Xz1)) 
x[Az + G*(A)(A + 6B — Az)[A+ B)z — (n+ mz)WF (A+ 6B - Az) 
x[Az + L*(A + B)(A + B— dz)]] + Bz(A + B)(W2(A + 8 — Az) 
—W3 (A+B - Azr))L*(A + 8)} + m][622W3(A + B - dz) 
xWH(A +B —AzZ)L*(A + B) + AB22WF (A+ B— Az) + (1-2) 
xABzW (A + B—Axmy)L*(A + B)(n + mz) — [8727 + AB27] 
xW* (A+B 2)| V4 8B -d2)(1—- WEA +B -Ax1)) 


x(n+mz)[(A+ B)z — (n+ mz)WF(A + 8 - Az)[Azt L*(A4 B) 
x(A + B — Az)][MG* (A) RE(A — Az) — G*(A)](1 — } (37) 
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where, 
Dri(z) = 2(A+ 6) — (n+ mz)WF(A 4+ B= Az) [Az 
+L*(A + B)(A + B — Az)| (38) 
Dro(z) = z-—(n4+mz)RF(A — Az)[G* (A) = 2) + 2] (39) 


when the server is on RS period, as the PGF for the number of customers in 
the orbit. 
Again, we define R(z) = Rs(z) + Wi (z) 


R@) = appr {24 G*()) [1 — We + 8 Az))B 
x(n + mz) RE(A — Az) [(At+ B)z — (n+ mz)WF (A+ B- Ax)[Az 
+(A+ B—Az)L*(A + B)]] + B2(A — Az)(n + mz)(1 — L*(A + B)) 
x(We(A+ B- Az) — WR(At B-Az1)) — (A+ 8 —Az)(1—(n+mz) 
XW (A+ 8 — dzr)) [A+ B)z — (n+ mz)W3(A + B - AZ)IL*(AF 8) 
x(A+ 8 — dz) +rzJ]] + (1- RIA = Az) [Az + A048 —22)G"() 
xB2(n-+mz)[1— L*(A + B)We(A + 8 ~ dz) — WEA+ 8 - dz)] 
—(1— (n+ mz)W F(A + B= Az))[Az + G*(A)(A + B = Az) [CA + Bz 
—(n + mz)We (A+ B— Az) Az + (AF B—Az)L*(A+ B)]] + (A+ 8) 
xBz(W3 (A+B — rz) — W(X + 8 — dz1))D*(A + B) + mf [82 
XW (A+ 6 — Az) + B22We(A + B —Az1)We(A + B—Az)L*(A + 8) 
+WH(A+ B-An)ABZWF (A+ B-Az)L* (A+ B)(1 — 2) (n + mz) 
— (8727 + A827] WF (A+ 6 —Az)| 4 x0 + 8 —Az)(1— (n+ mz) 
xWi(A+ B= Az1))[A + Bz — (n+ mz)WZ(A 4+ 8B - Az) [Az 
+(A + B — Az) L*(A + B)][MG* A) RSA — Az) — G*()](1 — 2)] 
+[(A +8 — rz)(WE(A +B Az) — WE(A +B Az1))(1- ENA + 8) 
xAz +A(1 — WR (A+ BR Az))[z(.A4 B) — (n+ mz)WF(A + B- Az) 
x(Az + L*(A + B\(A+ B— Az))] + (A+ B—Az)[z(A + 8) — (n+ mz) 
XW3 (A+B dz)(Az + L(A + 8)(A + B— z2))]] [2 — BIA — 22) 


x[z+ (1- neroul}} (40) 


where Dr;(z) and Dr2(z) are given in (38) and (39) as the PGF for the number 
of customers in the orbit. Make use of the normalizing condition R(1) = 1 to 
findout that Wo, araise in (41). Using L’Hospitals rule and (Sub.) z = 1 in 


10 
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(40) results, 


Woo = ae (41) 
BG*(A)[A + B — W5(B)(A + BL*(A + 8))] 
P+mT 
(eon +B -W,y(B)(A + BL*(A + 8))] } 
| {oe +B ~Am)E*(A+ BY — G*A)) af 
G*(A)[A + 8 — W3(B)(A + BL*(A + 8))] 
Ro,o = xa 7? Wir + B ae dz1))Wo,0 (42) 


O = (A-AWF(A+ B— Ax) + B)[A+ BG*(A) 
—W(B)A + BL*(A + B))) 
P = AE(Rs)W HBA + B-WiA+ B-Aa)At BL*(A + B))| 
T = BL(A+ B)WeAt+ 8 - Az) -Wi (A+ B- Ax1)] 
WrAt 8B dz)[L— L*(A + BW (At 8 — Xz1)]] 


d es 8 
gel Wit B du) [1+ 5] 
Q = 20-WiA+6-An)eO) 
_ AE(Rs) m 
Po = GO) GO) 


E(R,) is the mean service time and the system’s stability condition p, < 1 is 
obtained from (41). 


3 The Model’s Performance Measures 


Mean Orbit Length in WV period: 

We assume that W, - mean orbit size and L, - mean waiting time of the customer 
in the orbit during WV period. 

Then 


W = —W,(z) 


= <(Wi(2.0) + Wo (z, 0)] 


d 
dz 


2= 


S(z) K(2) 
(A+ 8-—Az)Dri(z) Dry 
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Dry (z)(A+ 6 — Az) 8"(z) 
—S(z)[(A + B — Az) Dr (z) — Dri(z)A] 


- Dri(z))?(A+ B- Az) Wo,0 
| Aen _ acd aay 
(Dri(z))? 

where, 

K(z) = Ag(l-L(A+8))(n+mz)[WF(A+ 8 -Az) — WHA 4 B- AzZx1)] 
Dri(z) = 2(A+8)—(n+mz)W(A + B- Az)(L* (A 4 B) 

(A468 — dz) +2) 
S(z) = AL-W (A+ B-Az)) [2(A + 8B) — (n+ mz)W (A + B - Az) 


x(L*(A + B)(A + B — Az) + Az)] 
Differentiating S(z), K(z) and Dr, (z) with respect to z, we get 


Sz) = MW (A+ B—Az)[2(A + B) — (n+ mz)We (A+ B - Az) 
x(A+ 8B —Az)L*(A + B) + Az] + (1 — WA 4 B- Az))A 
x[A + B= (n+ mz)(A — AL* (A + B)) WHA + B= AZ1)] 
—ml(A + B= Az) L* (A + 8B) + AzZ|WF (A + B- Az) 
(1-— L*(A + 8))(n + mz)A[WF (A + 6B - Az) — WF (AF B-Ax)] 
+(n + mz)Az(1 — L*(\ + B))(—AWS (A + B — Az) 
mdAz(1 — L*(A + B))[Wt(A + B— Az) — We (A+ B-Az)] 
Dri(z) = (A+B) +(n+tmz)AW* (A+ B—Az)(Az + (n+ mz) L*(A + B) 
Otte Oe a Oe) 
—m(Az + (n+ mz)L*(A + B)(A + B- Az))Wy (A + B- Az) 


K'(z) 


I 


At z=1 L, turns 


[eases — $(1)[BDri (1) — Apr 
2 (BDn (DP Wii. 
| Dry (1)K'(1) — oe ? 


(Dri (1))? 


we know that Ly, = ye 


where, 


SQ) = A(L—W3(B))[B+A—WE(AF B - Az)(A+ BL*(A + B))] 

S11) = YWH(A)A+8 -We(A+ B-Azi)(A+ BL*(A + B))] 
+A(1 — W3(8))[A + 8 -— We(A + 8 - Azi)(A — AL*(A + 8))] 
—m(A + BL*(A + B))WZ(A + B— 21) 
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K(l) = A —L*(A+8))(We(8) — Wi(8 - Az +A) 

K'(1) = AQ -L*(A+ 8) [WE(8) — WEB +A — Az) — WE (B)A 
+m[W; (8) — Wi(8 +A—Az)]] 

Dri(l) = B-(A+BL*(\+8))Wi(8) +A 

Dri(l) = B+ [AWS (8) + mW3(B)[A + L*(A + 8) 6] 
+ — [A —AL*(A + B)]W3(8) 


Mean Orbit Length in RS period: 
We assume that DL, - mean orbit size and W, - mean waiting time of the customer 
in the orbit during WV period. 


d 


Bs = qs) z=1 
= FIRG(20) + R52, 0)]_, 
d | Nri(z)(1 — G*(A)) + Nro(z) Nr3(z) 


Wo.| 


dz Dry(z)(A + 8 — Az) Dro(z) 


[Dr3(z)2Nry (z)(ADri(z) — (A+ 8B — Az) Dri (z)) 
+(A + B — Az) Dry (z) Nr} (z)(Dro(z) — Drz(z) Nr; (z))] 
x(1 — G*(A)) + 2(A + B — Az) Nr}(z)Dro(z)(Nr3(z)Dri(z) 
—Nrs(z)Drj(z)) + Nr3(z)[2AN7r}(z)Dro(z) + (A+ B — Az) 
Dr3(z)Nrg(z) — (A+ 8 — Az)Drg(z) N73 (z)]Dri(z) 
2(Dri(z)(A + 8 — Az)Dr3(z))? 


Wo,o 
Z= 


Nri(z) = Bz(n+mz)REA- Az)(1—-Wi(A+ 6 Az)){(A + B)z 
—(n+mz)WF(A+ B-Az)[AtB-AZ)L*(A+ 6) + rz} 
+(A + B— Az) Bz?(n + mz)(1 — L*(A + 8))[We (A+ 8 - Az) 

Wy (A + B-Az)] — (1— (n+ mz)WY(A + B - Az) {A + B) 
xz —(n+mz)Wi(A + 8 — Az)[(A + B — Az) L*(A + 8) + Az]} 
x2(\-+ B— Az) ara REDO Lee 
x(1— (a+ m2)W3(A+ B — Azn)){(A-4+B)2— (n+ mz) 
xW H(A + B—Az)[(A+ B- Az)L*(A+ B) + Az]} 


Nig) = (U= REA= dz) 

Dri(z) = (A+ B)z—(n+mz)WH(AFt B- Az)[L*(A + 8) 
x(A + B — Az) + Az] 

Dro(z) = z-—(n4+mz)RF(A — Az)[(1 — z)G*Q) + 2] 
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Nr3(z) = Bz[(A+ 8 —Az)G* (A) + Az] — LA(AF 8)) (WFAA + 6B - Az) 
Wi(A+ 8 — da) — (1- WE(A + B— Az))[(A +B Az) 
xG"*(A) $AZ{(A + Bz — WEA + B—Az)(AFB — Az)L*(A+ 8) 
+rz)} + B2(r + B)\(We (A + B- Az) — Wa (A+ B- Az1)) 
E*(A +B) — 20 WI + B— Aar))O*(AN(A+4 8-22) 
x{(\+ B)z —WR(A+ B—-Az)PAzt (A+ B-Az)L*(A + 8)} 
+m| [32°00 4+ B—dx) + B22W* (A+ B—Az)L*(A +B) 
xWHA + 6 — Az) FABZWH (A+ B- Az1)WH(A + 6 - Xz) 
xL*(A + B)(1—2)](n+ mz) — [627 + B2|W3(A +B — dz) 


At z=1L, turns 


(1 — G*(A)) [274 (1)Dr5(1)(ADri (1) — BDr}(1)) + BDri(1) 
(Dr3(1)Nr{(1) — Nr{(1)Dr9(1))] + 26Nr}(1)Dr}(1) 

(Dri (1)Nr3(1) — Nr3(1)Dry(1)) + Nr3(1)Dri (1) [2A 
Nr5(1)Dr3(1) + BDrg(Nrg(1) — BNrg(1 )Dr3 Qi yy, 


ee 2(BDr (1) Dr5())? 
ee Ls 
as it is known that W, = ze 
where, 
Nri(1) = —BAW}(B) + BAE(Rs)(1 — WF (8))[A + 8 — BWS (A+ B- Az1) 


xE*(A-+ B) — AW*(A-+ B — Azi)] — B2L"(A + B)W8(B) + B 
x L*(A + B)WE (A+ B- Az) +A[B +A — BWH(B)L*(A + B) 
—AW3(B)] — PWH(A + B- Aza) + PWHA+ B - Az1)WZ (8) 
+A9W3(A+ 6 — Aas)W2(B)E"(A+ 8) + “[-m + AB(Re) 
<B(1 — W(A-+ 8 — dz1)){(+ 8) — WCB) + BL*(A + B)]} 
+Bm{(A+ 8) — W2(B)[\ + BL*(A + B)}WE(A-+ 8 — dar) 

Nrs(l) = (1—W2(8)){BG*(—)W2(A + B — Azn)(A + BL"(A 4 B)) — BA 
—BAG*(d) — B2G*(A)} + (1 — WEA + B — Ann) {BAW (8) 
xE*(\ +B) —2(L — W2(8))} + B2L*(A + B)(W2 (8) 
Wi(A+ 8 — Azi)) — 28G*()(- WEA+ 8 da) 
x{A + B— WH(B)(L*(A + B)B + A)} + {ABWH(A 4+ B - Az1) 
_BW2(B)[\ + B — BW2(A+ B— dz) L*(A+ B)]}m 

Nri(l) = -XE(R,) 


14 


74 S.Pazhani Bala Murugan 61-79 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO.1, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


Nr7(1) 


(W.(8) — W(A + 6 — Az))[(1 — L*(A + B))(BA(L — G*()) 
+6°G*(A)) + BPL*(A +B) + G*(A)(A + 8 + AW3(8)) 
BWs(A+ 8 — Az) — A) — BAL*(A + B)(1 — WA + B — Az) 
W; (8) + BW (B)) + G*(A)WH(A + B- Azi)[A + 8 — BW (8) 
L*(\ + B) + AW} (B)]A — BG*(A)[A + B - PW (8) + AWS (8)] 
AW; (8)(BL*(A + B) — A) + AWS (B)W*(A + B)][BG*(A) 
xWe(A + B— Az) — A — WF (A - dz1))] + —G*Q) 

x(1— WR(A + B = Az1)) {AQ + B) — X7>W3F (8) — 2ABW3(B) 
xL*(A-+ B) — \26W%" (8) — 6? We" *(\+ 8) + \BW2(8) 
—B( + B) a d+ B—dz1) ) [x (A+ B)B +2) 


x 


+ xX xX 
Q|- = 


“—— 


pots ener 


x[3(W3 (8) — We" (8) - ae s)) + m(1 — W;(8)) 4] 
—3(1 — W7(8))[A - AL*(A + B)]] + BQ + 8) [20 - W3(8) 
+AW'(B)) + AB(Rs)[2 + We (8)]] + BLL - EA + B28 - a) 


x [W3 (8) — W3(A + B — Aai)] — ABWY (8)] — 67[1 - L*(A + B)] 
XW (8) + (A+ BYWe(A + B — Azi1)(38 — 2A) + [L*(A + 6)B + Al 


x [BAW (B)BW3(d + 8 — Aza) — 2] + We (B)[W3 0+ 8 — rz) 
(24 —ms ~B) + 6]]*[(0 +8) - Wi +6 —Aa))IB +28 
—A+ BE(Rs)] — 28mW;s(d + B—Azr)} + (B(Ws (8) 
—E(R.)) — mBW; (B) ~ 28 + N(1 — W5 (A+ 8 — Azx)) + 28m 
xW3 (A+B — An) ML*(A+ B)8 +A] — BU — Wa (A+ 8 - Az) 
x[\— AL*(A + BIW: (8)|] 

B+A- (AF BEA + B))W3(B) 

B+ [AWS (8) + mWy (AIA + L*(A + 8) 8] 

Hr [A-AL*(A+ BIW3(8) 


= G*(A)-E(R,)A—m 
= —2(1—G*(A))[AE(R,) + m] — E(R?2)\? — 2\mE(B;) 


—NvE(RS) 
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Nrg(1) = {(1— W(8))(28AB(Rs) + BA°E(R2)) + 28? E(Rs)W* (8)} 
x[A + 6 — We(A + 6 — Az1)(A + BL*(A + B))| + 2BAE(Rs) 
x(1— Wy (B))[A+ B+AWS(A + B- An)(L*(A + B) — DV] 
+2B[W,s (B)(A + BL*(A + B)) + (1 — W3(8))(2 — L*(A + 8) 
xWHA+ 8 — Az))] + 267 (A-+ BOA 6 = Aa) 
—W?(B)) + 24°(1 — WF(8))(1 — WA + B — Az1)) + 2AlA 
+AW,* (B)(A + BL*(A + B)) + AW} (8)(L*(A + 8) — 1] 
ef Wie B= Ae) + a We(A+ 8 —An)){A+8 
—W;(8)[A + BL*(A + 8)]][48 + AB — 1]E(Rs) + 28AW* (8) 
x[\ + BL*(A + B)JE(Rs) + ABE(R3)[A + B — WF (8) 

(A + BL*(A + 8))]} 


4 Special cases 


(a) If the service time distribution follows an exponential distribution, no retrial, 
no service among the vacation period and there is no feedback then, the present 
model will be remodeled as analysis of M/M/1 queue with server vacations and 
a waiting server. 

(b) If the server does not wait after the completion of the RS period and there 
is no feedback then, the present model will be remodeled as an M/G/1 retrial 
queue with multiple working vacation. 


5 Numerical results 


The curved graph constructed in Figure 1 and the values tabulated in the Ta- 
ble 1 are obtained by setting the fixed values uy = 3.6, Us = 9.8, Mur = 3.5, 
[sr = 5.38, a = 1, m = 0.4 and altering the values of \ from 1 to 2 incremented 
with 0.2 and increasing the values of 8 from 0.3 to 1.1 in steps of 0.4, we ob- 
served that as A rises L, falls and hence the stability of the model is verified. 


XN |B=03]B=07|B=11 
1.0 | 0.2006 | 0.4771 | 1.0399 
1.2 | 0.1479 | 0.3744 | 0.8428 
14 | 0.1066 | 0.2870 | 0.6651 
1.6 | 0.0737 | 0.2149 | 0.5181 
1.8 | 0.0475 | 0.1566 | 0.3990 
2.0 | 0.0275 | 0.1097 | 0.2997 


Table 1: A versus L, 


Figure 1: A versus L, 
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The curved graph constructed in Figure 2 and the values tabulated in the Ta- 
ble 2 are obtained by setting the fixed values uw, = 6.6, Us = 10.8, for = 3.5, 
sr = 5.3, @ = 1.7, m = 0.3 and altering the values of \ from 1 to 2 incre- 
mented with 0.2 and increasing the values of @ from 0.2 to 0.6 in steps of 0.2. 
We observed that as rises W, falls which is expected. 


X |B=02 | B=04 | B=06 
1.0 | 0.2545 | 0.4949 | 0.7325 
1.2 | 0.2027 | 0.4054 | 0.6375 
14 | 0.1624 | 0.3297 | 0.5388 
1.6 | 0.1295 | 0.2652 | 0.4451 
1.8 | 0.1018 | 0.2100 | 0.3602 
2.0 | 0.0781 | 0.1628 | 0.2853 


Table 2: \ versus W, 
Figure 2: versus W,, able versus 


The curved graph constructed in Figure 3 and the values tabulated in the Ta- 
ble 3 are obtained by setting the fixed values wy = 0.1, ws = 10, py, = 1.5, 
[sr = 4.5, a = 0.6, m = 0.3 and altering the values of \ from 1 to 2 incre- 
mented with 0.2 and increasing the values of @ from 1.3 to 1.7 in steps of 0.2. 
We observed that as A rises [, also rises which shows the stability of the model. 


\ | fB=13|B=15|B=17 
1.0 | 0.0939 | 0.4101 | 0.8883 
1.2 | 0.4295 | 0.9762 | 1.7499 
14 | 0.9517 | 1.8173 | 2.9956 
1.6 | 1.6909 | 2.9705 | 4.6665 
1.8 | 2.6447 | 4.4248 | 6.7373 
2.0 | 3.7557 | 6.0909 | 9.0768 


Table 3: A versus Ls 


Figure 3: A versus L, 


The curved graph constructed in Figure 4 and the values tabulated in the Ta- 
ble 4 are obtained by setting the fixed values wy, = 9.3, ws = 11, Wor = 4.5, 
[sr = 5.5, @ = 1.5, m = 0.5 and altering the values of A from 1 to 2 incremented 
with 0.2 and increasing the values of 8 from 0.3 to 0.5 in steps of 0.1. From the 
graph, we studied that as \ rises W, falls which shows the stability of the model. 


17 


77 S.Pazhani Bala Murugan 61-79 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO.1, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


A | 6=03} 6=04 | B=0.5 
1.0 | 0.5875 | 0.7271 | 0.8489 
1.2 | 0.4899 | 0.6225 | 0.7527 
1.4) 0.4107 | 0.5315 | 0.6595 
1.6 | 0.3447 | 0.4523 | 0.5726 
1.8 | 0.2865 | 0.3808 | 0.4904 
10. 42 14. 16 ta 20 | 2.0 | 0.2280 | 0.3069 | 0.4018 


Table 4: A Ww, 
Figure 4: \ versus W, able versus 


6 Conclusion 


In this paper, an //G/1 feedback retrial queue with working vacation and a 
waiting server is evaluated. We obtained the PGF for the number of customers 
and the mean number of customers in the orbit. We worked out the mean 
waiting time. We also derived the performance measures. We performed some 
particular cases. We illustrated some numerical results. 
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Abstract 


In this article, we evaluate the approximate solutions of Nonlinear 

Differential Equations (NoLDEs) with the association of S-function, in- 
complete H-functions (IHFs) and incomplete I-functions (IIFs) with two 
variables by using the Hermite, Legendre and Jacobi polynomials. Here, 
we introduce incomplete I-functions with two variables. The NoLDEs are 
significantly applicable in fluid dynamics, vibration problems, population 
dynamics, electromagnetism, chemical kinetics, combustion theory, eco- 
nomics and finance. Recently, it was implemented to solve the resistance 
less circuit with a nonlinear capacitor under influence of external periodic 
force. 
This method is established as an application of improper integrals, poly- 
nomials and special functions. The obtained results are helpful to get the 
solution of various problems of mathematical physics and engineering in 
approximate aspects. 


Keywords: Incomplete H-functions, Incomplete I-functions, qg-Gamma func- 
tions, S-function, Laplace transform, Improper Integral. 

MSC2020: 33B20, 33D05, 33E12, 44A10. 

1 Introduction and Preliminaries: 


Earlier, Nonlinear differential equations play remarkable roles in the field of En- 
gineering and Physics. Numerous authors have given their outputs to solving 
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these equations by several methods. In the nineteen century, many Mathemati- 
cians like Gadre [9], Saxena et al. [16], Srivastava [24] and Srivastava et al. [25] 
worked on NoLDEs system. In last two decades many more authors such as 
Chaurasia et al. [5], Sharma [17], Singh [20], Singh et al. [21, 22, 23], Bansal et 
al. [1, 2, 3, 4] and Kumar et al. [11, 12] have also paid their attention in this 
branch of Applied Mathematics. 

In the section 1, we defined the incomplete H-functions, incomplete I-functions 
with two variables and S-function. Section 2, shows some important theorems 
that will be used to solve the NoLDEs given in the section 3. 

Special functions are well known tool which are uses in various fields of 
Engineering and Physics. The incomplete Gamma functions (IGFs) y(s, y) and 
I'(s, y) are investigated by Prym [14]. The incomplete Gamma functions are base 
of the recently developed incomplete forms of special functions like incomplete 
H-functions, incomplete H-functions, incomplete I-functions and incomplete X- 
functions. 

The incomplete Gamma functions y(s, y) and I'(s, y) are defined, by 


(o,y) = [ertetat, (Rls) > 0; > 0) (1) 
T(s,y) = i. ted (y > 0; R(s) > 0 when y = 0). (2) 


The IGFs holds the decomposition formula y(s, y) +I(s,y) =T(s), here ['(.) is 
well known gamma function. 
Pochhammer symbol (1), defined as: 


= T(t) (u)(ot1)...qutn—-1), if A=nEN; EC, (8) 


att if 4=O0;p € C\{0} 
provided I'(js) exists. Here C and N are as usual denote the set of complex and 
natural numbers respectively. 


Definition 1: In terms of the incomplete gamma functions (IGFs) I'(s, 7) and 
+(s,2), the IHF [26] is defined pO (2) and rs @) as follows: 


M,N M,N (fi, Fi, t), (fi, Fy)a,p 
Zz) = Zz 
YP, (z) YP.Q | | (w;,W;)1,@ 
1 
—— tzid. 4 
say f olest)etas, (4 


yl — f+ Fis, t) joa Fwy — Ws) TP — fy + Fis) 
y(s, t) = Q P ) (5) 
Hyams lG — wv; + W5s) Tena Ts - #58) 
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and 
rid = THe [2] Geng ee? 
= 5 f ols.btas (6) 
where 
6(s,0) =O sabe i (w; — W;s) [Tj eer ony (7) 


ie M41 ray WaT wail (fj — F5s) 


The IHFs YP. (z) and pe (z) are exist for all t > 0 and for more existing 
conditions (see, [26]). 


Definition 2: We introduce the incomplete I-functions with two variables 
(T) 70,nima naima.na as follows: 


PlsQ1s73P, (1) 19, (A) 5A) 3P7(2) 29), (2) 97 (2) 
one £2) , (e), B®, 2) 
(LP) 70,n:m41 ,n1;m2,n2 Z1 


PL-QWTSP (1) (2) 71) 1Py(2) M2) 72) | Zo al tok (1) pp(2) 
JE Gl 


2,n 
b) vf ) ’ 
q m+1,qi 


Q) 7p) 


(1) (1) (1) a 
(7! &; Yang? (F100 F300) gf 


(2) (2) (2) (2) 
(ej Bj Tass it Eee) ene. 


(2) (2) f) 
(V' LF; i ? ( gl)? lt. i414 (2) 
1 


= Grup i. [Gee a) 23128704 (£1)Oo(Eo)déidég (w=V-—1), (8) 


Q) pQ) (1) A(t) 
ey 5s a (fib Eire) a 


where ; 
(1 &2 x) — Pei t+ i= ES hy x) TTF 2T(l- ey + Dae 12S) 
18200) = ST P(e Sh, BOE) MP 2, FOG)” 
and, 
We, r(fO -FM es) Ty, r= e+ BO E,) ‘ 
(i) = ; (i = 1,2). 


nr) 1(4) () i(i) (4) Orny|? 
Ui@= are met ra = 70479) Ti ngtl r(,, 88) 


Now, We can define lower form of the incomplete I-function with two variables 
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(7) 70,n2m1,n1;m2,n2 3 
Dotan TP, (1) 94,1) oP (1) 3P (2) +4(2) T(2) as follows: 


(1) (2) (1) (2) 
; oe , EP), 2) , (e;, BO, B! 
(y) 70,n:m1,n1;m2,n2 1 Qn 
PL,QW>T3P) (1) +9, (1) 071) 3P) (2) 09) (2) 57 (2) Zz (1) Fe ) 
I 1 I 1 2 ota F‘ 


Loo* gl ) ’ 
: - m+1,q 


2 1 1 1 1 
, (e1, BD, Deas ‘i (es ) ES ee (1) E' ) 


if © 5)? 
Q) pA) (1) (1) 
(7! »&; Sie (Fico Fe angel 


(2) pA(2) (2) (2) 
(e; BE; Va ea? (esgen Been } Atte (2) 


(2) A(2) pf) 
(/' LF; Ves? ( jl)? Boe q? 


=a | i O (€1, 5,0) 281 28?0; (€1)00(Eo)dé d&g (w = V—1), 


where 
(&1,2,2) = yert Dfan EB) &:,@) ca Pej + Din Ej &) 
: ; i Slit Rete (es— Soe pee Tit =1 r(1- fit? cP: yy? 
and, 
mj (@)_ pOe.y pri cE E, 
(&) = T1j=1 T(f; F; &i )IL,2 ,Pa- +E; &i) (i = jes? 


Di. een (: — Fil FP & ) Tenet ie neo yy 
Decomposition formula satisfying in case of incomplete I-functions with two 
variables defined in (1) and (2) as Mg [zi] + 15a] = Ila. 

Here, #0; fy G=1,--- Pp) e7 GHL Os Gf GHL-- rma ely G= 
Ng + is 49 OiGh 3 Oe Gj =1,..., ms); 5, Gj = Mm + 124351) 5 


are complex numbers and E;, Fy, EY. 7 FO, are positive real numbers for 
standardization purpose such that 


n Pia) 

(2) 2) (2) (2) OF 
A= 3-94 5 BPS A+ Ye BY, 
J=1 j=nt+1 j=nitl 

Gi @) mi 4;(4) @ 
- FQ, - OR? - > Fre S90 @=1,2), 
j=l j=l j=mitl 


The integral path is a contour starting from L — loo to L + loo and the poles 
of rg? - FOE), j =1,...,mi, « = 1,2 are separated from those of T(1 — 
aj + 2, BMS), f= 1,...,n and T(1— ef? + BMG), f= 1,...,ms, $= 1,2 


83 Rahul Sharma et al 80-95 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO.1, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


to the left of the contour Ly. The existence conditions for multiple Mellin- 
Barnes contours can be obtained with the help of two variables I-function [18] 


as jargzi| < ua where 


n PL q Ni Pi) 
qth) (i) (i) (3) (i) (i) 
Aa Dt De Bin gin ee, D> Bi 
j=l j=nt+1 j=1 j=l j=nitl 
A Spl 
tye SS Fe eC 12). 
gl j=mit+l 


for more detail conditions (see [13, 18, 10, 19]). 


Definition 3: The S-function introduced and investigated by Saxena et al. 
[7] and defined as: 


(a,b,c,d,e) (a,b,c,d,e) 
(y) = 5 (a1, Q2,-.-, Ap; 81, B2,..., Bai y) 
(p,4) (p,4) 
7 (Q1)n tee (a Jn (€)nd,e y” 
D> 2 (9) 


(Bi)n 253 (Bg)n T.(na + b) ni’ 


where e € R; a,b,c,d€ C; Re(a) > 0,a; (¢=1,2,...,p), 6; (§ =1,2,...,q), 
Re(a) > eRe(d) and p< q+1. Pochhammer symbol (jz), defined in (3). 

Here, the k-Pochhammer symbol (y),, , and k-Gamma function T,(y) defined 
by Diaz et al. [6]. 

If we put c = d = e = 1 in S-function, it reduces to the generalized M- 
series. Similarly, we can convert S-function to other functions named Gener- 
alized k-Mittag-Leffler function, k-function, generalized Mittag-Leffler function 
and Mittag-Leffler function. 


2 Theorems 
In this section, we use the linear approximation of the Hermite, Legendre and 


Jacobi polynomials to obtain the approximate solution of general NoLDEs which 
given below: 


(a,b,c,d,e) zr 2A’ MN v\ 2A 
cee Sy (E)" rte [2(Z) 
(p,4) ONT nS L 


(fi, Fi, t), (f, F5)2,P | 


(w;,W;)1,@ 


bs (abode) aN? | earn E\Y) (fi, Fi, t), (f;, Fj)2,p 
Ue v(0+ 5) jr (1+) ena | 


=NF(t), (11) 
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PIs ae (1) 27 (1) 5P1(2) 9), (2) »7(2) 


where 


— (1) (2) (1) (2) (1) (2) 
A — (e1, #4 ,f, .s) ? (¢;,#4 EL; Jag (en Ei Bi eee 


Q) 7G) (1) (1) (2) p(2) (2) (2) 
(es £; lead (a ) Fito), eupi ) (e; 5; Fer, (c C542)? a) 
and 


a (2) (1) pp) gh 

Bt Pee Gea Fy site , (V) JF; Wes ? (F500 Fi ) as eng , 
(2) (2) @). Fe) 

(V) 1&5 Ysa (E510 Fe ) neg 


Under the effect of external periodic force, these NoLDEs defined in (10), (11) 
and (12) used in the theory of resistance less circuits. To solve these Nonlinear 
differential equations, we use Hermite, Legendre and Jacobi polynomials. 

Now, we derive some new integrals as theorems that will use to solve the above 
given NoLDEs. 


Theorem 1: 


(p,9) 
Fy, t); (£55 Fj )2,P 2 
pun 20 (Fis 158), \J 9. 49/2, de= gn 207, k 
PQ E (w,;,W;)1,0 c= Vln i(k) 
py st 22-20 (—2¢ — 20'k, 2p), (f1,.F1,t), (£7), Fy )2,p (13) 
ee (w;, Wj)1,Q, (n/2 — o — p'k, p) 
where, 
n= > af (C)kd,e yo 9-26! 
= T.(ka + b) k! ; 


Proof: By using the results of (6) and (9) in (13), we arrive at 
/ 2 e-* H,, (a) 
= (ar)e-+-(Op)k (Cede (yn?) a fo 
: s,t)(za? )°ds dx, 
> (Bi)e---(8g)e Te(kKat+6) ki! #1 


here $(s,t) defined in (7). 
Provided under the given condition, interchange the order of contour integral 
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and integral. We get, 


— (ai)k-+- (Op) (rae y* 
d (B1)k---(Bq)e Pe(ka + 6) k! 


ami fo me of gira bie* i. (a)da|. ds. 


By using improper integral given below 


i 277 e —x? Ay (x \de = 2° DO ee a (14) 


—0oo (o —n/2+1) 


After little simplification we get the desire result. 


Theorem 2: 


fate) "3"” pate” 


1 (p,q) 


M,N v (fi, Fi, €), (fj, Fy)2,p — 9A M,N+2 
Po [e(te) ooWoe j dx = 2 Lok) pfs O42 
22" (l1-A-w'k,v),1—-A-0k,v), (fi, i,t), (fj, Fj )2,p (15) 
(w;,W;)1.q,(A-vk—-n,v),(l1-A-iUk+n,v) ? 
where, 
sie) =) Op)k (C)ede 9" ou'k 


oa ae s)k Ve(ka + 6) ki 


Proof: By using the known result given in (p.316, eq.15, [8]), we can get the 
proof of the Theorem 2 in similar manner as we did in the Theorem 1 . 


Theorem 3: 


a (a,b,c,d,e) 
[a= aa + afar POM) S. (ya”) 


1 (».4) 
(T ) 79: m:M1,N13M2,N2 za" A* =? grt+otnt+1 pf (k) 
PL WTSP (1) (1) 71) 3P1(2) 0M (2) 7(2) | zo ar B* a ; 
(T) 79,n+2:m1,n1;m2,n 212” CF 
Ini +2.a+1, MPy(ay 19,01) 7 (1) Py(2) 1%(2) (2) | Z_Qh | DE ail? ap 
where, 
Bo (1,21, BY”, s) y (6,2, BP) ’ (eq, ERP, BD) ae 
A) n »PL 
GQ) pQ) (1) (1) (2) pA(2) (2) (2) 
(CFE any? (oF ang ep ET), ny Le (c Oo Ee) dc) 
* QQ) pl2) GQ) pQ) (1) (1) 
Pm (SPER) PE) 9, ERE) 
7 
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(2) z(2) Q) Fe 
(7! FF; Ves iGcy Fr) mesg? 
Cree ne phi) (EA pean) (1, z{?, BY, s) 
p(t) @) ( Bo) EY) Q) pQ) 
(6, ) 2,n° we n+1,p1 (65 un 


fi i] i aad | 1ny’ 
(1) (1) (2) (2) (2) (2) 
( ae it1p (ey B divs) Cor ee 
* 2: 
Dt= Paldai FED ag 1—A-—6 — 2(n— pk), 2v, 2) , 


(1) | a 

(7! Fi oe ie a) Fie) 41,4” : (4 i“ ee 
(2) (2 

(450) FS) ot1,q” 


and 


(a1)k---(p)k _(€)kae_ y* 
L3(k) = Veo Cape cats Te(hatb) aor. 


Proof: By using the result given in (p.261, eq.15, [15]), we can get the proof of 
the Theorem 3 in similar manner as we did in the Theorem 1 . 
3 Polynomials and Linear Approximation 


Here, we solve the NoLDEs given in (10), (11) and (12) by using Hermite, 
Legendre and Jacobi polynomials respectively. 


3.1 Hermite Polynomials and Linear Approximation 


Here, we solve the NoLDE given in equation (10) as follows: 


x+ f(x) = NF(t), (17) 


ane | a 


FOE cee E (=)"| ey E Gu 


which can be written in terms of Hermite polynomials in the interval (—L, L), 


We get 7 
£) = x nn (F) ) (19) 
n=0 


where coefficient 7, is defined by 


[2 f(La) Hy (x)x?e~™ dx 


ee [Hn (x)? en2? dx (20) 


In = 
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The series given in equation (20) truncated after two terms then, we get a linear 
approximation f*(a) as follows: 
x 


x 
*(x) = noHo (+) +mmh (=). 21 
F(a) = mHo (F) +m (+ (21) 
Now, we can write linear approximation f*(x) by using equation (18) as 
: Hae. | ("| 
r)=wW = 
f(a) ow ENE 
M,N g\7* 
VP.Q E (z) 
putting Ho(x) = 1 and Hy (a) = 2x in (21), we have 
x 
f*(w) =n + 2m (=). (23) 


L 


To obtain the values of 79 and 7,, we consider n = 0,n = 1 and using equation 
(18) in (22), then we have 


hae | eo) 


ie "Hole Pas | oy 
and 
Hee on e i (yx?*’) Api, (x)x2Pe-@ dx 
ce = weed | i 
where 


_ pM,N 2A (fi, Fi,t), fj, F)2,p 
Ap =Vpo E (w;, Wix.0 
Further, using Theorem 1 and result (p.193, eq.(6), [15]) with n = 0 in equation 
(24), we get 


No = 2777 wD (k) 


M,N+1 —29 
Pp iat E 


(—20 — 2p’k, 2p), (f1, Fi, t), (fj, Fj )a,p (26) 
(w;, W;)1,q, (—o — p'k, p) , 


similarly, we can obtained 
m= Oath) 


M,N+1 —29 
Pp iat E 


(—20 = 29k, 29), (fr, Fay) (Fp45)2,P | ; (27) 
(w;, W5)1,q, (1/2 — o — p'k, p) 

Now, on replacing f(x) by f*(x) and using (23), we can express (17) as 

e 


=) = NF(t), (28) 
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If 6? = 2m /L and 6? = no, then (28) can be written as 
x+ 6° +6? = NF(t). (29) 


Apply Laplace transform in equation (29) to find the approximate solution under 
the given constraints 


y = L(L-1) andx=0ift=0, 
of aN f* 
z* = [Lu —1)+ | cos dt — 3 + ff F(u)siné(t—u)du. (30) 
0 
The obtained approximate solution is general in nature. 


3.2 Legendre Polynomials and Linear Approximation 


The main objective of this section is to solve the NoLDE defined in (11) as 


follows: 
x + f(x) = NF(b), (31) 
where 
(a,b,c,d,e) e\V 
= S 1+ = 
goa) =a Sy) | 


i F . BF. 
ra 0+ gy | Geom]. 09 


which can be written in terms of Legendre polynomials in the interval (—L, L). 
We get 


f(z) = 2 TrPn (=) (33) 
n=0 


where coefficient 7, is defined by 


Pa is f (La) Pp (2)(1 + «)4~*dx 
" Pi PwPa 


Truncated the series (34) after two terms. We get a linear approximation f* (zx) 
as follows: 


(34) 


PO aR, (=) AP (+) (35) 


Now, we can write linear approximation f*(x) by using equation (32) by 


f(a) = soe y (1 + zy 


(p,q) L 
M.N xr\Y ,F,t), f;, F; 2.P 3 
I i z( *) | ue oe : 3) ? ( 6) 
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Putting Po(a) = 1 and P;(x) = x in (35), we have 
f'(e)=m+n(F). (37) 


Use equation (36) in (34) with n = 0 and n = 1, to obtain the values of 7 and 
T, respectively as 


1 (a,b,c,d,e) ot 
fi. 5 E (1+ 2) AyPo(a)(1 + 2)4-!dax 
pe 38) 
J-y [Po(@)° dx 
and 
1 (a,b,c,d,e) v rn 
fiw (8. [yta)”| Aro) +2ytde 
eer oe i a) 
2 a [Pi(a)]° da 
where 


Apatee |atay | 


Further, using Theorem 2 and result (p.175, eq.(12), [15]) with n = 0 in (38), 
we get 


T= oy aammaes OY 0 esa 


P42,Q+2 
22" (l1—-A-v'k,v),1—-A-0k,v), (fi, i,t), (fj, Fj )2,p (40) 
(w;,W;)1,q, (A -—1k,v),(1-A-—0'k,v) : 


Similarly, we can evaluate for n = 1 


th Sg eR os 
Ea 


(1 Se oad u'k, v), (1 Nh uk, v), (Fist), (fj, F3)a,P (41) 
(w;,W,)ao, (A-—vk—1,v),(2-—A—v'k,v) ; 
Now, on replacing f(a) by f*(a) and use (37), we can express in (31) as 


x+6¢+0'2 = NF(t), (42) 


where 6? = 7/L and 67 = 79. Apply the Laplace transform in (42) to find the 
approximate solution under the constraints 


v= L(L—1)andx=0ift=0, 


0? ne ae 
gs [Lu -—1)+ 4 cos ot — = + +f F(u)sind(t—u)du. (43) 
0 


The obtained approximate solution is general in nature. 


11 
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3.3. Jacobi Polynomials and Linear Approximation 


Here, our aim is to solve the NoLDE given in (12) is as follows: 


+ f(x) = NF(t), (44) 
where 
ae r ‘ 
rz) =w = 
fay=u 8S. |u(Z) 
(LT) 70,n:m1,ni;mea,n 21 (2)” A* 
ee aeuena| Za (2)* BY |’ (45) 


where A* and B* are defined in (12), which can be written in terms of Jacobi 
polynomials in the interval (—L, L). We have 


Co 


uk LK x 
Fla) = Sock re” (7), (46) 
n=0 
where coefficient Ci!"") is defined by 
clon) — Ler F(Ea) PL (a) ~ 2)'( + 2) dx 
a = 1 b,R 2 . 
Les [Pi (e)| (l—2)*(1+2)*dzx 


(47) 


Truncated the above given series after two terms. We get a linear approximation 
f*(2) as follows: 


f*(z) = CO") pO") (F) 4. C9 por) (F) (48) 


Now, we can write linear approximation f*(x) by using equation (45) by 


(a,b,c,d,e) 
Le ee lu (z) | 


(T) 70,n:m1,n1;m2,n 41 z\" AY 
EE eee Za (4)* | B* |? (49) 
Putting P\’") =1 and Pl = 58 4 Ctete)e in (48), we have 
lk lk ah 2 
pray = of +c |" +S ae (50) 


Use equation (47) in (45) with n = 0 and n = 1, to obtain the values of Cet) 
and CO") with the help of Theorem 3 and aid a result (p.260, eq.(11), [15]) 


12 
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with n = 0 in equation (47), we get oun as follows: 


(t,K) __ wl3(k)T(2 +ut+ kK) 


C, 
T14+e)F(1 +4) 
(L) 70,n+2:m1 ,n1;m2,n2 22” c™ (51) 
Pit2,Q +1 rsp (1) YA) PA)3P1(2) M2) 72) | zqgQh | D** |? 
where 
a 1 2 1 2 
C => (—e — pk, v, 1) ,(—& — pk, v, p) ’ (e1, Bi ) ES eo ) (€;, ES pes ao 
— ml) pl) (1) 7G) (1) (1) (2) 72) 
(en, BY EF Nas , (e; EB; Te hs Crea) se; ,£; Masses 
(2) (2) 
Can) ae 
sk 1 2 1 1 
D Fey ie Ee) ‘a e ,(-1—t— 6 — 2pk, 2v, 2p) , (4 Ve a 
m 54 yM1 
(1) (1) (2) 7A(2) (2) (2) 
; (Fe Fe) gat (1; a Vie ; (FF) eat , 
Similarly, we can obtain Cf") as 
Ob) — 2wL3(k)P(3 + 6+ 6) 
1 72+ )T(24+ 4) 
(T) 79,n+2:m1,n13;mg,n 212” Ga? 
For b2,qrt Lar 9,3) 19, (4) (ay iP (2) (2) 72) | zo2 | DES (52) 
where 
Ons = (-u li pk, V, |) ’ (-k = pk, v, 1) ) (41, #{, BY”, s) ) 
_ mG) pl) — pl) pl) (Q) 7G) 
(5,8). BS as (ci. By, Bi Nae Nee E pias 
(1) (1) (2) 7(2) (2) (2) 
(Sho Fe) gat ese Jaina? (Si Ee) ya 
YB hale see 5 (fn. FY, FY) or ’ (—3 ro 2pk, 2V, 21) ’ Gre) : 
m SQL M1 
(1) (1) (2) 7(2) (2) (2) 
; (Fico Fe) angel (1; iF le ; (F5r2>F2e ) erg 


Now, on replacing f(x) by f*(a) and use equation (50), we can write equa- 
tion (44) as 
—kK 


Bs eo L ‘i oe: 
k+ Oa + = ——— (6 67) = NF(i), (53) 
where 62 = ale and 52 = Pee) 


Apply the Laplace transform in equation (53) to find the approximate solution 
under the constraints 


v= L(L—1)andx=0ift=0, 
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o = |oE-1)+ (: 2) 


cos dt Casta) (1 t) 4 wv x f u)sind(t—u)du. (54) 


2+L+K 


The obtained approximate solution is general in nature. 


Similarly, we can prove all of the above results and theorems for lower forms of 
the incomplete H-function PO lz ] and incomplete I-function with two variables 


(y) JO,n:m1,n1;m2,n2 [z i]. 
PLM sT3P)(1) Oy (1) 97 (1) Py (2) 09)(2) 27 (2) 


4 Conclusion 


In this article, we introduced the approximate solution of NoLDE associated 
with incomplete H-functions, incomplete I-functions with two variables and S- 
function with the help of Hermite, Legendre and Jacobi polynomials. These 
obtained results are general and effectively used in the field of Science, Mathe- 
matics, Statistics, Economics and finance. These findings can be used to solve 
the problem of a resistance less circuit involving a nonlinear capacitor under the 
influence of external periodic force. 
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Abstract 


Mathematical modeling is one of the most used techniques for analyzing and 
preventing the transmission of COVID-19. To control this pandemic, it is essen- 
tial to classify the infected population. So in this article, a new SEAIQHRDP 
model was formulated to investigate the transmittal dynamics of COVID-19. This 
model contains nine compartments Susceptible(S) class, Exposed(E) class, Asymp- 
tomatic(A) class, Infected(I) class, Quarantined(Q) class, Hospitalized(H) class, 
Recovered(R) class, Death(D) class, and Insusceptible (P) class. This model was 
fitted to the daily and cumulative confirmed COVID-19 cases in the period between 
30° January 2020 and 13 January 2021 in India. Sensitivity analysis concern- 
ing Ro was performed to classify the significance of parameters. Contour plots for 
Ro were executed and the effect of various parameters on the infected classes had 
shown graphically. The necessity of stringent face mask usage and social seclusion 
is highlighted by optimal control analysis as a key factor in the dramatic reduction 
of infection rates. So the optimal control technique was adopted to lessen the dis- 
ease mortality by taking both nonpharmaceutical and pharmaceutical intervention 
strategies as control functions and comparing infectives and recoveries with and 
without controls. 


Keywords: : mathematical model, Stability analysis, Basic reproduction number, Sen- 
sitivity analysis, optimal strategy 
Subject Classification: 00A71 


1 Introduction 


The world has been trembling with a new infectious disease COVID-19. The World 
Health Organization (WHO) has declared it was a universal pandemic on 11*® March 
2020 [14]. originally The COVID-19 disease was revealed in December 2019 in Wuhan, 
Hubei, China. Later it increased rapidly and spread in all countries in the world. As of 
August 28", 2022, the total confirmed cases of 596,873,121 and death cases of 6,459,684 
of COVID-19 had been reported to WHO [15]. On January 30", 2020 the first COVID-19 
case [28] was placed in Kerala, India. A total of 44,389,176 confirmed cases and 527,556 
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death cases were placed in India as of August 28*", 2022. Initially, some countries 
implemented strictly non-pharmacological interventions namely as use of face masks 
social distancing, and hygiene to resist the extent of the COVID-19 pandemic. Due to 
these safety measures, the virus spread slowed down gradually but not ceased completely. 
Since the vaccination process had started, the COVID-19 cases decreased day by day 
and it became under control. But still now in some countries COVID- cases raises 
unexpectedly. 

Mathematical modeling is a prominent technique for forecasting and controlling the 
transmission dynamics of epidemic diseases. Alexander Krameret al.{I] H.W. Hethcote 
[16], R.M.May & R.M Anderson, [38] Brauer F & Chavez CC) [6]. Some standard math- 
ematical models such as SIR, SEIR, SEIAR, SEIRD, etc. were broadly used to estimate 
the future trend of a pandemic. The standard SIR model Kermack WO & McKendrick 
described the spread of the virus using the compartments of susceptible, infected, 
and recovered. By incorporating the new compartments, we get new models to detect the 
communication dynamics of contagious diseases. An SEIR model by Mwalili S et al. cite 
26 was developed by adding an Exposed compartment to the SIR model which contained 
distinctive reaction and administration activity factors. This model is used widely to 
forecast the direction of the COVID-19 graph in China among other countries. Through 
the SEIR model, the influence of control strategies was studied by Lin Q et al.[22] and 
formulated the SEIR extension model. A generalized SEIR model Read JM et al.[34] 
was advanced in the latent period to cover the communication dynamics of COVID-19. 
During the incubation period, it consists of one more compartment as asymptomatic 
individuals in the SEIR model. The isolated class in SEIJR was interchanged with the 
asymptomatic class in SEIAR. By using this model, Bailey et al displayed related 
properties to the SEIJR model Peng L et al. [30]. General models such as SIR, SEIR, 
SEIRD, SEIJR, etc. were not suitable for forecast the effect of the widespread disease 
since they comprise a finite number of parameters and disregarded essential classes such 
as asymptomatic infected, quarantine, Hospitalization, etc. SIDARTHE model of Gior- 
dano et al.[I1] is an extension of the SEIR model which consists of undetected as well as 
detected infected populations. 

The field of FDEs has developed greatly over the past few decades as a result of its 
applicability in numerous branches of research and technology. To study malaria trans- 
mission, Rehman, Attiq ul, and colleagues devised a 9 compartment FDE model [5]. 
By considering both the government’s activity and the individual’s response, Danane, 
Jaouad et: al.[8] established a seven-compartment FDE model. Supriya, Yadav, and col- 
leagues [42] created the FDE model to investigate the COVID-19 trend using an effective 
and potent analytical qHASTM approach. By Jagdev Singh, a fractional guava fruit 
model with memory effect was developed [4]] 

In general, before showing any symptoms an individual exposed to the virus will 
become infectious i.e. pre-symptomatic through an incubation period of 5 days Liu C 
et al. (23). Many reports have shown that a huge number of individuals who were 
exposed to the virus did not show any symptoms i.e., they all remain asymptomatic. 
The pre-symptomatic or asymptomatic individuals were capable to diffuse the virus 
to others. Since the reported asymptomatic cases in India are high, it was necessary 
to include the asymptomatic class in the epidemiological model. As for the total of 
parameters and accurateness model, the above-discussed models were not perfect for 
long-term predictions. Therefore one more compartment dead population had been 
incorporated in the SEIAR model presented through Huang et al.[15] to improve the 
accurateness model for long-term prediction. 

Raj Kishore et.al [33] developed the SEIQRDP model by including the quarantine 
class (Q) and insusceptible class (P) and predicted the number of active cases. By 
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Figure 1: Flow Chart of SEAIQHRDP model 


incorporating an asymptomatic class Singh HP et al [39] introduced the SEAIQRDT 
model and forecast the confirmed cases. When the best optimal control technique is 
used early in a pandemic, the intensity of epidemic peaks tends to decline, spreading 
the maximum impact of an epidemic across a longer time. Massad, Eduardo et al 
developed an optimal control model to analyze the effect of vaccination on the zika virus. 
To analyze the COVID-19 trend in the future, Bandekar SR and Minighosh [3] devised an 
11 compartments mathematical model. They then employed an optimal control strategy 
to reduce the disease fatality. 

By taking into account all of the aforementioned discussions, We developed a 
new SEAIQHRDP model by including a new class—hospitalization—to the SEAIQRDP 
model in order to examine the transmission of COVID-19. Later an optimal control 
strategy with three control variables was applied to the proposed model to moderate the 
outspread of COVID-19 optimally. 

The following sections in this manuscript were systematized as follows: SEATQHRDP 
model formulation was presented in section [2] In section [3] The elementary properties of 
the recommended model such as positivity and boundedness, disease-free equilibrium’s 
local stability, and Ro expression in various parameters were executed. Section |3} fin- 
ished Parameter estimation, model fitting, and model justification. Sect.5 performed the 
sensitive analysis concerning Rp and the impact of parameters on infected populations. 
Section [6] implemented and solved an optimal control problem analytically. The work 
ends with the conclusion in Section [7] 


2 Model formation 


By considering all the above discussions, in this study, a new mathematical model 
SEAIQHRDP was formulated. In this model, the class S(t) contained the susceptible 
individuals at time t, the class E(t) contained exposed individuals (these were con- 
taminated but does not contaminate others within the reaction time), the class A(t) 
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contained asymptomatic infected individuals (despite no symptoms appeared in them 
but capable to infect others), the class I(t) contains the symptomatic individuals (these 
persons having symptoms and were capable to infect others ), the class Q(t) contained 
the quarantined individuals (these were infected but isolated), the class H(t) contained 
the hospitalization individuals (these were infected and undergo medical treatment), the 
class R(t) contained the recovered individuals, the class D(t) contained the death indi- 
viduals, and the class P(t) contained the insusceptible individuals those are incapable of 
getting infected due to either pre-isolated or following the WHO rules strictly. 

Let A and p be the constant recruitment rate and normal death rate in the suscep- 
tible population. Let 8 be the virus contact rate. Let C,, ¢g, and ¢, be the adjustment 
factors for asymptomatic infected, symptomatic infected, and quarantine populations. 
BGa, BCq and BC, were the virus transmission factors of asymptomatic, symptomatic, and 
quarantine populations to susceptible populations. These were time-dependent factors 
in computations. This model has the potency of disease is A = ee 

Let a be the protection rate at which the susceptible individuals move to insuscep- 
tible individuals. This included the influence of control measures. Let @ be the fraction 
at which the exposed individuals move to asymptomatic individuals. Then (1 — 9) is 
the fraction at which exposed individuals move to symptomatic infected individuals at 
a velocity w. Let Aq and A, be the quarantine rates at which the asymptomatically 
infected individuals and symptomatically infected individuals were quarantined. Let 7, 
and 7, hospitalization rates at which the symptomatic and quarantine populations had 
certain complications due to severe symptoms shall be hospitalized. Let ya, yg, and yn 
be the recovery rates at which the asymptomatic infected, quarantined, and hospitalized 
individuals were recovered from the disease. There will be a possibility to die, in asymp- 
tomatic individuals before getting symptoms and after admitting to the hospital. Let a 
and pp, be the mortality rates of asymptomatic and hospitalized individuals. By using all 
the above conditions, The relation between these nine compartments and corresponding 
parameters were shown in Figure[]] and table[]] 

The arrangement of nonlinear differential equations for the proposed model in India was 


Fa NT BAS = (at ns 1.1) 
oF =BAS—w+WE 1.2) 
a = OWE — (at a+ Ma + uyA 1.3) 
“ = (1-O)wE-—(A,+ns+p)I 1.4) 
dQ 

Ge At (Ac! = (tg +10 + HQ 1.5) 
a = nel + 1qgQ— (ht tn + WH 1.6) 
a = A+ qQ+ WH — UR 1.7) 
“ = po At bn 1.8) 
“ ea 1.9) 


with non negative primary conditions are S(0) = So, E(0) = Eo, A(O) = Ao, 1(0) == Io, 
Q(0) = Qo, H(0) = Ap .R(O) = Ro, D(0) = Doand P(0) = Po. 
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Table 1: SEAIQHRDP model parameter’s complete depiction. 


parameter description 


A Recruitment rate of human 

0 Proportion of exposed individuals 

wW Conversion rate of exposed to asymptomatically infected populace 
Protection rate of susceptible individuals to insusceptible populace 

CasGssGg Adjustment factor for asymptomatic, symptomatic and quarantine populace 
Transmission rate of virus 

Xa Quarantine rate of asymptomatic infected populace 

Xs Quarantine rate of symptomatic infected populace 

Ns Hospitalization rate of symptomatic infected populace 

Nq Hospitalization rate of quarantine infected populace 

Va The rate of recovery from asymptomatic infected populace 

Yq The rate of recovery from quarantine populace 

Vh The rate of recovery from hospitalization populace 

Lba The rate of mortality from asymptomatic populace 

Leh The rate of mortality from hospitalization populace 

Lb Normal mortality rate of human populace 


3 SEAIQHRDP model analysis 


3.1 Positivity and boundedness 
Theorem 1. All the solutions (S(t), E(t), A(t), I(t), Q(t), H(t), R(t), D(t), P(t)) € RY 


of the system (1) with primary conditions remain non negative and were uniformly 
bounded in the region Q for all time t > 0. 


Proof 1. Assumed that (S(t), E(t), A(t), I(t), Q(t), H(t), R(t), D(t), P(t)) € RY be a 
solution of (1) for t € [0,to], where ty > 0. 

From the equation (1.1), 
G =A (CoA + CsI + GQ) — (4+ WS > A- O)S 
where $(t) = BoA + Col + CoQ) + (a+ H) 

Gf = A- 9(t)s 
After integration, S(t) = S° exp(— (-{o¢ oe) ) ds) fi ef POW EW) Ssi(), 
Hence, for all t € [0, to), we get S(t) > 

From the equation (1.2), 

= (CoA + Col + GQ) % — (w+ HE > -(Wt+ WE 

San >-(wtpjE 
=> E(t) > E° exp(— fi (w +n) ds) > 0 
i.e, E(t) > 0 

From the equation (1.3), 
= 9WE — (Ag+ at bat WA —(AatYat+ tat WA 
ge er (Aa t+ Yat Ha + w)A 
= A(t) > A° exp( (-f5 (Aa + Ya + Ma + pL) ds > 0 
i.e, A(t) > 0 

From the equation (1.4), 
a = (1—-O)wE—(A.+ e+ wl > —-Astnst+p)l 
> 6 2-Astnstm)i 


Q 
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a a3 es T° exp(— fo (As +n. +p) ds >0 
i.e, (t) > 0 
From the equation of (1.5), 
Ge = aA t (Asl — (Mg + ¥q + HQ = (Mg +a + HQ 
+E > (1a +74 + HQ 
=> Q(t) > Q exp(— [5 (Mq +14 + H) ds > 0 
i.e,Q(t) > 0 
From the equation (1.6), 
oF = nel + qQ— (intent uw) > —(nt+uatw)e 
=> > (n+ on t+ WH 
=> H(t) = H° exp(— fj(an + un + uw) ds > 0 
i.e, H(t) >0 
From the equation (1.7), 
a2 = A+ qQ+ nH —pR> wR 
=i > wR 
=> R(t) > R° exp(- i p)ds>0 
i.e, R(t) > 0. 
Similarly we can prove that D(t) > 0 and P(t) > 0. 
Hence (S(t), E(t), A(t), I(t), Q(t), H(t), R(t), D(t), P(t)) of (1) with primary condi- 
tions for all t € [0,to] are non negative solutions in Q. 
We prove that the boundedness of the solutions (S, E, A, I, Q, H, R,D,P) of system 
(1). 
The positivity of the solutions implies that ag <A-(a+yp)S. 
From the above aul we can write that 
limp5o supS' < Tata) and S < ay 
consider the entire populationN =S+E+A+4+I+Q+H+R+D+P. 
By derivation of above equation gives ox <A -(a+p)N which leads to 


A 
limtsoo supN < corn 


This implies that N < Tata: 
S+E+A+I+Q+H+R+D+P< A. 
Hence all the solution trajectories (S(t), E(t), A(t), I(t), Q(t), H(t), R(t), D(t), P(t) 
bounded in the region 
), Dit), P@)) € R& : 0 < (5,2, A,1,Q,H,R,D,P) < 


t 
with primary conditions were uniformly bou 


Q = (S(t), E(t), A(t), T(t), Q(t), H(t), RE Cone 


3.2 Basic reproduction number 


The basic reproduction number, symbolized as Rp, was a prominent parameter in the 
analysis of contagious disease and it was defined as the total number of secondary cases 
arising through a primary case in susceptible individuals. If Ro > 1 then the secondary 
cases were more than one, so that disease will continue in the population and become an 
epidemic. If Ro < 1 then the secondary cases were less than one, so that disease cannot 
spread and die out as soon as possible. If Ro = 1 then there is only one secondary 
case so that the disease is stable. Since at protection rate a population was protected, 
the susceptible individuals became S = N(1— a). The disease-free equilibrium point 
E® = (N(1—a),0,0,0,0,0,0,0) of system (1) exists. Through Next Generation Matrix 
O.Diekmann et al [29] P.van den Driessche & Watmough [32] and Khajanchi, S et al 
[21], Ro value will be calculated mathematically. 
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BCa(1 — a) + BCs(1 — a) + BGg(1 — a) (w+ y)EB 


OWE + (Aa t+ Yat ba t+ b) Io 


ee : ee —(1-OwEH+Ostne t+ “)l 
0 Nala — (Aste + (Nq + Yq + HQ 


At disinfection state H = A = I = Q = H =0,The Jacobian of two matrices F and V are 


0 BCal—a) BCs(1—a) BCq(1 — a) 
Pe 0 0 0 0 
0 0 0 0 
0 0 0 0 
w+ LL 0 0 0 
ve —0w Na + Ya + Ha + Be 0 0 
~ | -(1-6)w 0 As +s + Ub 0 
0 —Xa —rs Nq + Yq + b 


Therefore Ro was obtained from equation Ro = p(FV~'),where p represented the matrix 
FV—! spectral radius. Hence, the reproduction number was 


Ra = (1-0) Bw¢,(1—a) | B0wCa(1—-a) | BCqg(A—-9) AatYatbatHwAstAstnstiu)Owra)(1-a) 
0 Ostnstey@tn) © Oat yatta tey(wtp) | Oatyat+Ha+h) (Xs+ns4 ae Fo) (wp) 


3.3. Disease-free equilibrium Stability analysis 


The Jacobian matrix Jgo of the classification of equations (1) at the equilibrium point 
E°(2,0,0,0,0,0,0, 0,0) was 


pie 
-(a+n) 0 —Blq(1— a) B6(L—a)  —BC,(1— a) 0 0 00 
0 w + fo BCa(1 — a) BCs(1 — a) BCg(1 — a) 0 0 0 0 

0 Bi. SO ei) 0 0 0 0 00 

0 (1 —0)w 0 —(s +1. +1) 0 0 0 0 0 

0 0 te, dy, —(Ng + q+ 1) 0 0 0 0 

0 0 0 Ns "q —(rM+HntH) 90 0 0 

0 0 Ya 0 Ya Yh —p 0 0 

a 0 0 0 0 0 0 0 0 

0 0 0 Ue 0 Ln 0 0 0 


The characteristic equation of the matrix Jgo was | Jgo — AI |= 0 

(A+ p)(A + (a + p))(A9 + ay A® + aad? +.a3A§ + agr° + a5d4 + apd? + a7A2agA + a9) = 0 
where a3 =(A+G+J+K+t+£+41) 
ag =(G+J+K)t+A(G+J+K+t+E+I+(G+J+K+I4+tE+(G+I+K+ 
BADLABF LOH AGU Phi), 
aj = A(G+J+K+E+Du+GE+JE+GI+KE+JI1+KI+EI+BF+CH+ 
GI +GK+JIK)+..4+41(J+K)u, 
ag = A(GEI + JEI4+ KEI+ BFJ+CGH+BFK4+CHJ+CHK+GJK 4+ (EI + 
BF+CH)u+..4+BFKI+GJIKE+GJKI, 

ax = A(FKA,D+GH)\,D+ HKA,D+(BFI+GJE+GKE+GJI+JKE+JKI4 
F),D)p+...+ CHJIKt+ huDIl, 

ag = A(BFJKI+GHK),D+(BFJI+BFKI+GIKE+GJKI+FK\,D+GH),D)p+ 
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. +(FRKA,DI 4+ BFIKI)p, 

a7 = A(GJKEI+CGHJK 4+ FRK)\,DI+ BFJKI+GHK),D)p, 

ag = 0 and ag = 0 

Here A = (a + p),B=BC,(1 — a) and C = 6¢,(1— a), D= BCqg(1 —a), B= (ut+w), 
F= 6u, 

G= (Aat+Yatbatp), H= (=e), [= (Astns +H), J= (Nat+Yq+H); K= ((YatHnt+}H). 
Hence Jzo is singular because one of the eigenvalues is zero. Therefore at the disease-free 
equilibrium, the stability of the system (1) does not exists by using eigenvalues. 


Theorem 2. The Disease-Free Equilibrium E° = (4,0,0,0,0, 0, 0) was locally asymp- 
totically stable for Ro <1 and unstable for Ro > 1 


Since the Jo has zero eigen value, according to Kermack WO [20] and singh HPB9], 
the theorem was satisfied that is the Disease-Free Equilibrium E° = Gi 0, 0,0, 0, 0, 0) 
was locally asymptotically stable for Ro < 1 and unstable for Ro > 1. 


Table 2: Fitted parameters and their sensitivity indices list of SEAIQHRDP model 


parameter value References sensitivity indices 
T varies - . 

Ga 0.4 Gumel AB et al. {12} 0.4547 
Gs 0.4 Nadim SS et al. [27] 0.2416 
Ce 0.3 Biswas, Sudhanshu Kumar et al [4] 0.3037 
6 0.7 Fergusonm.N et al. -0.0015 
Ww 0.1 R. Li et al. 36] -0.1048 
B 0.9714 evaluated 1.0000 
a 0.0016 evaluated -0.07158 
ra 0.4614 evaluated -0.1764 
Xs 0.1143 evaluated -0.0997 
"s 0.1840 evaluated -0.1418 
"q 0.0742 evaluated -0.0948 
Ya 0.1302 evaluated -0.2757 
Yq 0.1661 evaluated -0.2088 
Yh 0.1777 evaluated -0.2278 
La 0.0035 evaluated -0.0207 
Lh 0.1544 evaluated -0.0233 
bb 0.0000391 Worldmeter.info/coronavirus -0.1070 


4 Numerical simulation 


In this sector, the numerical simulation of confirmed cases of COVID-19 for India was 
performed and the simulation results were compared with actual data [21] from 30°, 
January 2020 to 13**, January 2021. The SEAIQHRDP model fitted to daily and cu- 
mulative confirmed coronavirus cases in India which illustrates a satisfactory estimation. 
The model parameters 8, a, Aa, As, Ns, Tq, Yar Yar Yh> Has Pn and ps were estimated by 
using a nonlinear least squares regression method (LSQNONLIN function) in MATLAB. 
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Figure 2: The model fitting of reported (a) daily confirmed cases and (b) cumulative 
confirmed cases of COVID-19 in India. 


The minimizing error was 


R(®) = S7(Qi(®) — Q1(4))? (2) 


where Q;(®) and Q:(®) were a cumulative number of confirmed cases through actual 
data and model prediction. In Table[2] the values for the estimated and fixed parameters 
were shown. The fundamental reproduction numberRp was determined as 2.089 using 
the fixed and_model parameters in Table [2] 

In Figure|2|the curve fitting was taken from 30°, January 2020 to 13", January 2021 
in apicovid19india.org in India. The black curve represented the reported COVID-19 
cases and the red curve denoted the model simulation COVID-19 cases. 


5 Sensitivity analysis 


Sensitivity analysis was used in defining the impact of different factors in the spread 
of COVID-19. This analysis was used to identify the growth and reduction in basic 
reproduction numbers concerning numerous parameters. A complete chapter on the 
sensitivity analysis of the dengue virus was obtained in Rodrigues H et al. and 
Burattini, M.N et al [6]. Whenever the significant parameters were recognized, different 
strategies will be executed to get optimum results. To identify such parameters, the 
sensitivity index of Ro concerning various parameters was estimated. The normalized 
sensitivity index of Ro is defined as 


where q was the significant parameter, whose sensitivity on Rg obtained by using nor- 
malized forward sensitivity index method Biswas, S et al [5]. 

The highest sensitive parameter on reproduction number was the parameter whose 
index was high in magnitude. If the sensitivity of parameter q was positive, Ro was 
increased whenever the parameter q increased. Similarly, the sensitivity of parameter 
q was negative, Rg was decreased whenever the parameter q increased. From Figure[3} 
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sensitivity indices 


a a en CO CC CO 
fa g & a 8 w B ha AS nS NG Ya yO Ha 4H 


parameters 


Figure 3: Normalized local sensitivity indices of Ro with respect to each model parameter. 


it was observed the parameters 0, Ag, As, Is, Ng: Yar Yar Ua have negative indices with 
Ro and the parameters Ca, ¢s , Gq, 8, w, s share positive indices with Ro. So that Ro 
value increased as the parameters ¢,, ¢s and ¢, increased and Ro value decreased as the 
parameters 6, 7s, q and Yq increased. Hence the sensitive analysis determined that the 
parameters Ca, Cs, Gq, 8, 9, Ns,Ya and Yq were more effective parameters. The sensitivity 
indices of various parameters had been displayed in Table [2 


Figure|4(a)] represented that Ro Contour Plot with respect to virus transmission 
rate (G) and quarantine rate (A,) from symptomatic population. This figure described a 
reduction in Rp with a decrease in virus transmission rate (8) and an increase in quar- 
antine rate (A,) from the symptomatic population. Figure[4(b)| explained Ro Contour 
Plot with respect to virus transmission rate (3) and hospitalization rate (7,) from symp- 
tomatic population. This figure described a reduction in Ro with a decrease in virus 
transmission rate $ and an increase in hospitalization rate (7j,) from the symptomatic 
population. Figure[4(c)| displayed Rp Contour Plot with respect to quarantine rate (Aq) 
from asymptomatic population and recovery rate (Yq) from quarantine population. This 
figure demonstrated reduction in Ro with an increase in quarantine rate (Aq) from an 
asymptomatic population and an increase in recovery rate (yq) from quarantine pop- 
ulation. Figure[4(d)| expressed the Contour Plot of the Basic Reproduction Number 
concerning hospitalization rate (7,) from symptomatic population and hospitalization 
rate (7,) from quarantine population. This figure illustrated Ro rises with a decrease in 
hospitalization rate (7,) from the symptomatic population and hospitalization rate (nq) 
from the quarantine population. 


5.1 COVID-19 Prevalence changes with various parameters 


From Figure[5]to Figure[9] It was perceived that the asymptomatic infected and symp- 
tomatic infected individuals were reduced if the protection rate (a) from susceptible 
individuals, quarantine rate (A,) from asymptomatic individuals, quarantine rate (A.) 
from symptomatic individuals, hospitalization rate (7,) from quarantine individuals and 
hospitalization rate (7,) from symptomatic individuals increased. 
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Figure 4: Contour plots of basic reproduction number Rp with respect to (a) (G3, As), 
(b) (B ns), (¢) (Aas Yq) and (d) (ms, 1). 
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Figure 5: Effect of parameter a on (a) asymptomatic infected populace and (b) symp- 
tomatic infected populace 
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Figure 6: Effect of parameter A, on (a) asymptomatic infected populace and (b) symp- 
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Figure 7: Effect of parameter A, on (a) asymptomatic infected populace and (b) symp- 
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6 Optimal control 


6.1 Optimal control problem 


The effectiveness of control techniques was crucial in decreasing the spread of the 
COVID-19 virus. It was essential to improve a policy that minimizes both the number 
of infected populations and related costs. In this phase, the optimal control technique 
was a tremendously useful tool for defining such a strategy. Now we study the impact 
of pharmacological interventions to diminish the spread of the virus. To achieve this, 
the system(1) can be extended by including three control variables u(t), ua(t) and us(t) 
where 
(a) Control u1(¢) represented the degree of protection provided by government interven- 
tions. The function of this control variable was to enhance the protection rate a. 

(b) Control u2(t) described the treatment of asymptomatic infected individuals. The 
function of this control variable was to develop the quarantine rate (A,) from asymp- 
tomatic infected individuals. 

(c) Control u3(t) characterized the treatment of symptomatic infected ( both quarantine 
and hospitalization) individuals. The function of this control variable was to improve the 
quarantine rate (A,) and hospitalization rate (7,) from symptomatic infected individuals. 
The three control variable values were assumed between 0 and 1. 

There was no efforts made in these controls if uy = ug = uz = 0 and maximum efforts 
had been placed if wu, = ug = u3 = 1 

By considering all the above suppositions, the optimal control model was formulated as 


ds _ - fs See a (a + uy + p)S 
Wet Tet, 08 

dE — gic eal es Q) (w+ p)E 

aA = OWE — (Ag t+ u2)At Ya + Ua t+ LA 

ue = (1 O)wE (As + U3 + Ns + U3 + wy) 


ait = (ns + us)I + qQ — (Yn + un + pw) 
aR — 1, A+qQ+ nH —pR 


Now we detect u(t), u2(t) and u3(t) ’s optimal values that minimize the objective func- 
tional 

FT (ur (t), uo(t), ug(t))=fo% (CA + Col + C3Q + CyH + 3(Cyuz + Cou3 +Cru2) dt 
subject to the system (2), which contained the sum of asymptomatic infected, symp- 
tomatic infected, quarantined, and hospitalized population, besides the optimal controls 
ux(t), U2(t) and ug(t). These were bounded and Lebesgue integral functions Kirschner 
D et al [9] and S. Lenhart and J.T.Workman [40]). Here The positive coefficients C), 
Cy, C3, C4, Cs, Cg and Cz were corresponding balancing weight constants parameters 
of stated infected variables and optimal controls. 

The main purpose was to determine the optimal controls variables uj (t),w3(#),u%(¢) such 
that 


Tlu*(t))= min J((ur(t), ua(t), ua(t)) 
u1,u2,u3EU 
where ®= {u1, v2, Ug: U1, U2, U3/ U1, U2, U3 : [0,t¢] > [0,1] are lebsegue integrable}. 
Through Pontryagin’s maximum principle Pontryagin, L et al [31], we derived the 
essential conditions for this optimal control problem. The Lagrangian function was given 
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by 
L(S, B, A, I, Q, Hf, R, U1 (t), U2 (t), U3 (t)) — CO; A+C2I+C3Q+C1H +4 (Cau? +C5u3+C5u3 
The Hamiltonian function H obiained as 

H= hee eae ae: Cats + Cota + Ostia +A d5 +4 242 +344 +\,4 
pe ri + Ae 4 + v7 t Ag te + Aye 

where _ ia A3,; i <a te ond ee ve the adjoint variables. 

The of differential equation form of adjoint variables were as follows. 

ani — _ dH _ (4 Ago See) + (Ay — Ala +0) + Are 

ie = —9H = (w+ pda — Aa — AgOw — Aw 
dhs = —9H — OC, + (Ay — Az) BSF + (As 


gy 
g 
| 


(Aa + U2) + (CAs — As) Ha + HAs 


Xs) 
oe = = = —C2 + ( 2) 8% + (Aa ilk + ug) + (Aa — Ao) (Ms + U3) + MAg 
Wo = — 9H — C's + (Ay — Ao) BSF + (As — Aw)tg + (As — Ar) Ig + HAs 
“ae 2H Ca + (Ae eee (Ag — As)etn + #1) 
“a =~ aR = HAT 
dxg _ _ OH _ 
dt OD” 
dvAg _ _OH _ 
dt OP 


we minimize Hamilton function relating to control variables uj (t),u3(t) and u3(t) . 


Using the optimal conditions gH = = 0, gH = 0 and gt = 0, we get 
Be = C5u, — aA, +arA9S =0> uj = Cu Sojas 
BM. — Cyrig — yA + AgA = 0 = ug = Bezel 
SH — Crug — ((Ag— As + (Ag — Ag) = 0 pus = (Carrs Osm ro) 


6.2. Optimal control model simulation 


With the values of the parameters mentioned in Table |2| numerical simulation was 
conducted for the optimal control problem (2) in MATLAB by using an iterative fourth- 
order Runge-Kutta method (Kamien, M et al and Lukes, D.L.{24]) for the period 
[0,400]. The baseline weight parameters were taken as C) = 1, C2 = 1, C3 = 1, C4 
1,Cs5 = AO, C6 = 40 and Cr = 45. 

In Figure[10} variations of exposed, asymptomatic infected, symptomatic infected, 
quarantine, hospitalization, and dead populace with and without control had performed. 
This figure shows that, in comparison to the infected population without control, the 
infected population decreased quickly under control. 

In Figure[11] variations of recovered and insusceptible Populace with and without 
control were executed. This graph demonstrates that the disinfected population under 
control swiftly rose in comparison to the disinfected population without control. 

According to Figure[12} the best controls, u1,ug and uz combined their efforts 
extremely well to increase the protection rate (a) from susceptible individuals, the quar- 
antine rates (Aa, As )from asymptomatic infected and symptomatic infected individuals, 
and the hospitalization rates (7,, 7;) from symptomatic and quarantine individuals. 

From these figures we perceived that in the presence of optimal control strategy 
the number of susceptible, exposed, asymptomatic infected, symptomatic infected, quar- 
antined, hospitalized, and dead individuals were reduced rapidly while the number of 
recovered and insusceptible individuals were increased swiftly comparing with the pop- 
ulations without control strategy. 
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Figure 10: Variations of (a) exposed (b) asymptomatic (c) symptomatic infected (d) 
quarantine (e) hospitalization and (f) dead populations with and without control 
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7 Conclusion 


Epidemiological models aid in understanding the dynamics of infectious illness trans- 
mission. The deterministic mathematical model with 9 compartments was thoroughly 
studied in this paper. First, the elementary properties of the model such as the posi- 
tivity and boundedness of the SEAIQHRDP model, the expression of Ro, and the local 
stability of the disease-free equilibrium were performed. Our suggested model has 18 pa- 
rameters, but we only calculated 11 of them based on the sensitivity analysis. Through 
sensitivity analysis, it was observed that just eight parameters are very sensitive con- 
cerning clinically unwell or infected patients. The time series behavior of the infected 
populations for 400 days was examined concerning variations in parameters. From this, 
the spread of infections can be slowed down by increasing the protection rate, hospital- 
ization rate, and quarantine rate. The best optimal control analysis was then carried out 
by including three control factors, one of which was increased protection, and the other 
two were improved quarantine and medical facilities for both identified and unidentified 
affected people. Through the Optimal control strategy, it was found that the infected 
populations were reduced rapidly, and disinfected populations were increased compared 
with the infected and disinfected populations without optimal control technique. When 
the best control approach is used early in a pandemic, the intensity of epidemic peaks 
tends to decline, spreading the maximum impact of an epidemic across a longer period. 
Finally, this study leads to the conclusion the rising of infections can be controlled only 
if the implementation of rapid testing, quarantine centers, and medical facilities. Addi- 
tionally, we intend to increase the scope of our modeling work by including vaccination 
and the impact of environmental contaminants in the future. 
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Abstract 

The classical Cantor’s intersection theorem states that in a complete 
metric space X, intersection of every decreasing sequence of nonempty 
closed bounded subsets, with diameter approaches zero, has exactly one 
point. In this article, we deal with decreasing sequences { K,,} of nonempty 
closed bounded subsets of a metric space X, for which the Hausdorff 
distance H(Kn, Kn+1) tends to 0, as well as for which the excess of Kn 
over X \ K,, tends to 0. We achieve nonempty intersection properties in 
metric spaces. The obtained results also provide partial generalizations of 
Cantor’s theorem. 
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1 Introduction 


In metric spaces, there are some marvellous nonempty intersection theorems. 
Cantor’s theorem (see [14]) asserts that in a complete metric space X, the inter- 
section of every decreasing sequence { K,,} of nonempty closed subsets of X with 
diameter 6(K,,) > 0 has exactly one point. This intersection theorem is widely 
used in the fields related to mathematical analysis. Kuratowski provided a gen- 
eralization of Cantor’s theorem using Kuratowski measure of non-compactness, 
Qa: 


a(A) = inf {e > 0 q Xj, = Isa a ,n, X4 Cc X,0(X;) < 6, A = U,X;}, 
where A is a subset of a complete metric space X. Kuratowski’s theorem (see 
[6] [15]) states that for each decreasing sequence {K,,} of nonempty closed sub- 


sets of a complete metric space X with lim a(K,) > 0, (| Kn is nonempty 
noo n=1 
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and compact. Later, this theorem is further generalized by Horvath [3] using 
the same measure of compactness a. In [9], Mitrovic et al. have studied the 
generalization of Horvath’s results; and they applied this generalization for best 
approximation in [10]. Recently, Souza and Alves [15] extended both Cantor’s 
theorem and Kuratowski’s theorem from metric spaces to admissible spaces. 
An Atsuji space, which is more general than compact spaces, has the prop- 
erty that each continuous function on it is uniformly continuous. A metric space 
X is said to be an Atsuji space if the set of limit points X’ is compact in X 


and for each e« > 0 the complement of the set N.(X’) := U B(z,6), in X, 
xzEex!’ 
is uniformly discrete, where B(x,¢) denotes the open ball centered at x and 


with radius «. For a metric space, the property of being an Atsuji space lies 
in between the compactness and the completeness. A detailed study on Atsuji 
spaces can be found in [4]. 

This article presents various results on nonempty intersection of decreasing 
sequence of nonempty closed bounded subsets in metric spaces and in Atsuji 
spaces using Hausdorff distance H(A, B) and the functional d, defined as d(A) = 


sup d(a, X \ A), where A, B are subsets of a metric space X. These obtained 
ZEA 
results are also compared with the Cantor’s intersection theorem. 


The article is organized as follows. Some preliminary results, needed for the 
rest part of the article, are discussed in Section [2] In Section [3] and Section [4] 
we consider decreasing sequence {K,,} of nonempty closed bounded subsets of 
a metric space X and discuss their nonempty intersection results in the cases 
for which the Hausdorff distance H, := H(Kn,Kn4i1) > 0, and d(K,,) := 


sup d(x, X \ K,) > 0, respectively. 
reKy 


2 Preliminaries 


Given a metric space (X,d), we denote the set of all nonempty bounded sub- 
sets of X and the set of all nonempty bounded closed subsets of X by B(X) 
and C,(X), respectively. Further given A Cc X, A’, A°, N.(A) and 0A denote 
the set of all limit points, interior points, e-neighborhood and boundary of A, 
respectively. The diameter of A is given by 6(A) = sup, d(x, y). 
xr,ye 

Definition 2.1. The Hausdorff distance, H, of two nonempty subsets A, B 
of a metric space (X, d) is defined as 


H(A, B) = max {sup d(x, B), sup ate, )} : 
xEA xeB 


hi A) = inf d(x,y). 
where d(x, A) = (x,y) 


It is well-known that the distance function H is a metric, provided A, B are 
closed and bounded. 
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Definition 2.2. [7] A sequence {x,} in a metric space (X,d) is said to be 
absolutely convergent sequence if )\°°, d(xj, 2:41) is finite. 


Lemma 2.3. [7] In a metric space X, every Cauchy sequence {z,,} contains an 
absolutely convergent subsequence. 


Theorem 2.4. [5] A metric space X is an Atsuji space if and only if each 
sequence {z,} with lim I(x,) = 0, has a limit point in X, where I(x) = 
noo 


d(x, X \ {x}),a € X. 


Definition 2.5. A subset S of a metric space X is said to be metrically 
convex if for any distinct points x,y € S, there is a point z € S \ {x,y} that 
satisfies d(x, y) = d(x, z) + d(z, y). 


Theorem 2.6. Consider a complete and metrically convex metric space X. 
Then, for any distinct points z,y € X, there is a metric segment with the end 
points 2, y. 


3  Nonempty intersection results using Hausdorff 
distance 


By a decreasing sequence { K,,,} of subsets of a metric space X, we mean Ky,41 C 
Kn, Vn € N, and we denote H(Ky,Kn41) by Hn. Clearly H, < 6(K,). 
The following theorem furnishes a partial generalization of Cantor’s intersection 
theorem, which we will discuss in Subsection It is well known that, in a 
metric space X, if for each decreasing sequence {F;,} C Cy(X) with 6(F,,) > 0, 
() F, #9, then X is complete. 


n=1 
Theorem 3.1. A metric space X is complete if and only if for every decreasing 
sequence {K,} C C,(X) with >, H, converges, () Ky, #9. 

1 


n= 
Proof. Let X be a complete metric space. For a, € Ky, € > 0, there exists 
az € Ke such that d(a1,a2) < H(ky, Ko) +6. Again, for ag € Kg and e > 0 as 
above, there exists a3 € K3 such that d(az,a3) < H(K2, K3) + €?. Proceeding 
this way, we get d(a,,@,41) < H(K,, K,41) +e", r > 1. This implies, {a;} is a 
co 
Cauchy sequence. Let a; > a € X. Then, a€ () Kn. 
i=1 
For the converse, consider a decreasing sequence {F,} C Cy(X) with 6(F,,) > 
0. Then, the sequence {x,,} C X with xz, € F, is a Cauchy sequence. So, by 
Lemma it has an absolutely convergent subsequence, say, {@p,}92,. Let 


K, be the closure of the set {@p,,2p,41;Zpi4o)-}, 1 = 1,2,3,... . Observing 
Hy < d(ap,,%p,,,), we have )7°°, H; < oo. Then, by the hypothesis, (] K; 4 0. 
ieN 


And hence, () F,, #9. This completes the proof. 
neN 


Following examples validate the statement of the above theorem. 
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Example 3.2. Let K, = [—-4+,4] C R. Then >>>, H, converges, and 
(| Kn = {0}. 

neN 

Example 3.3. Consider the sequence space X = (I?,||-||p), for some p with 
1 < p< _o and choose K, = {e;}isn, where e; = (6;;)°%2,. Then {K,} is a 


jai" 
decreasing sequence in C;,(X). It can be easily checked that 577°, Hn doesn’t 


converge and () K, = 9. 

n=1 
Example 3.4. Let X = Q with standard metric. Then X is not complete. Let 
r be a fixed irrational. Define K, = {@ € X:r—-—1/n<a<r+1/n}. Then 


K,, € Cy(X) and decreasing. Although S>>°_, H, converges, (| K, = 9. 
n=1 


3.1 Comparison with Cantor’s theorem 


It is worth noting that Examples also validate the result of Cantor’s 
intersection theorem. Therefore it is fairly natural to ask: What advantage 
Theorem |3. 1] provides over the Cantor’s theorem? The answer lies in the fact 
that H, < 6(K,). 

In Cantor’s intersection theorem, 5(K,) — 0 is the sufficient condition to 
have nonempty intersection. But in the case when 6(K,,) 4 0, Cantor’s theorem 


co 
does not provide a conclusion whether (]) K, is empty or nonempty. In such 
n=L 


co 
case, if }*°°_, H, converges, then T heorem. ensures () Ky is nonempty. For 


n=1 
instance, 


Example 3.5. Let K, C R? be the region (including boundaries) bounded by 
the curves 4n(y — 1/n) = —2?, and 4n(y+1/n) = x?,n EN. Then 6(K,) 4 0, 
and so Cantor’s theorem becomes inconclusive here. However, )>>~, Hn is 
convergent, and (] Ky is the set {(x,0) :—2 <a < 2}. 


neN 
3.2. Nonempty intersection in Atsuji space 


In Theorem we see that the condition — Ay < ©”, is sufficient to 


have (| K, #9, in complete metric spaces. A more general condition, namely 
neN 
“H,, — 0”, is not sufficient to have the nonempty intersection. For instance, 


Example 3.6. The functions e;, defined as e;(t) = t’,t € [0,1],i € N, are in 
the normed space X = (C(0, 1], ||-||..), and the sets K, := {e;}%,,, n EN, are 


closed bounded subsets of X. Here, Hy, = |len — en+illo— 0, but () Kn = 9. 
n=1 


However, in Atsuji spaces, which are also complete, “H,, — 0” is sufficient 
to have the nonempty intersection. 
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Theorem 3.7. If X is an Atsuji space, then for each decreasing sequence 
{K,} C O,(X) with H, 30, 1) K, #90. 

n=1 
Proof. Given a decreasing sequence {K,,} C Cy(X) such that H, — 0. For the 


sequence {K,,}, there exists a, € K,, (as in the proof of Theorem|3.1) such that 
for any fixed € € (0,1) and for all n > 1 we have, d(ay, Qn41) < Hn +e" > 0, as 


co 
n— oo. If a, =, for infinitely many values of n, then c € (| Kn. Otherwise, 


n=1 
if the terms of the sequence {a,,} are distinct, except for at most finitely many 
n, then this implies I(a,) — 0. Therefore, by Theorem [2.4] {a,} has a limit 
co 


point lying in () Kn. 
n=1 
The converse of Theorem [3.7] in general, is not true. That means if “H;, + 
0” suffices to have the nonempty intersection property, the space is not neces- 
sarily an Atsuji space. This is evident from the following example. 


Example 3.8. Consider X = NUM with the standard Euclidean metric on 
R, where M = {n+ 1/2m: m,n € N}. Let {Kj} C C,(X) be a decreasing 
sequence with H; > 0. Then, as in the proof of Theorem there exists 
a; € K; such that ja; — aj41|— 0. It can be shown that either {a;} is eventually 
constant, say p € X, or {a;} converges to some positive integer k. In either 
case () K; #0, as it contains either p or k. Thus we get, for each decreasing 
i=1 
sequence {K;} C C,(X) with H; > 0, () K; 4, but the space X is not an 
i=1 
Atsuji space because X’ = N. 


We notice that Theorem|3.7|provides a generalization of Cantor’s intersection 
theorem in Atsuji spaces. 


4 Nonempty intersection results using d 


Jain and Kundu, in [4], considered a functional I : X — R defined as, I(x) = 

d(x, X \ {x}). Here we consider a more general functional, d, acting on the 

subsets of a metric space X, defined by d(A) = sup d(#, X \ A), AC X. This 
aZeA 


is also known as the excess of A over X \ A. This functional gives the radius of 
the inscribed ball inside a regular body in the Euclidean space R?. For subsets 
A, B of a metric space X, we conclude the following as well: 


1. d(A) < d(B), if AC B, and A€ B(X), 


2. d(A) = 0 if and only if A= or AC [X \ Al, 


3. For an unbounded set A, d(A) can be finite or infinite. For example, in 
the euclidean space R?, consider A, = {(z,0): x2 € R}, and Ag = {(z,y): 
x,y > O}, then d(A,) = 0, and d(A2) = «0, 
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4. If A= X, then d(A) is finite or infinite, depending on X is bounded or 
unbounded, respectively. (We take d(z,0) = sup{d(a,A): AC X}, re 
X.) 


Proposition 4.1. Let A,B € B(X). Then 
(a) H(X \ A,X \ B) < max{d(A), d(B)}. 
(b) max{d(A), d(B)} < H(A, B), provided AN B = 6. 
Proof. (a) For A,B € B(X), we have 


H(X \ A,X \ B) 
=max{ sup d(p,X \B), sup d(X \ A,q)} 


pEX\A q€X\B 
=max{ sup d(p,X\B), sup d(q,X \ A)} (4.1) 
pEeB\A qe A\B 


< max{sup d(p, X \ B), sup d(q, X \ A)} 
peB qeA 
= max{d(B),d(A)}. (4.2) 
(b) Suppose AN B = 0, then 
H(A, B) = max{sup d(x, B), sup d(A, y)} 
zEeA yEB 


2 max{sup d(x, X \ A), sup d(X \ B,y)} 
zeA yeB 


= max{d(A),d(B)}. 


Remark 4.2. For two subsets A, B with A C B ina metric space X, in general, 
d(B) and H(A, B) are not comparable, even in Atsuji spaces. 


Theorem 4.3. Let X be an Atsuji space. Then, for each decreasing sequence 
{Kn} C C,(X) with d(K,) 30, 1) Kn #9. 
n=1 


Proof. Consider rz, € Ky. Then, I(t) = d(an,X \ {tn}) < d(an, X \ Kn) < 
sup d(a,X \ K,,) = d(K,,), which by the hypothesis tends to 0. Hence, using 
reKy 


Theorempa| the sequence {z,,} has a limit point lying in (| Kn. 


w=1 


The converse of Theorem [4.3] in general, does not hold. 


Example 4.4. Consider the set X as in Example [3.8] with the standard Eu- 
clidean metric d on R. Let {K;} C C,(X) be a decreasing sequence with 
d(K;) — 0. Then, as in the proof of Theorem [4.3] there exists x; € K; \ Kiai 
such that I(a;) + 0. If the range set, R = {2;};>1, is infinite and RC M, 
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consider z; = n; +1/2m;. If {mi}is1 = {p1,pe,...,pg}, a finite set, then 
d(nj+1/2p;, X\{ni+1/2p;}) = d(ni+1/2p;, ni +1/2(pj+1)) = Zd(1/p;, 1/(vj+ 
1)) > int $d(1/p;,1/(p; +1)) > 0, which is a contradiction to I(x;) > 0. 
<i<q 
Hence, there is a subsequence {m:,} of {m;} with m:, — 00 as i > oo. And so, 
it can be proved that in the case either R C M or R ¢ M; the sequence {x;} 
has a subsequence converging to some p € N. Therefore p € () K;. Thus we 
i=1 
get, for each decreasing sequence {K;} C C,(X) with d(K;) > 0, TQ) Ki £0. 
i=1 

Although, the space X is not an Atsuji space. 


Theorem 4.5. If X is a metric space, and for each decreasing sequence {K,,} C 
Cy(X) with d(Kn) +0, 1) Kn #0, then X is complete. 
n=1 


Proof. Consider a decreasing sequence {F;,} C C,(X) with 6(F,) > 0. Then, 

the sequence {x,} with z, € F,, is a Cauchy sequence in X. Let K, be the 

closure of the set {zi }is>n. Since {z,} is Cauchy, for each « > 0, there is an 

N €N such that sup d(ay,2,) < ¢, that is, sup d(ay,x) < ¢€, which 
n>N+1 we Kn+1 

further implies d(Ky41) = sup d(#,X \ Ky41) < €. Thus d(K,) > 0. 


ce Kn41 


So, by the hypothesis () K, #9. Hence, () F, 4 @ and this completes the 
n=1 n=1 


proof. 


4.1 Comparison with Cantor’s theorem 
We observe that, in general, d and 6 are not comparable. For instance, 


Example 4.6. Consider a set X = {x,y}, x 4 y, equipped with a metric d. 
Let A = {x}. Then, d(A) = d(x, y) > 0, and 5(A) = 0. 

But if X = R?, with standard Euclidean metric, and A = B[0,r], then 
d(A) =r < 2r =6(A). 


We shall show that in metrically convex metric spaces, dis always dominated 
by 6. 


Lemma 4.7. Let (X,d) be a metric space. Then, for all x,y € X andr € 
(0, d(x, y)], Bla, r]O Bly, d(x, y) —r] = S[z,r] Sly, d(x, y) —r], where S[x,r] = 
{z€X:d(a,z) =r}. 


Proof. Let us denote Biz,r] 1 Bly, d(a,y) — r] and S[z,r] N Sly, d(x, y) — 7] 
by B” and S$", respectively. If B is empty, there is nothing to prove. Let 
B° #40 and z € B. We claim z ¢ By U Bo, where By = Biz,r] \ S[x,r], 
Bo = Bly, d(x, y) — r] \ Sly, d(x, y) — r]. If possible, let z € By. Then d(x, y) < 
d(x,z)+d(z,y) <r+d(x,y) —r =d(x,y), which is a contradiction. Similarly, 
we prove z ¢ By. Thus, z € BN [B, U BaJ* = BUN [Bio NA Bo‘), where Be 
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denotes the complement of a set B in X. This implies z € S", and so B" Cc S$. 
Hence, Bo = S$". 


Theorem 4.8. Let A be a nonempty bounded proper subset in a complete 
metrically convex space X. Then d(A) < 6(A). 


Proof. Let (X,d) be an metrically convex space. By Theorem |2.6} X is a con- 
nected metric space too. We shall achieve the conclusion in the following steps. 


Step 1: First we show that for each « > 0 the set N.(A) \ A is not empty. 
Step 2: We show that for each « > 0 we have B(a,r + ¢€) = N.(B), where 
B= B(a,r). 

Step 3: Finally we prove that d(A) < 6(A). 


Step 1. On the contrary, let us assume N,(A) \ A = @. This implies, A 
is open and for all a € A, B(a,e) C A. Since A is open, OA ¢ A. This 
implies, “4 b € OA such that b ¢ B(x, ¢) for all x € A”, which is a contradictory 
statement in itself. 

Step 2. Observe that, N.(B) C B(a,r+e) follows from the triangle inequal- 
ity. Conversely, suppose y € B(a,r+e). If y € B then y € B(y,e) C N.(B). 
Suppose y € B(a,r+e)\ B. Then, consider the ball B(y,e). If B(y,6) VB = 9, 
then B(y,¢) NOB =. Therefore, d(q,y) > ¢, for all g € OB. By Theorem [2.6] 
and Lemma since r € [0,d(a,y)], there is a u € X such that #(r) =ue 
Bla, r|NBly, d(a, y)—r] = Sla, rj] Sly, d(a, y)—r] = OBNS|y, d(a, y) —r], where 
w is an isometry from [0, d(a, y)| to X. This implies d(a, y) = d(a,u)+d(u, y) > 
r +e, a contradiction. Hence, B(y,e)M B 4 @, and therefore y € B(z,¢) for 
some z € B. Thus, B(a,r +e) C N.(B). 

Step 3. Since 0B # 9, ee d(a,p) = d(a,q) = r, for some gq € OB. 

P 


Now, let « be an element in A. If a € A®, then consider a ball B(z,r’), 
where r’ = sup{r > 0: B(x,r) C A}. There must be a point in N,.(B(az,r’)) 
which lies in N.(A) \ A. Hence, [N.(B(a,r’)) \ B(x,r’)] N [N-(A) \ A] 4 @. 
Therefore, d(z,X \ A) = r’ < 6(A). On the other hand, if x € OA, then 
d(x, X \ A) =0 < 6(A). Hence, d(A) < 5(A). 


Since the metric spaces with Takahashi’s convex strustures ({12]) and the 
normed spaces are metrically convex metric spaces, so Theorem[4.8}is applicable 
to these spaces too. Due to Theorem |4.8} Theorem [4.3] induces a generalization 
of Cantor’s intersection theorem in metrically convex Atsuji spaces. 


Example 4.9. Consider the metric space X = {(z,y) € R? : —-3 < z,y < 3}, 
with standard Euclidean metric on R?. The space X is a metrically convex 
Atsuji space. Let K,, C X be the region (including boundaries) bounded by the 
curves n(1 + +)?(y —1/n) = —2?, and n(1 + 4)?(y+1/n) = 2?, n EN. Here 
6(K,) / 0, and so Cantor’s theorem becomes indecisive. However, d(K,) — 0, 


and () Ky is the set {(#,0):—-l<a< 1}. 
neN 
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5 Conclusion 


For a pair of consecutive elements K,,, K,+41 from a decreasing sequence {K,,} 
of nonempty closed bounded subsets of a metric space, it is observed that H,, 
is less than or equal to the diameter of K,,, where H,, is the Hausdorff distance 
between K,, and K,4,;. Therefore, H, — 0 is the necessary condition for 
Cantor’s intersection theorem. However, the condition H,, > 0 in not sufficient 


to have nonempty () K,, in complete metric spaces; extra conditions on H;, is 
neN 


required for that. We have shown that the condition 7°, Hn < oo, is sufficient 
to have nonempty intersection in complete metric spaces; while, H, — 0 is 
sufficient to have nonempty intersection in Atsuji spaces. Further, in Atsuji 


spaces, we have provided sufficient condition for nonempty () K,, using the 
neN 
concept of excess of a set. 


Nonempty intersection theorems, and the generalizations of such theorems 
like Cantor’s theorem, Kuratowski’s theorem, Horvath’s theorem, etc. play 
an important role to study the best approximations, fixed point results, etc. 
(for example, see [3] [9| [10] [13]). In case of set-valued mappings, researchers 
have been studying the fixed point results for mappings from a metric space to 
the subspaces of the hyperspace of nonempty closed subsets endowed with the 
Hausdorff distance (for example, see [I] [T1]). Findings of this manuscript, can 
further be applied in these directions. 
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Abstract 


In multi-objective transportation, due to the conflicting nature of ob- 
jectives, no method is available to find the best compromise optimal solu- 
tion. In this paper, we present a method to obtain a compromised solution 
for multi-objective transportation problems under a weighted environ- 
ment. In which, a modified weighted model is presented that provides us 
with an efficient solution according to the priorities of the decision maker. 
To measure the efficiency of the method, a numerical example is included 
and the results are compared with previously reported work for the same 
numerical problems to illustrate the feasibility and the applicability of the 
proposed method. 


Keywords- Multi-objective optimization; transportation problem; compro- 
mise solution; goal programming 


1 Introduction 


With the growing population of this competitive world the demand for the goods 
is growing day by day and to fulfil the demands, the businesses have to outper- 
form themselves every time. Due to this, the management of the business faces 
a lot of challenges and single objective transportation is not enough to meet 
the needs of this competitive market. Just Minimizing the transportation cost 
cannot be the only objective, they must take other factors into consideration 
and solving such type of problem with multiple objectives which need to be 
fulfilled simultaneously gives birth to a new branch of transportation problem 
that we call multi-objective transportation problem (MOTP). 
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In a classic transportation problem, a product is to be transported from m 
sources to n destinations and there is a penalty p;; associated with transport- 
ing a unit of product. This penalty may be cost or delivery time or safety of 
delivery, or something else depending upon the decision maker (DM). Over a 
period of time, many algorithms have been developed to obtain initial basic fea- 
sible solutions like the North-west corner rule, least cost method, and Vogel’s 
approximation method. Veena Adlakha and Kowalski [2](1997) proposed a very 
effective algorithm (Absolute point method) that can be used to directly obtain 
optimal cost without using the MODI method. These methods are applicable 
when all the decision parameters are given in a precise way, but as already dis- 
cussed in real life situations, not all transportation problems are single-objective. 


Past many years a lot of work has been done in developing an algorithm to 
solve multi-objective transportation problems. Every algorithm gives varying 
results and it is very difficult to say which is the best method to obtain a com- 
promised solution (For multi-objective transportation, a compromised solution 
is a feasible solution that is favoured more by the DM over all other feasible 
solutions, taking into consideration all criteria contained in the multi-objective 
function).The quality of the solution totally depends on the DM. 


Lee and Moore [7](1973) inspected the optimization of transportation prob- 
lems with multiple objectives. Isermann and Diaz [6] (1979) formulated different 
algorithms for all the non-dominated solutions for linear multi-objective trans- 
portation problems. The fuzzy programming technique was applied by Bit, 
Biswal, and Alam [3] (1992) to solve the multi-objective transportation prob- 
lem. For the first time in the early 1960s, Charnes and Cooper suggested the 
concept of goal programming (GP) and a very good literature review was given. 
It has been found extensive in various fields. Since 1960, numerous works have 
been done and a lot of applications have been proposed. A review of GP formu- 
lations and their applications was given by Lee and Olson [{8](1999). Edward L. 
Hannan [4] (1981) illustrated GP with fuzzy goals having a linear membership 
function. Zangiabadi and Maleki [13](2013) presented the application of fuzzy 
goal programming to linear MOTP using a non-linear membership function. 
Despite its recognition and a huge variety of applications, there’s no assurance 
that GP will offer Pareto an optimal solution. 


In multi-objective problems, we can assign different weights to the objec- 
tive according to the importance of the objective and obtain varying results 
for different weights assigned by the DM. Due to the overlapping existence of 
priorities, it is rare to find an optimal solution that optimizes all of them at the 
same. Here in this paper, we have discussed the weighted sum method and the 
algorithm proposed by Nomani [10](2016) and a comparison has been made with 
the proposed model with the help of numerical examples. The proposed model 
is a new weighted method that helps obtain compromised solutions according 
to the priorities given by the DM for different goals. 
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2 Multi-objective linear transportation problem 
(MOLTP) 


In today’s aggressive environment, a single-objective transportation assignment 
is insufficient to deal with all real-life decision-making issues. So, to address all 
real-life conditions on transportation problems, the DM regularly wishes to con- 
sider more than one non-commensurable or conflicting objective in transporta- 
tion problems. The problem wherein more than one target is optimized concur- 
rently is referred to as a multi-objective transportation problem (MOTP). The 
reason for defining the multi-objective transportation problem in the mathemat- 
ical programming framework is to optimize numerous objectives concurrently 
subject to a set of constraints Other than transportation expense the objec- 
tives can include shipping time, degradation of goods, secure shipping of items, 
energy consumption, etc 


Minimize Cost 


Minimize Time 
SOURCE > ———_> DESTINATION 
Minimize Damage cost 


The mathematical model of MOTP is written as follows: 


m n 
Min Fy (aij) = S_ > ph ais, k=1,2,...,K 
i=1 j=1 
Subject to: 

n 

Stig = 8, 4 V2 Sie f 

j=l 

m 

yea), j =1,2,3,...,n 

i=1 


viy 20, 1=1,2,3,...m,and 7 =1,2,...,n 


Where m is no. of source, n is no. of destination, dy, is capacity of destination, 
Sm is capacity of sources, Pi; is penalty of k*” objective, F, is k*” objective and 
x4j is unknown qty to be shipped. 


3 Methods for solving MOLTP 


3.1 Weighted sum method 


For solving a MOLTP the method of the weighted sum is highly used to obtain 
varying results for different weights. The basic idea of this method is to assign 


129 Vishwas Deep Joshi et al 127-139 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO.1, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


weight n, > 0 to each objective function F;, and minimize the new objective 
function aa nF, with respect to problem constraints. This method is very 
easy to use but the solution majorly depends on the weights given by the DM 
and it should be decided beforehand. Using the weighted sum method, the 
following normalized single-objective optimization problem is obtained: 


Minimize F=n Fi +nohot+...+nK Fr 


Subject to: 
n 
a= a= 1,2,3, »™m 
j=l 
m 
Sg Sai, j =1,2,3,...,n 
i=1 


ay>0, t=1,2,3,...m,and j =1,2,...,n 


Where the weights nz,k = 1,2,...K, corresponding to the objective function 
satisfy the following conditions ny +ng+... +n, =1k=1,2,...K 

Using the above method, single solution points are obtained for different weights 
that reflect the preferences of the decision-maker. This method fails when DM 
have no idea about preference. 


3.2. Method proposed by Nomani(2016) 


In 2016, Mohammad Asim Nomani, Irfan and Ahmed proposed a model to 
obtain a compromised solution for a MOLTP. This model focuses on convert- 
ing multiobjective optimization into a new single objective optimization where 
the objective is to minimize = S> (1 — ng), where ys is the general devia- 
tion variable for all objectives and nx is the weight assigned to the k*” objective. 


Consider the following multi-objective optimization problem: 
Minimize F(x) = [Fi (a), Fo(x),..., Px (x)| 


Subjectto cE S$ 


Where z is an n-dimensional decision maker variable and S is the set of feasible 
solutions. Each objective is transformed into constraints with an upper bound 
of FX + u(1—n,), where FY is an ideal solution obtained when each objective 
Fy, k =1,2,...,K is solved independently of other objectives. 

The problem reduces as: 


K 


Minimize p' = Soul — nr) 
k=1 


Subject to: 
Fe < Fe+p(l—ne); xi; >0 
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In this model, instead of using a deviation variable alone, a factor (1 — nz) has 
been introduced. This method is capable of providing a solution even if DM has 
no priority for objectives. 


4 Proposed Method 


In this section, we will discuss the proposed method and later we will see a com- 
parison between the results obtained by these three methods. Let us consider a 
multi-objective optimization problem: 


Minimize F(a) = [Fi(«), Fo(a),...,FK(x)] 


Like Nomani’s model, this model also focuses on converting the multi-objective 
problem into a single objective problem. The main idea is to minimize the de- 
viation of each objective from its ideal solution. To do so a deviation variable 
jt was introduced. 


The model is formulated as: 


K 
Minimize ue = ys p(1 — ng) 
k=1 
Subject to 
“AC k * ae — Nk 
i=l j=l (Ee a F ) 
ys; p12, 3500.59 
j=l 
Se Sai, j =1,2,3,...,n 
i=l 


O< mp <1,k=1,2,...,K 


ty > 0,t=1,2,...,m andj =1,2,3,...,n 
con Lemay 
(FE-FF) 
ny). F® and He represent upper and lower bounds in which the compromised 
solution will lie. The solution cannot exceed this range. For a k'” objective, 
this range can be obtained by using the ideal allocation. For upper bound max 
(Solution obtained by substituting others allocation in kth objective) and for 
lower bound the optimal solution of k'” objective is it’s lower bound and this 
lower bound is the ideal solution F;. 


Here in this model a factor is introduced alongside with existing «(1 — 


Step by Step method: 
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Step 1: Solve all the K objectives as a single objective problem without con- 
sidering other objectives. 

Step 2: Obtain the range for every objective as stated above. 

Step 3: Now develop a model for the problem as described above and define 
weights for the objectives if DM has any. 

Now simply evaluate and a compromised solution will be obtained. 


5 Numerical illustration 


The first example that we will be considering is used by many authors and they 
have obtained different solutions. Ringuest and Rinks [I1](1987) used this prob- 
lem to illustrate the MOLTP. In this paper, we have formulated the problem 
like a real-life problem to make a better understanding of the problem. 


Example 1: Let us consider a problem in which Jethalal wants to transport 
TVs from its 3 Factories situated in Delhi, Mumbai and Bangalore, to the 4 
warehouses at Bhopal, Dehradun, Kolkata and Chennai. The Factory capac- 
ity of Delhi is 8 thousand TVs, Mumbai is 19 thousand TVs and Bangalore is 
17 thousand TVs. The warehouse requirement at Bhopal is 11 thousand TVs, 
Dehradun is 3 thousand TVs, Kolkata is 14 thousand TVs and Chennai is 16 
thousand TVs. Jethalal wants to minimize the transportation cost as well as 
the safety cost for the TVs. The cost of transportation and safety per unit is 
given in the table below (in thousands) 


Safety,Transportation | Bhopal | Dehradun | Kolkata | Chennai 
Delhi 1,4 2,4 7,3 7,4 
Mumbai 1,5 9,8 3,9 4,10 
Banglore 8,6 9,2 4,5 6,1 


Solution The first step is to obtain a solution for both the objectives separately 
ignoring the other objective. The solution obtained is as follows: 

xt (t11 5, X12 3,221 6, %24 13, £33 14, x34 = 3) 

F,(X"*) = 143(idealsolution), F\(X?) = 208, 

Upper and lower bounds of the objective function F, is 143 < Fy < 208 

XxX? (x13 8, 21 11, 29 2,23 6, X32 1, v34 16) 

Fo(X?) = 167(idealsolution), Fo(X+) = 265, 

Upper and lower bounds of the objective function Fy is 167 < Fy < 265 

Now since we have the bounds, we can formulate the mathematical model of 
the problem using the proposed model. 


Minimize w = u(1 — ny) + w(1 — ng) 


Subject to: 
3 4 


1—n) 
1 es < 14 w=) 
Dd, Pitas S 143+ (208 — 143) 


i=1 j=1 
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— p(1 — na) 
2 <1 =k 
Do Pistig S 167+ ( 65 — 167) 


i=1 j=l 


4 
) Lig = Si, 7=1,2,3 
j=1 


3 
ae =dj,j= 1,2,3,4 


i=1 
ny+tng=1 
O<nm<i1 

k=1,2; xj >0 


Now simply allot the weight to the objective function and solve the LPP. Make 
sure the weights are non-negative and their sum is exactly equal to 1. We have 
used Lingo 19.0 to solve the LLP. 


Weights (n1,2) | Proposed method | Nomani | Weighted sum 


1}, =0.1,n, =09 197:169 186:171 208;167 
2 | ny =0.2,n2 —0.8 186;171 176;175 186;171 
3 | ny =0.3,n2 = 0.7 176:175 172;180 176;175 
4|n, =0.4,no=0.6 172;180 168;185 176;175 
5 | ny =0.5,n9 = 0.5 168;185 164,190 176;175 
6 | m1 =0.6,n2 =04 148:180 160;195 156;200 
7 | m =0.7,n9=0.3 160;195 156;200 156;200 
8 | ni =0.8,no = 0.2 156;200 154:210 156;200 
9 | m1 =0.9,n2=0.1 152;220 150;230 143:265 


Comparison of solution of Example 1 by the proposed method, Nomani method, 
weighted sum 


Compromised Solution 


So 


100 


—=e—Seriesl =e—Series2 
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Figure 1 Graphical representation of solution with different priorities 


SAFETY COST 


—@—Proposed method =—&nomani —<—weighted 


Figure 2 Comparison of safety costs obtained by different methods 


TP COST 


—— Proposed method “—nomani =—=<weighted 
300 
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100 
0 
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Figure 3 Comparison of TP cost obtained by different methods 


Let us now consider a 3-objective problem. This example is already used by au- 
thors to compare varying results. Diaz [6](1979) used this example to illustrate 
the approach. Like the previous problem, we have formulated it like real life 
problem for better understanding. 

Example 2: Madhavi Bhide have a business selling Pickel and she wants to 
deliver the pickle to various locations across India. She has manufacturing units 
in Mumbai, Ahmedabad, Chandigarh, and Mirzapur and needs to supply at 
Ratlam, Nagpur, Patna, Panji, and Kota. The supply capacity of Mumbai is 
500 boxes, Ahmedabad is 400 boxes, Chandigarh is 200 boxes, and Mirzapur 
is 900 boxes. Demand at Ratlam is 400 boxes, Nagpur is 400 boxes, Patna is 
600 boxes, Panji is 200 boxes, and Kota is 400 boxes. She wants to minimize 
the delivery time, transportation cost and packaging cost. The cost time and 
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packing cost per unit are given below (in hundreds). 


Cost,Time,Packing cost | Ratlam | Nagpur | Patna | Panji | Kota 
Mumbai 9,2,2 12,9,4 9,8,6 6,1,3 | 9,4,6 
Ahmedabad 7,1,4 3,9,8 7,9,4 7,5,9 | 5,2,2 
Chandigarh 6,8,5 5,1,3 9,8,5 | 11,4,3 ) 3,5,6 
Mirzapur 6,2,6 8,8,9 11,6,6 2,9,3 2,8,1 


Solution: The first step is to obtain a solution for all three objectives sepa- 
rately ignoring the other objectives. The solution obtained is as follows: 

Xt (x13 5, £22 3, £23 1,231 1, ©32 1,241 3,44 2,45 4) 
Pix!) S102, Fy OX): = 164. FX) 134, 

Upper bound = Max 164,134 = 164 

Upper and lower bounds of the objective function F, is 102 < F, < 164 

X? = (a1, = 3, 014 = 2,291 = 1,495 = 4, 23g = 2,041 = 1, G42 = 2, 43 = 6) 
Fo(X?) = 72(idealsolution), Fo(X1) = 141, Fo(X3) = 122, 

Upper bound = Max 141,122 = 141 

Upper and lower bounds of the objective function Fh is 72 < Fy < 141 

x3 (a1 3,12 2,221 1, x23 3, X32 2, X43 3,44 2, X45 4) 
F3(X3) = 64(idealsolution), F3(X*) = 90, F3(X') = 94, 

Upper bound = Max 90,94 = 94 

Upper and lower bounds of the objective function F3 is 64 < Fy < 94 

Now since we have the bounds, we can formulate the mathematical model of 
the problem using the proposed model. 


Minimize p = w(1— mi) + w(1 — ne) + w(1 — 03) 


Subject to: 

he p( — na) 
1;@43 < 102 + — 
DD Pst < 10 (164 — 102) 

t=1 9=1 

45 
1— ng) 
ee < 79 4 =a) 
2 2 Pate SO Gar 79 


—_ p(1 — na) 
3 2,, < 64+ Hea) 
dD Pita <6 * (94 — 64) 


i=1 j=1 
5 
) Lig = Si, 7=1,2,3,4 


j=l 
4 
SS ay Sid, j =1,2,3,4,5 


i=1 
ny tngtn3=10<n<1 k=1,2,3 
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Now simply allot the weight to the objective function and solve the LPP. Make 
sure the weights are non-negative and their sum is exactly equal to 1. We have 
used Lingo 19.0 to solve the LLP. 


Weights (ni, 2,73) Proposed method | Nomani | Weighted sum 
1 | ny =0.1, ng = 0.9,n3 = 0.0 147;76;94 147;76;94 157;72;86 
2 | ny = 0.2, n2 = 0.8,n3 = 0.0 142;78;98 142;78;98 157;72;86 
3 | ny = 0.3, n2 = 0.7, n3 = 0.0 134;85;96 134;85;96 142;78;98 
4 |n, =04,n9 =0.0,n3 = 0.6 114;99;89 124;109;78 129;126,64 
5 | my =0.5,n2 = 0.0,n3 = 0.5 119;101;91 118;110;83 105;128;84 
6 | ny =0.6,n2 = 0.0,n3 = 0.4 117;106;88 117;108;84 105;128;84 
7 | ny = 0.0, nz = 0.3,n3 = 0.7 134;93;83 139;99;74 153;89;75 
8 | n, =0.0,n9 =0.2,n3 = 08 135;97;78 141;102;72 134;122;64 
9 | ny, =0.0,ny9 =0.1,n3=0.9 141;102;72 140;110;68 134;122;64 
10 | m = 0.3, nz = 0.3,n3 = 04 126;92,94 124,99.87 127;104;76 
11 | ny = 0.3, ng = 0.4,n3 = 0.3 126;92;94 129;95;87 141;86;82 
12 | m =04, nz = 0.3,n3 = 0.3 124;97.91 124;99:87 112;110;88 


Comparison of solution of Example 2 by the proposed method, Nomani method, 
weighted sum 


Compromised solution 


200 
150 
RE Pee 
50 
0 


=@—Seriesl] =—<=e=Series2 Series3 


Figure 4 Graphical representation of solution with different priorities 
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Figure 5 Comparison of transportation costs obtained by different methods 
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Figure 6 Comparison of transportation time obtained by different methods 
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Figure 7 Comparison of packaging cost obtained by different methods 


6 Conclusion 


In this paper, we discussed a new modified goal programming model and a 
comparison was made with existing weighted models. The proposed model is 
capable of providing varying results for a MOTP. LINGO 19.0 was used to solve 
all the mathematical models. As further development, we plan to extend this 
method for Fractional MOTP, Rough MOTP and Fixed charge MOTP. 
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Abstract 


In this paper, we have projected the theoretical and numerical investigation of the 
mathematical model representing the yellow fever virus transmission from infected 
mosquitoes to humans or vise-versa through mosquito bites in the framework of the 
Caputo derivative. Theoretical aspects of the dynamics of susceptible individuals, ex- 
posed individuals, infected individuals, toxic infected individuals, recovered and im- 
mune individuals, and susceptible mosquitoes and infected mosquitoes have been ana- 
lyzed by using the theory of fractional calculus such as boundedness, uniqueness and 
existence of the solutions. Sufficient conditions for the global stability of the virus-free 
point of equilibrium are inspected. T validate the theoretical results numerical analysis 
is performed using the generalized Adams-Bashforth-Moultan method. 

Keywords: Predator-Prey, Yellow Fever Virus, Predictor-Corrector Method. 
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1 Introduction 


Infectious illness outbreaks have become the greatest threat to mankind over time, re- 
sulting in the loss of many lives. They may also bring economic and political upheaval 
if they are not handled properly. Yellow fever (YF) virus which belongs to a family 
of about 70 viruses was the first human virus discovered. YF is an intense viral dis- 
ease spread by infected female ’Aedes aegypti’ mosquitoes. These mosquitoes are also 
the vector of Zika virus, dengue and chikungunya (1)[2}. In Africa, sylvatic and peri- 
domestic Aedes species transmit rural and intermediate YF. The incubation period of 
the virus on the infected individuals is generally 3 to 6 days (3). Vomiting, nausea, lack 
of appetite, muscle pain with backache, slight fever, headache, jaundice, and weariness 
are some of the symptoms that patients experience (4]. Nonetheless, these symptoms 
fade after four or five days, while other individuals may continue to the infection’s tox- 
icity phase, in which 50 percent of instances lead to death within eight to ten days (5). 
Although YF is compartmentalized as viral hemorrhagic fever, it causes 1000 times 
more risk to death than the virus like Ebola (i). 

Among the scientific community, the study of disease dynamics has remained a 
popular issue (6/7). To help humankind in fighting against YF by understanding its 
dynamics mathematically, a few mathematicians have contributed their expertise in 
modeling this infection (819). In the recent times, fractional derivatives namely the Ca- 
puto, Riemann-Liouville, Griinwald Letnikov, Jumarie, and Caputo-Fabrizio are inves- 
tigated by the researchers in search of new behavioral findings while representing real 
world problems using such derivatives. Notably, many results associated with mem- 
ory, hereditary, longrange memory, random walk, anomalous diffusion, non-Markovian 
processes, and others made the concept of fractional derivatives a highly significant to 
take into account (10414). Over the years, theories of these derivatives have also been 
developed to a great extent (T5H18). Many phenomena related to mathematical biol- 
ogy and their interdisciplinary fields have been studied using these fractional 
derivatives (20]/21). They have been used to model many complex phenomena of dis- 
ease dynamics [22124]. 

This work aims to examine the qualitative nature of the yellow fever virus math- 
ematical model with interaction of seven categories of the population namely suscep- 
tible , YF exposed, YF infected, toxic-infected individuals, recovered and immune 
individuals, susceptible mosquitoes, and infected mosquitoes incorporating the Caputo 
fractional derivative. Adams-Bashforth-Moulton method has been used to perform the 
numerical simulation (25}{29}. The rest of the paper is structured as follows: in Section 
we provide some elementary definitions, theorems and lemmas of fractional calcu- 
lus which is followed by the formulation of the model in Section [3] Sections (6| 
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dispense the existence and uniqueness, boundedness, the existence of various points 
of equilibrium and their local stability respectively. Sections [7] depicts the numerical 


method and simulation in detail. Finally, we discuss the concluding remarks in Section 


2 Some Essential Theorems 


In the present work, we have used the Caputo fractional derivatives because it supports 
the integer order initial condition. In this section, we have presented certain theorems 
those have been applied to determine the theoretical results corresponding to the solu- 
tion of the projected model. The Caputo fractional derivative is denoted by ©D. 


Definition 2.1. (Caputo Fractional Derivative) Suppose g(t) is k times continu- 
ously differentiable function and g(t) is integrable in [to, 7]. The fractional derivative 


of the order @& established by Caputo sense for g(t), is 


] t (*) (7) 
C po = | & 
(Pest) T(k—a) Jy (era 


where I (-) refers to Gamma function, t > a and k is a positive integer with the property 
thatk—l<a<k. 


Lemma 1. Consider the system 
Pvt) = a(tv), > to, (1) 


choosing the initial condition as v(to), where 0 < a < 1 and g: [tg9,0e) xQ>R",QE 
IR”. When g(t,v) holds the locally Lipchitz conditions concerning to v, Eq{I] has a 


unique solution on [tg,°¢) x Q. 


Lemma 2. We assume that g(t) is a continuous function on [to, +°¢) satisfying 


Prg(t) < —Ag(t) +, (to) = 80, 
where to > 0 is the initial time, 0 <a@<1, 440, (A,&) € R?. Then, 


g(t) < (g(to) — ° )Egl-A(t- to)*]+ ; 


Lemma 3. Let v(t) € R, be a derivable and continuous function. Then, at any 
time t > to, 


t * 
€ De (v(t) —v* —v*In~ yea —)GDev(), vER,, Vae (0,1). 
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3 Model Formulation 


Yusuf and Daniel’s (9) work has inspired the mathematical model described in this 
study. We observe that fractional derivatives influence coexistence. When a new virus 
emerges, it is never completely eradicated from the world. A fraction of humans will 
always be infected by that virus in some part of the universe. This nature of the virus’s 
existence prompts us to model YF infection by incorporating fractional derivatives. In 
this paper, the YF virus mathematical model has been proposed within the population 
of humans and mosquitoes. It has been assumed that both populations mix freely with- 
out any barriers. Since there is a high risk of YF transmission from travelers, their 
vaccination is essential. It is assumed that some portion of the travelers is vaccinated. 
Again, a part of the infected population may become toxic. It is also assumed that 
once an individual becomes toxic, he or she does not recover. In the present model, 
the human population has been subdivided into five different compartments namely: 
Su(t),Ex(t),Ja(t), Ta (t),Ra(t) which represents the density of susceptible, YF ex- 
posed, YF infected, toxic-infected individuals, and recovered and immune individuals 
respectively. In the same way, the mosquito population is divided into two categories: 
Sy (t), y(t) represent the density of susceptible mosquitoes and infected mosquitoes 
respectively. We have considered the Caputo sense fractional derivative to represent 


the projected model. The present model is as follows: 


Dr Su =r+(1—6)A — OB Suly — pS —dSu, (2) 
a = 0B\Syly — WEy —dEp, 

Orla = (1—§) En — Wl — (d+ A), 

Dr TH = MEH — (d+A)Tx 

DER = Wi + OA + PSH —aRu, 

Dr Sv = Vv— 0B)Sylq — oSy, 

Dily = OBrSvly — oly. 


with initial condition Su (to) = Sy (0), En (to) = Ey (0), Tx (to) = Tn (0), Tu (to) = Tx (0), 
Ry (to) =R1(0), where fo is the initial time. All the parameters r,0,2,0,61,p,d,U,6, 
w,A, V, Bo, @ are non-negative. Where, r is the birth rate of human, o is the vaccinated 
proportion of immigrants, A is the arrival rate of immigrants per individual per time, 
and @ is the daily biting rate. B, and Bz represent the transmission probability of 
YF from mosquitoes to human and from human to mosquitoes respectively. p is the 
effective vaccination rate of susceptible humans, d is the natural death rate of human, 
is the rate at which Ey progresses to Ij, € is the proportion of Ej which converts to the 


toxic case, y is the recovery rate of human, A is the death rate of human-induced due 
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to YE, v is the birth rate of mosquitoes, and @ is the natural death rate of the vectors. 


4 Existence of the solutions 


The existence of the solution of the model [2]is demonstrated using the Fixed-Point The- 
orem. Due to the complex and non-local nature of the system [2| there are no precise 
algorithms or approaches for evaluating the exact solutions. However, the existence of 
the solution is assured if certain conditions are met. To initiate the process of establish- 


ing the existence of the solution, the system|2lis rewritten as: 


Pr [SH(t)] = Bit, Sx), Dr En (t)] = Bolt, En), PP la ()] = B3(tJn), 
pe [Tu (t)] = Balt, Tx), DP Ru (t)] = Ps(t,Rx), Pr [Sv(t)] = Bolt, Sv), 


Pr Uv (t)] = Br (Jv). GB) 


The above system can be transformed into Volterra type integral equation as: 


Silt) —S4(0) = Fey [ BileSu(@)le—O)" tae, 

En(t)—En(0) = gray [ Bale. En())t— ya 

tlt) —t(0) = Gray ff Bs(etn(@))(O— 2) "ar, 

Tat) — Ta (0) = gras [Bale Ta(e))(t— 2) Mar, 

Ra(t)—Ru(0) = aoa | Bs(eRa(e)) lt)" ae 

Sv(0)—S1(0) = pray ff Bole.Sv(@))— A) ae 

WV()-W0) = Brgy f Brel AN 2) Nae (4) 
Theorem 4.1. In the region Q x [to,7’], where 
= {(Si1, Enns Ii, Ta, Ri, Syl) ERT: max{|Su), |En|, Wil, [Tals Rel [Svs vl} <2, 


and T < +o, the Lipschitz condition is satisfied and contraction occurs by the kernel 
By if0< ef,MN+p+d <1. 


Proof: We consider the two functions Sj and Sj such as: 


||Bu(¢, Sz) — Pi (t, Sx)|| = (r+ 1 —0)A — OB Sly — pSp — dS) 
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(r+ (1—o)A — 0B Sly — pSy —dSy)||- 
< (OB: M+ p +d)||Su(t) — Su(2)|| 
= €1||Su(t) — Su (t)|I, (5) 


where ¢; = 08,;9t+ +d. As a result, the Lipschitz condition is met for 8, and if 
0 < ¢; < 1, then 8, follows contraction. Similarly, it can be shown and illustrated in 
case of the other equations as follows: 


|| B2(t, Zn) — Po(t,£x)|| < 2||En(t) — En(#)||, |[B3 Ja) — Bs(t fa) < al Ma(0) — La II, 
\|Ba(¢, Ti) — Balt, Ti) |] < Sal TO) — Ta(0)|I, | Bs, Ra) — Bs (t,Re)|| < O5||/Re(t) — Ra (||, 
|| Bo(t,Sv) — Bo(t,Sv I < S6llSv@) — Sv (Il, Br(t, 27) — Br(tv II < Sv @) — WIL, 

(6) 


where C2 = (u +d), 3 = (wt+d+A), Ga = (d +A), Os =(W+d +A), Go = (OB2IN+ 
o) and C7 = g. Bj, i= 2,3,4,5,6,7 are the contraction if 0 < G < 1,i=2,3,4,5,6,7. 
Using system [4] the recursive form can now be written as follows: 


Kin(t) = Sits (6) — St.) = ra} [le.84,..) — Bi (t,Su,»))(¢— 1) lat, 


Koalt) = Ens ()— Ea -0) = gy |) Ban) Balt Eig 2) (O— 2) Ma 


1 


= [stn = B3 (7,1, _,))(t = ede 


3 n(t) = Ty, (t) —TH,, (t) = 


Kat) = Tig )— Ths) = Gay ff CBAC Ti, :)— Bal TH 2) — 2) "ar, 


K5.n(t) = Ru, (t) — Ru, _, (t) = ray ff Bs Re) —B5(t,Rx,_»))(t—)* de, 


Ken (t) =Syall) ~Sr.1() = Fray [| Bol S41) —Bolt81, 2) 2) Nae, 
1 


Ki n(t) =Wy,(¢) Wy, (t) = F(a ff Pru) Baldy, NE 2) Mae (7) 


The prerequisites are: Sy, (t) =Sx(0), Ex, (t) = Ex (0), Ixy (t) =I (0), Tx, (t) = Tx (0), 
Rug (t) = RO), Svo(¢) = Sv (0), Av (t) =v (0). 
By applying the norm to the first equation of the system/[7] we obtained 


[It n()|] = [1Sx, (¢) — Siz,_, (0) 


1 


=Neqay ff BS 1) BHCC. 2 N= 2) Ma 


a i [ IB (t,Su,.,)—Bilt,Su,.))(t—t)*!dt]|. 8) 
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Using Lipchitz condition 5] we get 


Psi S Era $1 f Una (2) ) 
Similarly, 
anf S egy 60 flan a (els UW (OMS egy So f IC) 
Iep(0Il < rey eesti 51S Era 8 ff IRs) 
sa S Era Sef Uon—1(e) el Isa(ON Fray Sr flier aCe eel 


(10) 


As a result, it yields 

SH, (t) = iA KLi; En, (t) = ret K23, TH, (t) = i=1 K3i, TH, (t) _ i K4i, 
Ru, (t) = Lie Ks, Sv,(¢) = Liki Koi, Wy, (t) = Lika 7i- 

This theorem will be used to illustrate the next theorem. 


Theorem 4.2. The solution of the fractional model [2] exists and will be unique, if we 
acquire some tq such that 


1 
oe 1 Ha 
aa 
Proof: Applying equations 9]and[I0|recursively, we have 


Fa ra 2 

| n 
F(a) ray 7 
Xsn(t)I| < las (0 me be naa sa() < ISO] ar 


Krall < SiO) Fax Su| -Nan(6)II < [Jn (0 me 


OE tl) ca Hsin (OI< IT OI] 


ral) < Illy, (0 me a mayer] a 


As a result, the existence and continuity are established. To illustrate that the above 


relations formulate the solution of the model|[2| we assume the following: 


Su(t) — Stig(t) = Si, (t) — Atn(t), E(t) — Exig(t) = En, (t)—Arn(t), 12) 


Tn (t) — Ing (t) = - )—Asn(t), T(t) — Try (t) = Tr, (t) — Aan(t), (13) 
Ru(t) — Rug (t) = Ru, (t) — Asn(t), Sv(t) — Sy (t) = Sv, (t)—Aen(t), 14) 
7 
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Iv (t) — I(t) = Wy, (t) — Am(t). (15) 


In order to achieve the desired outcomes, set that 


1 t 
drn(0)ll= ll pzgy ff Bu Sx) —Bu(t-Su,_.))4| (16) 
This implies, 
1 
[|Ain(e)I| S Tay ot! $4 — Sita (17) 


Continuing the same procedure recursively, we get 


1 n+1 
lAia(*Il < (ways) am, (18) 
At certain tg, we have 
1 n+1 
lanl s (Gasste) m. (19) 


From equation [?], we observe that ||A1,,(t)|| approaches to 0 as n tends to ce, provided 
Ta) C1 tw) < 1. Similarly, it may be demonstrated that 
[Aan (t)I], [Asn()I]; [Aan (II, [Asn(t)IT, [Aen (II, [Arn (t)| tends to 0. Hence the proof. 


We shall now demonstrate the uniqueness for the solution of the system [2| Let us as- 
sume that there is a different set of solutions, namely Su, EH ; Ty, Ty, Ru, Sy, hy for 
the system|2| Then, as a result of the first equation, we have 


x 1 F Z 
Su(t)—Sult) = Bile. Su)— Bile Su))a (20) 
T(a) Jo 
Using the norm, the equation above becomes: 
A 1 7 A 
IIS (¢) — Sx (2) || = aa | Bi, Sa) — Bi (t,Sx))a tI]. (21) 
T(a) Jo 
By applying the Lipschitz condition, 
Fe 1 ‘ 
t)— t)|| << ——-Ct = : 
||Sx(t) —Su(t)|| S Tay > ||S# —Sz|| 
This results in, 
P (1—a) 
t)— t 1- <0. 
Sut) —Sut|(1- er) <0 


Since (: - rixSit) > 0, we much have ||Sj(t) — Si(t)|| = 0. This implies 
S(t) = Sy(t). 
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5 Boundedness 


In this Section, we have established the boundedness of the solution of the system|2| 
Theorem 5.1. The solution of the system [2]is uniformly bounded. 


Proof. Considering the function, £(t) = Sx (t)+£x(t)+Ja(t) +7 (t)+Ra(t) +Sy(t) + 
Iy(t). 
and applying fractional derivative on it, we get 
pDr&(t)+d&(t) = {DP [Su(t)+En(t) +In(t) + Ta (t) +Ru(t) +Sy(t) +1v(0)] 
+d[Sx(t) + En (t) + In (t) + Ta (t) + Ra(t) + Sv (t) +1 (0)] 
= r+A—AUp+To)+v— (Sy +ly)+d(Sy +ly) 
< rt+At+v+dSy+4+dly. (22) 


The solution exists and is unique in 
0= {(SyH, Eu tn, Ty Ry, Sy Ay )/max{|Su|, |Ex|, Tu|, IT|, IRu|, Syl, Iv |} < wt}. 
The above inequality yields, 


Dr L(t) +d£(t) <r+A+v+2dM. 
By the Lemma|2| we get 


1 1 
Dr L(t) < (L(to) —s(r+A+V+2dM) Eo [—n (t—to)*]+ qirtA+V+2dM) + r+A+v-+2dM 


7 
as t —> co, Therefore, all the solution of the system [2] that initiates in O remained 
bounded in 


O= {(Sy, Eu, In, Ty,Ry,Sv,lv) € UO |L(t) <rta +v+2dM+e, E> O}. 


6 Existence of points of equilibrium 


In this section, we find the points of equilibrium of the system[2| We have the following 
points of equilibrium for the fractional order system|2} 


r+A(1—o) p(r+A)+dao 
arp —79;0,9, aa 


1. The disease-free equilibrium point is 3 = ( 2+dp rT 


0) 
and it always exists. 


2. The endemic equilibrium point 3 = (Sy,Ey.f7, Tu, Ru, Sv. ly) exists if vO? UB, Bo (1— 
E)(r+A(1—o)) > 67 (d+p)(d+p)(d+A+yw). Coexistence equilibrium point 
can be obtained by solving the algebraic equations given below: 


r+(1—o)A — 0B Sly — pS —dSy =0, 0B, Sply — wEy —dEy =0, 
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(1—§)WEn — why — (d+ A)ly =0, GUEn — (d+ A)Ty =0, 
why + 6A + pSy —dRy =0, v — OBSyly — OSy =0, 
6BoSvIy — oly =0. 


Solving these equations we obtain, 


2 VR 6) 

a d+p+ly6p,’ 

Ey = Wy 6Bi(r+A(1—0)) 
(d+u)(d+p+W6Bpi)’ 

fy IyOué Bi r+A(1—9)) 
(d+pu)(d+A+yw)(d+p +l 6p)’ 


2. 4 p(r+A(1—0)) hyory 
Rin = 3 (20+ dtp +IyoBp geen) 
Z-—ve 
0Bo(v—Ivo)’ 
- _ V(v—-Ivo) 
" O(v—Wvo) +102" 
fF =a tw Fe)dtAty 
067Bi(d+u)(dt+A+y 


wa 


V0? Bi Bo(1 — §)(r +A(1—9)) 
Ouprl—S)(r+A(1—o)) 


wa 


Clearly, fy > 0 if vO? UB) Bo(1 —&)(r +A(1—o)) > @?(d+p)(d+p)(d+A+ 
y) and hence the endemic equilibrium point exists if this condition is satisfied. 


7 Numerical Simulation 


Here, we have evaluated the model [2|numerically taking into consideration the influ- 
ences of various parameters on the dynamics of YF transmission. We have considered 


the initial values as: Sq, (t) =0.62, Ex, (t) =0.23, In, (t) =0.1, Try (t) =0.05, Ruy (t) = 


0, Sy (t) = 0.9, y(t) = 0.1. Values of the parameters are considered as:r = ey 6= 


3, B; = 0.6, Bp = 0.5,6 = 22,0 =p =0.01,d = 4¥, uy =0.31,§ =0.15, y= 
0.143, A = 33 v = 0.051, @ = 0.051. It is assumed that 50 of the immigrants are 


vaccinated. From the Figures[I]it is visible that, the daily biting rate @ influences the 


infected human and infected mosquito population. For @ = 1, these populations tends 
to grow and reaches the peak, and thereafter they start to decrease and tend to extinc- 
tion. As the fractional values are incorporated, it is notable that, there is a delay in 
extinction of the J and Jy population. As the value of @ further decreases, we notice 
that infections in human and mosquitoes are never eradicated. In fact a small portion 


of population are always with infection. 


10 
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Time (days) Time (days) 


Time (days) Time (days) 
(c) (d) 


Figure 1: Profile of J, and Jy for distinct values of @ for (A) a = 1, (B) & = 0.65, (C) 
a=1,(D) a=0.65 
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Figure 2: Profile of I; and Jy for distinct values of B; for (A) a = 1, (B) a = 0.65, (C) 


a=1,(D) a=0.65 
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Figure 3: Profile of J and Jyfor distinct values of Bz for (A) a = 1, (B) a = 0.65, (C) 
a=1,(D) a=0.65 
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Figure 4: Profile of Jy and Ry for distinct values of (A) p and a = 1, (B) p and 
a = 0.65, (C) wy and a = 1, (D) yw and a = 0.65 


The variations in the profiles of Jy and Jy for different values of 8, are depicted in 
Figures[2| Figures[3|shows the variation in the profile of Jy and Jy for distinct values of 
Bo. From the above graphs it is visible that, as the value of B; and > increases, the Iy 
and Jy population tends to grow and attains maximum value. Subsequently, they start 
decreasing and reach nullity which results in extinction of the Jy and Jy population. But 
decrease in the value of fractional derivative results in existence of the infection among 
the populations for longer duration. Figure [4] represents the varied profile of Jy for 
discrete values of effective vaccination rate of susceptible population. From the figure 
it is notable that, as the vaccination rate increases, the infected host population keeps 
on decreasing. Further, as the time progress, the infection extincts due to the influence 
of vaccination. As the fractional values are introduced, a fall in the infected population 
peak is notable. Figure [4] also depicts the profile of Ry for different recovery rate y 
and various fractional values. It may be observed that, as the value of recovery rate y 


is increased, the total recovery population also increases and leads to reduction of the 
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Figure 5: Profile of Ty for distinct values of € for (A) a = 1, (B) a = 0.95, (C) 
a = 0.85, (D) a = 0.65 


epidemic in the host population.Figure|5|presents the dynamics of the toxic population 
as the proportion of exposed population deteriorates into toxic case at the rate €. As 
the value of € increases, the population of toxic ones grows. Further, since there is no 


recovery in toxic population, they die and hence population tends to extinction. 


8 Conclusion 


The fractional dynamics of the YF model is investigated in the present work in Ca- 
puto sense. Boundedness, existence, continuity, and uniqueness of the solution have 
been established. In the figures we have demonstrated the profile of the infected hu- 
man and infected vectors under the influence of the biting rate, transmission rate from 
mosquitoes to human and human to mosquitoes, vaccination rate of susceptible popu- 
lation, recovery rate, and toxicity rate in presence of the Caputo fractional derivatives. 


We have observed that the Caputo derivative provides more realistic information than 
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that of the classical derivative. The reseason behind this claim is that it does not show 
the extinction of the infection from the environment. Graphical representations es- 
tablish that the Adams-Bashfort-Moulton predictor-corrector method gives expected 
depiction of the results for analyzing the dynamics of the projected model. Numerical 
analysis of disease dynamics in the framework of various fractional derivatives can en- 
rich the applications of mathematics for betterment of humankind as a future direction 
of studies of fractional calculus. 
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Abstract 


For solving non-linear equations, iterative root-finding methods are 
important because of the broad range of applications in science and engi- 
neering. We have constructed an iterative method based on multiplicative 
calculus in this paper. Some numerical results are performed to exposed 
the efficiency of proposed and earlier method. 


Keywords: Multiplicative calculus, Non linear equations, Iterative methods, 
Newton’s-Raphson method, Order of convergence 


1 Introduction 


In the field of engineering and sciences, solving nonlinear equations effectively 
is one of the interesting task. Sometimes it is difficult to solve these problems. 
Then, we rely on iterative schemes to execute the root of non-linear function 
g(t) = 0. One of the popular methods for approximating the root of a non-linear 
function is the Newton’s method [14] defined as 


t 
tou = ty not q = 0,1,2,3... (1) 


The convergence order of Newton’s method is two for the simple root. Sev- 
eral variants of Newton’s method are developed to improve the convergence 
order in the literature such as Halley method [23], super-Halley method [16], 
Euler’s method [21], Weerakoon and Fernando [22] etc. All of the above men- 
tioned methods consist second-order derivatives except Weerakoon and Fer- 
nando. From 1964 to 2012, researchers [1],[9],[15],[24] has developed fourth- 
order methods to find the non-linear equations roots like Traub and Ostrowski 
[15], Chun and Ham [9], Cordero and Torregrosa [1], Kanwar et al. [24] etc. 
Out of them, Kanwar et. al. introduced a method which consists second-order 
derivatives while other listed methods have first-order derivative. Sometime it 
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is difficult to achieve the second-order derivative at each step of the method. So 
some authors [10-11] developed second-order derivative free methods to solve 
the non-linear equations. 

But still handling of first-order or second-order derivative in iterative techniques 
is difficult task. Nowdays, non-linear equations g(t) + 1 = 1 are solved using 
multiplicative calculus instead of function g(t) = 0. Initially, in 2008 Bashirov 
et al. [3] discussed the theoretical foundations and various applications of mul- 
tiplicative calculus. In 2009 and 2011 Misirli and Gurefe [12], Riza et al. [18], 
and Ozyapici & Misirli [13] used multiplicative calculus to develop multiplica- 
tive numerical methods and in 2010 Filip and Piatecki [11] used it to examine 
economic growth and Uzer [8] extended the multiplicative calculus to include 
complex valued functions of complex variables, which was previously applica- 
ble only to positive real valued functions of real variables. In 2011 Bashirov et 
al. [4] used it to develop multiplicative differential equations. Bashirov & Riza 
[5] and in 2012 Florack and van Assen [17] used in biomedical image analysis. 
Currently, in 2016 Ozyapici, Sensoy and Karanfiller constructed a Multiplica- 
tive Newton’s method. Keeping the same fact in mind, we consider the joint 
four-order multiplicative Newton’s method. 

This paper is structured as follows. Some basic terms of Multiplicative Calculus 
forms Section 2. As described in Section 3, a convergence analysis is conducted 
to determine the fourth-order of convergence of the proposed method. In Sec- 
tion 4, we presents comparisons of results obtained by proposed method with 
some other fourth-order methods. Finally, the conclusions form Section 5. 


2 Some basic terms of Multiplicative Calculus 


Definition: Let g(t) be a real positive valued function in the open interval 
(a,b). Assume function be changes in t € (a,b) s.t. g(t) changes in g(t + h). 
Then [13] multiplicative forward operator denoted as A* defined as follows 


‘ g(t +h) 
A* g(t) = + 2 
=a (2) 
By considring the operator A* in (2), multiplicative derivative can be defined 
as below 
g° (t) = lim (A*g)'/" (3) 


h-0 


The function g*(t) is said to be multiplicative differentiable at t if the limit on 
R.H.S exists. 

If g is positive function and the derivative of g at t exist, then q‘” multiplicative 
derivatives of g exist and 


g(t) = exp {(Ino gw} (4) 
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Theorem 1: (Multiplicative Taylor Theorem in one variable) [5] Let g(t) be a 

function in open interval (a,b) s.t the functions is g +1 times x differentiable 

on (a,b). Then for any t,t +h € A(a,b), there is a number 0 € (a,b) such that 
hp 


n nati 


g(t +h) = J] (a ()) pl. (oUt cs on) eer C 


p=0 


Theorem 2: (Multiplicative Newton’s-Raphson method) [7] Assume that g € 
C?{a, b] and there exist a number p € [a,b] such that g(p) = 1. If g*(p) #1 


l t 
and h(t) = t— . uO then there exist a 6 > 0 such that the sequence pk7—, 
ng 
defined by iteration will converge to m for any initial value po € [p — 6,p + 6] 
In g(Pr—1) 
= _1.- > 6 
Pe PEA Te GF Dp-1) - 


with error ég41 = bee + 2(b3 — b3)e3 + O(e4) 


3 The Proposed Method and Analysis of Con- 
vergence 
Here we constructed two step iterative method by considering first step as mul- 


tiplicative Newton’s-Raphson method and second step as considering ordinary 
Newton’s-Raphson Scheme. 


In g(tq) 
=f{,— 
teas g) 
g(Yaq) 
t =y,- . 7 
ee g' (Ya) @) 


Where g = 1, 2,3,... is the iteration level . 
For convergence analysis, we have proved the following theorem. 


Theorem 3: Suppose that for an open interval I, the function g: 1 CR—~R 
has only one root, s € I. Let g(t) be a sufficiently ordinary differentiable and 
then multiplicative differentiable in the neighborhood of s. Then the proposed 
method (7) has fourth-order of convergence. 

Proof: Let s be the simple root of g(t) and eg = t, — s. Consider the function 
H(t) = tg41 defined by 
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where 
In g(tq) 
= nd (8) 
n g* (tq) 
By using Mathematica version 11.1.1 with the fact that y’(s) = 0 from Theorem 
2, the function H(t) satisfies 


Yq = "q 


H(s)=r and H'(s) =0,q =1,2,3. (9) 
Thus, H“)(s) can be given as 


100 (9) = EO ee 


By Taylor expansion of H(t) around s with condition (9), one obtain 


HO, : 
tg41 = H(t,) = H(s)+ eat Ofes): 


Hence, 


HY (s 
= Fes + O(e3) 


Hence, the method (8) has fourth-order of convergence. 


4 Numerical Examples 


Several examples are given in this section to illustrate the applicability of the 
proposed method. The results of proposed method denoted as (PM) is also 
compared with earlier methods such as two-step Newton’s Method [19] denoted 

s (NM), Chun method [10] denoted as (CM) and Maheshwari method [6] de- 
noted as (MM) reprsented in Table 1 - Table 4. All computations can be done 
in Mathematica version 11.1.1 software and the stopping criteria |t,+1 — tal < € 
and e = 10-4 is used. The obtained results are compared for first three itera- 
tions. Moreover, the Approximated computational order of convergence(ACOC) 
is computed by using the following. 
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Example 1: A fraction conversion problem is considered firstly, in which nitrogen- 
hydrogen feed is converted to ammonia fractionally. A temperature of 500°C 
and a pressure of 250 atm have been used in this problem. The nonlinear form 
of this problem is as follows:: 


8t?(t — 4)? 
t) = —0.186 10 
The simplified form of equation (10) is reduces to non-linear function as 
gi(t) = t* — 7.79075¢? + 14.7445¢? + 2.511t — 1.674 (11) 


Since the polynomial above has a degree of four, there must be exactly four 
roots. Due to its definition, fraction conversion lies in the interval (0,1), so 
there can be only one root in this interval, and that is 0.2777595428. Using the 
initial guess to = 0.4 in Table 1, it is clear that our suggested method takes 
fewer iterations than others. 

Example 2: Consider a Kepler’s Equation 


go(t) =t —a,Sin(t) — K, (12) 


where 0 < ay < 1 and 0 < K <7. We solve the equation by taking K = 0.1 
and a; = 0.25. For this set of values the root is 0.13320215082857313... which 
is approximated by proposed and earlier methods at the initial root tp = 2 and 
results are shown in Table 2. 

Example 3: Problems of transcendental and algebraic nature. The following 
equations are used to numerically analyze the proposed technique: 


(a) g3(t) = e~' + Cost, with exact root s = 1.7461. (13) 
(b) ga(t) = te’ — Sin?t+3Cost —4, with exact root s = 1.0651. (14) 


Table 3 and Table 4 shows the numerical outcomes starting with the initial 
guess 2.0 and 1.0 respectively. According to the numerical results, the proposed 
method requires fewer steps and reduces computation time. 
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Method [4 |My — tal lta) p 
1 | 2.7402 x 107! 22.441 
NM 2 | 2.7338 x 10-2 9.6722 x 1071 4.000 
3 | 3.4387 x 1077 4.3475 x 1071 
1 | 2.5637 x 107! 22.4486 
CM 2| 4.4424 x 1072 1.7056 3.9987 
3 | 5.9249 x 1077 1.8635 x 107? 
1 | 2.5941 x 107! 22.4486 
MM 2 | 4.1567 x 1072 1.5720 4.000 
3 | 4.0948 x 1074 1.2868 x 107? 
1 | 5.46149 x 107! 23.4486 
PM 2 | 3.07797 x 107? 2.13315 3.999 
3 | 3.44644 x 10-4 1.0109 


Table 1: Fraction Conversion of Nitrogen-Hydrogen to Ammonia 


Method [4 |= t-l lta p 
1 1.6621 1.5227 
NM 2 | 6.5678 x 1073 5.0169 x 1073 4.000 
3 | 2.8775 x 10718 2.1973 x 10718 
1 1.6495 1.5226 
CM 2] 1.9131 x 107-2 1.4623 x 107? 4.000 
3 | 3.3555 x 10-19 | —2.5622 x 1071° 
1 1.6490 1.5226 
MM 2] 1.9652 x 10-2 1.5022 x 10-? 4.000 
3 | 3.2303 x 10-19 | —2.4667 x 107!° 
1 1.66756 2.5226 
PM 2 | 1.12051 x 1073 1.0008 4.000 
3 | 9.0489 x 10-15 1.0000 


Table 2: Kepler’s Equation 
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Method | q to tena lg(ta)| Pp 
1 | 2.5389 x 107! | —2.8081 x 107! 
NM 2 | 3.2728x 1075 | 3.7935 x 1075 | 4.000 
3 | 3.9104 x 1072! | 4.5325 x 10724 
1 | 2.5424 x 10-! | —2.8081 x 107! 
CM 2| 3.7917x 1074 | 4.3955 x 1074 | 4.000 
3 | 7.1875 x 10716 | 8.2731 x 10716 
1 | 2.5418 x 10-! | —2.8081 x 107! 
MM | 2] 3.2177x 1074 | 3.7299x 10-4 | 4.000 
3 | 3.3377 x 10716 | 3.8688 x 10716 
1 | 2.5398 x 10- 7.1919 x 10-! 
PM 2] 1.1458 x 1074 1.0001 4.000 
3 | 4.7761 x 10738 1.0000 
Table 3: e~' + Cost 
Method | q | __|tq = tq-il lg(ta)| p 
1 | 4.2454 x 107! | 103.12 
NM 2 | 3.6870 x 107! | 13.838 | 3.8484 
3 | 1.3811 x 107! | 1.3718 
1 | 3.4554 x 107! | 103.121 
CM 2 | 3.3105 x 107! | 20.3079 | 3.9221 
3 | 2.1605 x 107! | 3.4207 
1 | 3.6468 x 10-! | 103.121 
MM _ | 2 | 3.4233 x 107! | 18.5257 | 3.9615 
3 | 2.0077 x 107! | 2.7788 
1 | 9.2639 x 10-! | 104.12 
PM 2 | 8.4709 x 1073 | 1.0580 | 4.000 
3 | 7.6367 x 1079 | 1.0000 
Table 4: te’” — Sin?t + 3Cost — 4 


5 Conclusion 


Here, we developed the Joint Multiplicative Newton’s method which is mixture 
of multiplicative Newton’s method and Ordinary Newton’s method. We tested 
the proposed method for approximating the roots of nonlinear equations and 
compared it with ordinary methods. The obtained results are eflicient as com- 
pared with earlier ones in terms of residual error, consecutive error and order 


of convergence. 
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Abstract 


This paper presents the tripled system of differential equations of frac- 
tional type with fractional integral boundary conditions as well as inte- 
ger and fractional derivative. Here the Banach fixed points theorem and 
Scheafer’s fixed points theorem are used as a main tool. To justify the 
results we illustrate some examples. 

Key Words and Phrases: Fixed points theorem, Banach fixed 
point, Fractional differential equations, Fractional integral boundary con- 
ditions. 
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1 Introduction 


Fractional differential equation are applicable in many streams of science 
and engineering like as fitting of experimental data, e electromagnetics, physics, 
viscoelasticity, lectro chemistry, biophysics, blood flow phenomena,porous me- 
dia, biology, electrical circuits, etc. Therefore compare to models of integer order, 
fractional order model become more practical and realistic. Thus there has been 
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a significant developments in problems of boundary value for the existence and 
uniqueness of fractional differential equations; see [1, 4, 5, 6, 8, 9, 10, 12]. and the 
references therein. Many authors have worked on existence and uniqueness of 
solution of tripled system of fractional differential equations [2, 3, 7, 11, 13, 14]. 
The tripled systems of fractional differential equation often exits in numerous 
models such as Chemostats and Microorganism Culturing, Brine Tanks, Irregu- 
lar Heartbeats, Chemical Kinetics, Lidocaine and Pesticides, Predator Prey etc. 
[8] study fractional differential equations for Boundary value problems of non- 
linear type and include nonlocal and integral boundary condition of fractional 
type. Inspired by the problem [9], 


Where © D% Caputo fractional derivative with order a;, J? represent the Riemann- 
Liouville fractional integral whose order a1, a2 € (4, 5], p1, p2, ps € (0, 4] q1, G2, 93 > 
0, e1, €2,: [0,1] x R > R are smooth functions and y; 4 ae = 1,2,3. 
Existence and uniqueness of solution for the mentioned above tripled system of 
nonlinear fractional order differential equations is main focus of the paper. 


2 Preliminaries 


Firstly we introduce some notation, lemmas and definitions. 
Definition 2.1 [6] Caputo derivative whose fractional order is a for smooth 
function e : [0,00) — R is define as 


CG 46(q) = 1 . a n—a—1 Q(n) 
Drea) = Fw f (e-9) (iat 


gives e(n)(@) exist, where [a] represents the integer part of the real number a 
and T is the Euler’s Gamma function. 

Definition 2.2 [12] Riemann-Liouville fractional integral of the order a > 0 
for a smooth function 


1 . a-1 
maf (a — t)* *e(t)dt. 


Lemma 2.1 [2] Let f,g > 0 and e € L,[a,b] then J/J%e = Jf+9e 


J%e(a) = 
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Lemma 2.2 [2] If e is continuous and n > 0, then 
ODP ese 
It follows from Lemmas 2.1 and 2.2 that if e is continuous and y > a, then 


Se ST se, 
Lemma 2.3 [2] Let y > —1 and n> 0. Then 


RG ui 1) ght 


A ie ee ke 
“<Tinty+) 


Lemma 2.4 [2] Let y > 0 and m = [n] +1, then 
0, ify €0,1,2,...m—1 


CD27? = rene —a)’", ifyeNandy > m 


ory ¢ N,y>m-1 


Lemma 2.5 [7] Let a > 0 then, 
J°° D°V (a) = V(a) + ho + hia t hea? +--+ + Ania” 
for some h; € R,i = 0,1,2,...n—1, n is smallest integer grater than or equal 
to a. 
3 Supporting Result 


In this part, we establish the result required in our main proofs. 


Lemma 3.1 Let y € H((0,1],R) and y 4 re . Then the problem 


CD*2(a) = y(a)a € [0,1] (3.1) 
x(0) = 2'(0) = 2” (0) = 2” (0) = 0,° D?x(1) = y¥(J4z)(1) 
has unique solution 
x(a) = ~ [ie — t)*~ly(t)dt 
9 (5 — p)P(5 + g)a® ; ies 
Weare a TaTe f OO Mee 
T(5 = p)(q a 5)a? : a—p-1 
Ge Apre-a-Teray AO we 8 
Proof: From Lemma 2.2, (3.2) is similar to 
t(a) = J*y(a) — ho — hia — hea? — hga® — haat (3.3) 
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for some h; € R,2 from Oto4. 
from «(0) = 0 it follows ho = 0 also a’(0) = 0 = hi =0,2"(0) = 0 => 
ho =0 and 2’”"(0) =0 = > hz =0. Thus (3.3) becomes 


a(a) = J*y(a) — haat (3.4) 
Now 
TS 
Cc a— 4s 
DPx) = J*-Py(a) — P 
( x) = J” Py(a) anE a 
DS 4+4q 


From the boundary condition, 


Peay = WD oR EG 
so, | PROTE =P) =PE+9))) _ tay) — yo-Py(1) 


P(5+q)l(5 — q) 


aces re : Ae 


On substituting the value of c4 in (3.4) we find solution (3.2). It clear from 
lemma (3) that solution of the tripled system (1.1) is given by the integral 
equation, 


= C4 = OA 


x1(a) : [ec — t)™~“e1(t, vo(t), v3 (t))dt 


= oe 


m1 Ria? a hay 
1-1)" t t) )dt 
Stay [| A-Oe te tealt a2lt), ealt))d 


Ria? : a1—pi-le x xr 
ran I (1-t) i(t, v2(t), 3(t))dt 


x2(a) : [ie — t)?~“eo(t, vo(t), v3 (t))dt 


as 


Roa? : a 
cs a (1 — t)? +92 te9(t, wo(t), wa(t))dt 


Roa® : @2~P2~ "eo (t,x x 
Ta | (1-12) a(t, x2(t), 03(t))dt 
23(a) = iz f(a ea(t,wa(t),aa(t))at 


R303 : 
Bar Cas + a) (1 — t)® 7%" Tes (t, va(t), xa(t) dé 


| R3a° ; a3—P3— 
ti oa (1 t) e3(t, v(t), v3(t))dt 


4 
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Where 
T(5 — pi)P (aq + 5) 
yiT'(5 — pi) -—T(ai + 4)’ 


4 = 


for i =1, 2, 3. 
Let X = H(0, 1] then (X,||.||x) is Banach space fit out with the norm. 


|X ||x = (sup|a(a)|: a € [0, 1) 


Let B= X x X x X then (B,]].||g) is also a Banach space equipped with the 
norm. 


I|(@1, 22, %3)\|B = ||21||x + |lvallx + llxsllx 
Let us define an operation Ff: B— B 


f (£1, %2,%3)(@) = (fix2(a)x3(a), fori (a)x3(a), 
f3x1(a@)x2(a) 
Where 


fit2(@)x3(a) = = [ee — t)"~*er (t, x2(t), va(t)) dt 


m1 Rro! ; qitai-1 
haere | (1 — t)@ 4%") (t, ro(t), 3(t))dt 
sf (1 — t)"-?!-1e, (¢, o(t), g(t) dt 
fox1(a)x3(a) = raf (a — t)®1e9(t, 29(t), 23 (t)) dt 
72 Raa! : q2ta2—1 
Teal (1 — PF" Teo(t, a(t), wa(t))dt 
Ws! (1 — t)2-?2-1¢5(t, avo(t), g(t) dt 
f3x1(a)x2(a) = raf (esi iiasO ai 
7s Rea” ; q3t+a3—1 ap e 
Thea (1 t) zs €a(t, 2(t), 3(t))dt 
ei ; a3—P3—loo(t a x 
Thee (1—t) 3(t, a(t), v3(t))dt 


We see fixed point of F are solution of tripled system(1.1). To simplify and our 
convenience we put. 


1 y|Ril 4 |Ri| 


Aj = 


fori = 1, 2,3 
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4 Main Theorem 


We will use well know Banach fixed points theorem to prove our first result. 


Theorem 4.1 Suppose that y; 4 pe ,2 = 1,2,3 and the following hypothesis 


holds. (H 1) Assume that a non-negative continuous functions k; € C[0,1],7 = 
1,2 exist such that 


lei(a, yr) — ex(a, y2)|< ki(a)|yi — yal 
les(a, y2) — ex(a, y3)|< ki(@)|y2 — ys| 
lei(a, ys) — ex(a, yi) kil@)|ys — ya 

Yy1, y2, y3 © RandVa € (0, 1] 


with J; = sup k;(a)i = 1,2,3 a € [0,1] and J = maa; and if I(m. +2+73) <1 
where 7,7 = 1,2,3 and defined by (7) then on [0,1] the tripled system (1) has 
a unique. We shall show F is contraction. 
Proof. Let (71, 22,23), (24, 75,23) € B then Va € [0,1] 
1 ae 
| fu(2)(w3)(a) — fa (wo) (#3)(@)/S ra, | (a— #7 


|Rily 
241 (q, + a1) 


| (1—t)™+—"1e1(¢, zo(t), x3(t) — e1(t, 29 (t), 24(t)|dt 


|Ri| 
Tai — Pi 


ler (t, vo(t), v3 (t) — e1(t, 79(t), 9(t)|dt + 


| (1—t)2-?-er (t, ea(t), s(t) 
—ex(t, 204 (t),04(t)|at 


1 a ! |Rily 
<I — wars i —1)9 dt + 
< I||vox3 — £52°5|| x - (a—t) re 240 (qi + a1) 


fo-oetenaes is fo yeaa] 
0 Pai — pr) Jo 


1 |Ri| |Rily 
< _ - / x 
< |leas — ape li 240 (q, +a1) (a, — pr) 


Thus 

Il fi(v2)(w3) — fr(wo) (x5) Im|laor3 — 292° lle 
Similarly 

Il fo(a1)(@3) — fo(@1)(v) < Ing|laiaz — 242°5|| 
and 


Il fo(a1)(@2) — fo(@)(w 4) < Ing|laraze — 2425]| 
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| f (v1, v2, v3) 7” f (24, 25,25) |la< 
I(m + 2 + n3)|| (41, 72,03) — (74, 79,3) ||B 


As I(m +72 +73) <1 therefore f is a contradiction and by Banach fixed point 
result, f must have unique fixed point i.e. the tripled system (1.1) has unique 


solution. 
Theorem 4.2 Assume 7; 4 ee = 1,2,3 and the following hypothesis 
holds. 


(H 2) there exist non negative continuous function 11, l2,l3 € C[0,1] such 

that |e;(a,y)|< l(a) Vy € R and Va € [0,1] with L; = sup I,(a),i = 1,2,3. 
a€[0,1] 

Then the tripled system (1.1) defined on [0, 1] has at least one solution 
Proof: To prove this result we take help of Schaefer fixed point theorems. 
Step-1 F is smooth. 
Since e;,€2 and e3 are smooth therefore f is also smooth. 
Step-2 Under the mapping f bounded set of B are mapped into bounded sets 
of B. 
Let we = (#1, 22,23) € B;||(x1, v2, 73) ||B< € 
where € > 0 Now for (a1, 72,73) € we and Va € [0, 1] 


fleilaylenls pf (a- 1" er(tcalt) eal 


[Ralys 
» 240(q1 + a1) 


|R| ie Spa. 
1—t)%?!~ “lei (t, vo(t), x3(t)|dt 
Tana f, @- oe Peteal) 200) 
|Rily 


1 a 
Sige Sper iga: 2 =. 
aia E i ied + oar(q +a 


1 |R | 1 
| (1 * poral ge 1 | (1 yertat| 
0 P(a1 — pr) Jo 
1 R R 
ce | Ralv a. [Ri 


‘| (1— 1)" +e, (t,29(t), 29(t)|dt 


ae 


Ta, a 240 (qi +a1) Tai — pr) 
Thus 

Si (®2)(@3)||x< wim 

similar 
fi (21) (%3)||x< wee 


and 


fi(x1)(x2)||x< wans 


=> |fi(v1, 22, ¢3)|_x< wim + wane + w373 
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ie. || fi (v1, 22, £3) ||x< 00 Step-3. F : B — B is completely continuous opera- 
tor. Let (1, v2, %3) € we and a1, a2, a3 € [0, 1] with a; < ag < a3, then 


lea\(ar) — Aleandis A f "Tan — #7? — (a1 — 2-4] at 


Ta, 


wy, f% -1_, wnlRillla3 — oF]? pees 
+—— ag — tye hy4 ae 9 aaa 
Tar Jo Kea 9) 241 (qi + a1) FS 
seg eee ya-pi- Wy a 
dt << ———__ _ 4 41 
+ AEG) < Ta 4i [(@2— a1)" (4.1) 
Has — af) 4 (ay — a)" wi 7/Ril|lo3 — of ||, w|Ri|llo3 — ail (4.2) 


T(a, +1) ' 240 (q +a, +1) | 241 (a; — p, +1) 


right- hand side tends to zero when a, — ag. 

Thus || fiv2(a2) = five(ar)||x—> 0 as ay, > Qo. 

Similarly || foa1(@2) — foxi(ai)||x— 0 as ay > ag 

|| fgv1(a2) = f3%1(@1)||x—> 0 as ay > Qo. 

Thus || f(a1, 22, %3)(a2) — f(@1, £2, 23)(a1)||B— 0 as ay > ag 

Similarly || f(a1, v2, 73) (a3) — f(a1, ®2, %3)(a1)||B— 0 as a1 > ag 

Combining step 1 to 3 and by reaction of Arzela - Ascoli theorem, F': B > B 
is completely continuous operation. 

Step-4 

Let 


w= {(t1, 02,23) € B: (41, 22,03) = OF (£1, v2, £3) 


for some ¢ € (0,1) we shall show that set ~ is bounded. Let (a1, 22,23) € 
wy = (21, %2,23)(a) = Of (x1, 22, %3)(@) for some ¢ € (0,1). Then we have 


ai(a) = ofixer3(a) 


x2(a) bfor273(a) 
r3(a) = f3r2x3(a),Va € [0,1] 


I 


I|z1(@)||= |ofivex3(a)|< Pw E [ie a t)" dt 


Ta, 
11 /F1| | 1 jar lat |Ri| 
241 (qi + a1) Jo 241'(a) — p1) 


fo = pera] 


Quis 1 7 |R1| i |Ri| 
= (ay + 1) 240 (qi +a, + 1) 241 (ay —Ppi + 1) 


(4.3) 


Thus 


ler ||x< wim 
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Similarly 


and 


Hence, we get 


\|(v1, 22, 23) |x 
B 


I| (x1, x2, x3)| 


\|v2||x< wens 


\|v3||x< w3n3 


Wi + We + W332 
oO 


< 
< 


Thus Scheafer’s fixed point result present ¢ is bounded set. f must have mini- 
mum one fixed point which is solution of tripled system (1.1). 


Example 4.1. Take the following tripled system 


CDF 21(a) = 


1 |x2(a)x3(al) 
a?+16 1+]x2(a)x3(a)| 


CD¥x2(a) = grfxg tan” "(a1 (a)73(0)),0 € [0,1] 
CD? 23(a) = eae cot +(21(a)23(a)),a € [0,1] 
x1 (0) = 21(0) = 2 (0) = 0,° D2ay(1) = (J#21)(1) 
x2(0) = «4 (0) = 2 (0) = 0,0 D2 arg(1) = 18(J2.r2)(1) (4.4) 
x3(0) = 4(0) = #3(0),° D3xg(1) = 7h(J?aa)(1) 
ay = opr = 5,01 = 3.01 = 3g F rey = 160.875 
a2 = 8,02 = 3,02 = 3,72 = 1B x HEE) = 422.96 
a3 = B,ps = 3.03 = 3.93 = 2 A = 558.125 
for a € [0,1] and y1, y2,y3 € R. 
lev(a yn) ~ ex(asva)IS ale — vel 


1 
lei(a, y2) — ex(@, ys) |S a2 95 2 — ys| 


+ 25 
lei(aa,ys) — es(a,y)IS lye — wl 
ey Qa, Y3 ej Qa, V1 ei a2 af AQ ¥3 Y1 

So, we can take ky = aarig: Ke = aap» Ks = SFIS 

I, = sup Ki(a)=— 

a€ [0,1] 16 
I, = sup K2(a) = = 

a€ [0,1] 
Iz = sup K3(a) = 

a€ [0,1] 49 
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and then, we have 


Further, 
|Fi| 
| Ro| 
|| 


Im 


Ino 


Ing 


and then 


1 
[= max{I, Iz, I3} = 16 


(5 — pi l(a 4 


__ 27865827 


TG-p)-lm+5| 1467322 2°" 
D(5 — p2)V (go + _ 8968428V7 _ | 6. 

I[(5 — po) —T(q2 + 5)| 9624241 
D(5 — ps)V(qs + _ 7525863V7F _ 49 

IT(5 — ps) — P(q3 + 5)| 9569341 

r| 1 a |Ri| Ry 
T(ay +1) 240 (q1 +ai4+1) 240 (a1 — pr +1) 


1 
16 
* (0.08211) 
16° 


0.00513 


[0.078 + 0.0034 + 0.0007] 


1 
I 
Fe +1) 
1 
16 
1 
— [0.44066] 


241 (qa + ag + 1) 


Q2|Ro| Ro 
24T (ag — p2 + 1) 


[0.4357 + 0.0046 + 0.0036] 


. = D 


5 (0.010753 
0.005376 


24T (qs + a3 +1) 


a3|R3| R3 
MG aa 


[0.00742 + 0.0000127 + 0.00332] 


I(m. +72 +13) = 0.005131 + 0.027 + 0.005376 = 0.0375087 < 1 


Hence all assumptions of Theorem 4.1 are justify and consequently the tripled 
system (4.4) must have unique solution defined on [0, 1]. 


10 
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Example 4.2. Now consider the following tripled system 


5 
CD? 2x1(a) = cosas (a) 


CDT x9(a) _ bin eypa(a) 
CD 7 x3(a) = covdragala) : 
a1(0) = 2/,(0) = 27’(0) = 0,9 D2ai(1) = B(J? 21)(1) 
x2(0) = «5(0) = 29’(0) = 0,0 D2 xo(1) = 3(J?a2)(1) (4.5) 
a3(0) = 24(0) = 24"(0),C D223(1) = $ J2x3)(1) 
3 13 _» T(qit5) _ 
ay 31? 2) n= Boy 4 ep) 1023014.17 
a2 7 P2 5542 2» 2 8 rs: Pa} = 35.895.23 
5 6 +5) _ 
a3 40 B3 3993 23 7 TS ps) = 10557.42 
for a € [0,1] and B € R, we get 
cos B 1 
B —_ 
ler(a, B)|= | x 
sin B 1 
B)|= —— 
lea(a, B= | SIS a 
cos 27. B 1 
B)|= < 
lesa, B)I= | |< 


so we can take I;(a) = naw Io(a) = oo I3(a@) = syst and then, we have 


i= ph 
a€ [0,1] 


we = sup Io(a) = 
a€ [0,1] 


Ol Ble Ne 


ws = sup Is(a) = 
a€ [0,1] 


Hence all assumption of Theorem 4.2 are satisfied therefor the tripled solution 
(4.5). 
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L'-Convergence of Newly Defined Trigonometric 
Sums Under Some New Class of Fourier 
Coefficients 


Priyanka, Karannvir Singh 
Maharaja Ranjit Singh Punjab Technical University, Bathinda, India 
priyanka.baghlaQ@gmail.com 


Tough difficulties in the trigonometric series convergence in L+ norm is ap- 
pearance of trigonometric series as Fourier series, and its L'- convergence. 
Many academics investigated trigonometric series separately by examining the 
cosine & sine series , so as a result, modified cosine sums and sine sums were 
developed to assess the sharp consequences on trigonometric series’s integrabil- 
ity & L+-convergence, as improved sums approach respective limits closer than 
traditional trigonometric sums. This work presents ‘KP’, a new class of Fourier 
Coefficients, as well as advanced cosine and sine sums of trigonometric series 
with real coefficients. As a result, necessary & sufficient criterion for Integrabil- 
ity and L!-normed convergence for trigonometric functions is achieved. Here, 
authors also discuss about L!-convergence of r*” differential of newly defined 
improved trigonometric sums with Fourier coefficients are from an enlarged class 
KP,. 

Keywords: L!- convergence; Integrability; Modified Sums; Dirichlet Kernel 
Mathematics Subject Classifications: 42A20; 42A32 


1 Introduction 


Take a look at sine & cosine series 


S- Cc, sin Ky (1.1) 
K=1 
gt aoe (1.2) 


and these equations collectively written as 


So cevy (1.3) 
K=1 
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where wy is sin«y or cos Ky respectively. 
n® sum of >>, chewy is represented as S,(y). So limy—+oo Sn(y) = Z(y). 
Kano’s{1] outcome is popularly known as sequence {c*} fulfilling {ct} 40 as 


B00 & IN KPA? (=) |<oo then }7*_, ct sinky and 2+ )07~, ch cos Ky 
are known to us as Fourier Series. 


Definitions: 


Convex Sequence: {ct} is called a convex sequence(seq.) satisfying 


23k ee, * i an * * 
A‘c, >0, where Aci =ci—c,, and A*c? = Ac, — Act). 


Quasi-Convex Sequence([2],Vol.2, page 204): A seq. {c*} is called quasi- 
convex satisfying 


So(r + I[A2ck|< 00. 


T=1 


Sequence {c*} is known as generalised quasi-convex satisfying 


Co 

S- eA? eee + oe = 0, 1,2, ..: 

T=1 
‘S’ Class([4]: sequence {c*} follow class S by satisfying ct = 0(1), 7 mono- 
tonically decreasing seq. converging to 0 > co and J a sequence {A*} s.t. 


co 
(a) A* is monotonically decreasing seq. converging to 0, ast — oo, (b) > A*<oo, 
T=0 


(c) |Act| < Az Wr. 

Convergence in L'-norm: The series L'-converges in (0,7) if ||f* — S*|| = 
o(1),T > co. 

Young|5] began to work on this issue in 1913 by examining a class of convex seq., 
which was followed by Kolmogorov{6] in 1923 by addressing a general class of 
quasi-convex seq. Then Telyakovskii[4] analysed Sidon’s significantly weaker class 
S rather than the previously defined classes for L1- normed convergence(cgs. ) 
of trigonometric series. Following theorems are famous about the L+- normed 
cgs. of Fourier series: 


Theorem 1.1:|2], Vol.2, page 204 


If {ct} is monotonically decreasing and {c*%,} is convex/quasi-convex seq. , then 
necessary & sufficient condition for L'-normed convergence of °+)°>?-_, ch cos Ky 
is logk =o(1) Km. 

Telyakovsk~ii generalised Theorem 1.1 for expression (1.2) where the coefficients 
of series (1.2) satisfy the requirements of class S[7] as follows: 
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Theorem 1.2: 


When coefficients of 6 + 3%, c cos Ky satisfying criterion of class S[Z] then 
criterion of its L+ convergence is that ct logk =o0(1) as K— oo 


Many writers examined and generalised these findings by examining various 
generalisations of seq. classes.Recently,the coefficient seq. SJ[8] was introduced 
to study the integrability and L'-cgs. of modified cosine and sine sums, which 
was further generalied by Krasniqi[9]. A contemporary class of Fourier coeffi- 
cients is formulated in this study as: 


Definition 1.3: A monotonically decreasing seq. {cnt withc; +0 as n— 
oo is follow a new class KP if Ja seq. {A>} satisfying 


(i)A* 10 (1.4) 

(it) $" 9 Af <co (1.5) 
ve, cn An 

(itt) |A (3)| < ry (1.6) 


Here, coefficient sequence KP, will be formulated that is enlargement of coef- 
ficient sequence KP. 

Definition 1.4:: A monotonically decreasing seq. {c;} with c; +0 as n— 
oo is from a new class KP, if 4 seq. {Aj} satisfying 


(i)A;, 10 (1.7) 
(44) Son" +1 AS <o0 (1.8) 
Ee cn Ar 
(iti) |A (=) < rl (1.9) 


Obviously, KP = KP, when r = 0. It is obvious that KP,41 C KP,, but its 
reverse does not hold. 

Example. Define 6, = es r = 0,1,2,... Firstly we are going to demonstrate 
that{b,}¢ KP.41 
As, by = ats 70 as 00. 


co co 
Let 3 Ay = raed = 01,23, nan S97 Ay = > : is divergent, means 
n=1 n=1 


{b,,} does not belong to KP,+1. 

But, A, is monotonically decreasing and converging to0 y—-0co, & 
lo) co 

day = 3 iesoe 


a 
Also |A(23)| < =, Vn. 
Therefore, {b,} € KP,. 
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2 Main Results: 


Now we will give proof of the succeeding statement: 


Theorem 2.1: If the coefficients of series (1.3) meet the class KP criteria, 
then it will be a Fourier series. 


Explanation 
2 [a2 (% =Sr a [A Ce) _ a ( Set 
K K K+1 
K=1 K=1 
53 Ce Cnt Cetl Crt? 
K& kK+1 «+1 642 
K=1 
7 1 1 
Cepo<Cey4, and &+2>K+1 therefore ae ead 
a Cet2 C44 
K+2 K4+1 


Co A* 
< > K°—* by defined class KP of Fourier Coefficients. 


K2 
K=1 
ee) 
= y KA <oo 
K=1 


As c* is null sequence, So by the result given by Kano[i], Theorem 1 holds. In 
this study, we provide latest improved trigonometric sums. 


rm n * . 
Any) = @ of yi y (3 | Ke, 
K=1 | j=k 
if 1 ce; sin jy 2 
mv) = | A(SR) | a? 
K= Jer 
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Also investigated their L'-convergence following the newly established class KP 
of coefficient sequences 
Theorem 2.2: Suppose that coefficients of series (1.3) follow class KP, then 


lim Z,(y) = Z(y),exists for y€(o,7| (2.2.1) 


Z(y) € L'(0,7] 
I|Z(y) — Sy(y)|| = 0(1), > 00 


Theorem 2.3: If coefficients of a sequence (1.3) are from a class K Pr, then 


lim Z’,(y) =Z" (y), exists for y€ (0,7 (2.3.1) 
n—-co 
Z"(y) € L'(0, 7], (P= O19...) 


IZ"(y) — Sn (y)Il = 01), 7 > 00. 


3 Lemmas: 


The subsequent lemmas are required to prove our main results. 


Lemma 3.1[3] 


Letn >1&reéeZtuo, y € [s,z] So |D(y)| < c.£ Where C, is +ve 
constant rely upon s, 0<s<7 & Dr(y) is conjugate Dirichlet kernel. 


Lemma 3.2[4] 
Suppose {c;,} is a sequence of # s.t. |c;| < 1 forall 7. So the relation 


[4 Pewltvs N49) 


n+I K=0 
exists, where N is perfectly constant. 
By Bernstein’s inequality, 


wT ul 
/ [S&B (y) dx < N(n+1)°*! for s = 0,1,2,... 


=n 
7+1 K=0 


lemma 3.3[3] 


IDF (y)\lz1 = o(n? log n) + o(n°), s = 0,1,2,...., and D7 (y) shows the eh 
differentials of Dirichlet Kernel. 
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4 Proof of Main results: 


4.1 Solution of theorem 2.1: 


We will just show the evidence for cosine sums here, while the argument for sine 
sums will be shown on parallel paths. 


To prove (2.2.1), we notice that 
Cc; COS 
A(35 a 2 


fete cos Jy ed (2 


cx 
Zn (y) = 22 


a (j +1) 
a cos (7 + 1 
a0) 4. * COS KY ye grt OTN 
2 (n +1) 
= 5,(y) Col cos (fn + an (7 + 1I)(2n +1) 
se 6(y + 1)? 
n+ 7(2n + 1) cos ((n + 1) y) 
Since cos(7+1)y is bounded in (0,7] and lim,-,.. “4 a = 2 and 
°C Cr 
| len] = - aa Pm} 


{if S- c, is convergent then Jam, cy, = O} 
So, jim Z,(y) = lim S,(y) = Z(y) where 


_$ 
Z(y) = 5 es Gee 


= lim Z,(y) = lim S 
ae n(¥) i n(Y) 


II 
. 
ee 
iy 
] 
g 
a 
= 
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K=1 
” co 
= jee 2h Cos Ky) 
HHL * * 
lim (S> A(8(—D" (y)) + (—D* (y))) 
— pe coe K. K y n? n ¥ 


< > A(48)(—Di(y)) 


According to the provided hypothesis & lemma 1, }7*~_, ACS ED. (y)) con- 
verges. Therefore Z(y)exists for y € (0,7] 
This brings the proof of (2.2.1). 


Now||Z(y) — 2n(y)I| = [ IZ(y) — 2n(y)ldy 


n(2n + 1) 41 cos (7 + ly 
— d 
7: 2 * cos Ky + Gin +1) |dy 


=e a > Cm aa | n(2n + 1)e)41 cos (7 + Ly 


d 
6(n + 1) lady 


m— co 
K=yn+1 


We obtain by employing Abel’s Transformation 


ae | » a(S) (-D Digg) + Sen Pald 


K=n+1 
_ (2 + 1c 41 cos (n + Ly 
| 6(n + 1) Idy 
Li f Cig Day) 
sfx a(S 5) (Dew) lay + [EP hay 
n(2n + 1)ch 4, cos (n + Ly 
i eet ps ee 


= (2) + (tt) + (ait) 
Evidence of part (i) 


[i > (3) Cow) w= ae 


K=ynt+1 
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Implementing Abel’s Transformation Once More 


K=nt1 j= 
< $0(4) (05(22)) erm 
K=ntl 0 j=l 7p 


Now by given assumption 


=o (> & +1)2A (4) 


=o(1) as {ci}© new defined class. 


Validation of (ii) component 
Chel ie , Chad A x 3 ) 
mf Dd" (y\\dy = —™, ( =(n? logn) + O 
ete [er wlav= ES (F0?toxm + 007) 
. (4 Wlogn 1 2 ) 
< 
= CH41 (- (n re 1)2 (n a p20" ) 
~ (Am logn 
SCh44 (ee + o(1) 


=o cm log n) 


Now logn <7 V n>=1 

And ne; = 0(1) as 1 — co as already proved above. 

Proof of (iii)part 

(iii) part is equal to ANG 1) which is equal to o(1) as now. 
Therefore ||Z(y) — Z,(y f= ot ) as 7 > 00 

Therefore Z(y) € LO, T| 

This concludes (2.2.2). 

Now we shall provide evidence of (2.2.3) 


|Z — Sy|| = Z— Ly + Zr, — Sy| 
= |2— Zell + |Z — S| 
n(2n +1). 
= [IZ — Zyl + W Gq ty Cos C08 (7+ Dull 
nan +1). ik 
< |Z -—Z, Cc cos (n + 1)y|d 
= nll 6(7 + 1) n+1 : | (n )y| y 


> o(1) as noo 
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by employing the assertion (2.2.1) and (2.2.2). This brings the proof of (2.2.3) 
to a close. Apparently theorem 2 is developed for feeble class than class S, yet 
conclusions are produced for L+ -convergence by not employing condition like 
ci logn =o0(1), as noo. 


4.2. Explanation of theorem 2.3: 


We will just show the evidence for cosine sums here, while the argument for sine 
sums will be shown on parallel paths. 


ch41 608 ((7 + 1)y)(m)(2n + 1) 


Z" (y) = 8", (y) ch+1 cos (9 + tyre 41)(n +1)" 


Since A,, is monotonically decreasing and converging to 0 as kK > co & 
co 
Yo Ae so; 


K=1 
So, we got K’*7.A, —> 0, as K — 00 and 


nt tice — os ACS = )| ee Denia | < Lene = 0(1),7 — oo. 


(4.2.1) 
As cos ((7 + 1)y +r) is finite in (0,7]. So, 


2"(y) = lim 2,"(y) 


nN oco 


= lim S,"(y) 


noo 
Z TT 
_ hk Tk a 
= He cf. cos(Ky + re) 


After using Abel’s Transformation, obtained as 


—_}. Ch —_ p-yrt+2 Ch r+2 
Tima ( Oe Ch COS Gera) = De AG MDP a(y)) + GD aly) 
=> A()(—D"?,,(y)) + lim 2 D"+?, (y) 
RET KR n> oo 1) 
< 3 Ae pet, (y)) + tim 2 Dr+2, (y) 
. K=1 Ke cate | 


Using the provided assumptions, lemma 1 & (4.2.1), the series > An (—D"*?..(y)) 
converges. ere? 
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So, the limit z”(y) exists for y € (0, 7] and (2.3.1) follows. 
Take the following consideration to establish (2.3.2). 


‘ ; oe m,n 41 608 (9 + ly + r5n(2n + 1)(y + 1) 
ZAYV) — 2m (y) = KC, COS(KY +1 + 7 
Co co c 
= A(-£)(—D,,"*? +4 Cn+1 pry 
DAR) + GPA 
nt+1)"(2n4+1) , T 
+ n{ ried det. cos(( + ly +r) 
88 Aw ACS) Chay 
= K fs 15 Pe an n+ r+2 
Le a PEW + Gp 
n(n +1)"(2n+1) , 1 
( na ef. cos( (m+ Ly +13) 
Be) ot ech ALG). ot. Any AS), 
= YA) SE 0 Pw) + ED SEW) 
K=n+1 j=l res ui j=l Fe 
Ch41 r+2 n(n a 1)" (2 a 1) * 7 
—_—; D | 1 = 
* G+" w) 6(n + 1) Cri cos((n + Dy +5) 


After applying the lemma 2 & lemma 3 


* 
Cc. 


na OK A(4 
iw-arws > ah fy ed, *w))ldy 


K=nt+1 j=! Ge 


-D,nlau+ [ies D; play 


 ejaal f loos((n + ty +5 ley 
— r+3 Ay r+3 Anel rk 
= O( LS K A(7)) + On (au Cy +1 log n) 
K=n+1 
n(n + 1)"(2n + 1) 


* . us 
6(n +1) craal f Joos ((n + thy +r5)| ay 


Using the reasoning provided in the explanation of theorem 2, researchers may 


conclude that 3 KrtSA(Ag a 
K=n+1 


Jo |eos((n + ly + r3)|dy < < pu and for 7 > 1 ne logan < nT tes = of1) as 
7 — oo. This iaplias. that 


l2"(y) — an MIL=00) as 4 0. (4.2.2) 
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Because,z,,"(y) is a monomial, so z"(y) € L1(0,7] which completes (2.3.2). We 
are now proceeding on to the evidence of (2.3.3) 


2" — Sy"|| = |l2" — 29" + Zn" — Sy" Il 

< ||2" — 29" || + |l2n” — Sy"1| 
Z F moe Ay CHS Dd) x 1 

— uf 1 = 
2" — zy" || + || 6(y + 1) len+1 cos((n + Ly +75) II 
‘: Pree 1 egal Oa 2c gal ~ T 

< |l2” — 2,"||+ Icha! |cos((n + Ly +15 )ldy 

0 


6(7 + 1) 


Further ||z"(y) —2y"(y)|| =0(1) as 1 oo by using (1.11), fy |cos((n+1)y+ 
r5)\dy < eral and cy is a seq. converging to 0,so the (2.3.3)part of theorem 2.3 
holds. 

Note The scenario r = 0 in main result 2.3 gives output of main result 2.2. 
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Abstract 

The current research analyzes Soret and Dufour effects on magneto hydrodynamic 
natural convection viscous-elastic radiative Casson fluid flow across a non-linear 
stretchy sheet. First, the PDEs (partial differential equations) are changed using 
similarity analysis into non-linear paired ODEs (ordinary differential equations). 
Then, using the BVP4C technique, ordinary differential equations are numerically 
solved. Engineering interest of substantial quantities like skin-friction coefficient, 
Nusselt parameter, and Sherwood parameter debated in the table with multiple 
significant characteristics. The current study describes that the temperature profile 
increases with rising thermal radiation and the Dufour effect. A declining Sherwood 
impression of Soret number is depicts in current study. An increasing radiation im- 
pact declines the Nusselt number.In addition, the concentration field enhances due 
to an increasing Soret effect. 

Key words: Non-linear stretchy sheet, Soret and Dufour effects, Casson fluid, 
Radiation Parameter, BVP4C technique. 


1 Introduction 


When most organic and commercial fluids, including hemoglobin, printer inks, 
greasing heavy oils, watercolors, gypsum pastes, fluid cleansers, multigrade oils, 
ceramic materials, fruit drinks, polymeric materials and others are pressured, they 
modify their initial fluid properties or viscosity nature. The traditional Newton’s 
law of viscosity is significantly deviated by these non-Newtonian fluids. Many 
Researchers have explore a variety of non-Newtonian viscous-elastic flow samples 
through evaluate their unique flow movement in order to estimate these conventional 
fluids’ features of flow, temperature and concentration dispensation in a suitable 
way. 

Thermal radiation is the process through which energy or heat is conveyed by 
electromagnetic waves. Thermal radiation is important when there is a large tem- 
perature difference between the boundary surface and the surrounding fluid. In 
physics and engineering, radiative impacts are essential. The effects of radiation 
heat transfer on various flows are critical when performing activities requiring high 
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temperatures and space technologies. For instance, the effects of radiation are es- 
sential for observing heat transfer in the polymer sectors, where heat regulating 
elements have a mild influence on the quality of the finished product. Relevant 
are also the effects of radiation on nuclear power plants, aircraft, gas turbines, 
spacecraft, liquid metal fluids, and solar radiation.A comprehensive examination of 
mixture convective flow of Casson and Oldroyd-B fluids through a linearly strat- 
ified stretchy sheet was reported by Kumam, P.et al. [1]. Additionally Thermal 
radiation, chemical reactivity, and magnetization are all properties of Casson and 
Oldroyd-B fluids. The property of slide boundary circumstances and chemical re- 
active on heat and mass transport via mix convective boundary stratum flow of 
a non-Newtonian fluid over a non-linear stretchy sheet are studied by Ahemed et 
al. [2]. Ahmad. et al. [3] studied the free convection slippage flow of fractional 
viscous fluid by considering the thermal radiation, heat generation, chemical reac- 
tion of order first, and Newtonian heating through a porous medium by considering 
single-wall carbon nanotube (SWCNT).The Casson fluid form is used to explain 
the performance of non-Newtonian fluids. Basha et al. [4] investigated the MHD 
convective heat transport viscous-elastic boundary layer of the Casson fluid with 
Joule and viscous dissipation characteristics under the impact of chemical process 
and in the presence of Lorentz forces, a non-linear stretched sheet was utilized. 
Basha et al. [5] developed a 2D numerical form to explore the result of buoyancy 
forces on magnetized free convective Walters-B fluid flow across a stretched sheet 
with Soret impact, heat radiative, heat source/sink, and viscous dissipation. The 
stretchy sheet geometry is used to generate the present physical model. The elec- 
tromagnetic force on a charged particle, effect on a non-linear structure is analyzed. 
The work focuses exclusively on contributions to the utilization of non-Newtonian 
Casson fluid entropy generation across an exponentially stretched sheet. Entropy 
generation and homogeneous—heterogeneous reactions are explored by Das et al. 
[6]. Instead of no-slip situation at the boundary, motion and thermal slips are mea- 
sured. The buoyancy influence on 2D Casson fluid flow and mix convection over a 
non-linear stretched sheet is detected from Gangadhar et al. [7]. 

The Soret effect is related to mass flow phenomena caused by heat diffusion, 
while the Dufour effect is tied to the energy flux generated by the solute differ- 
ence. The Soret impact is used to cope with gas concentrations with lighter and 
medium molecular weights. The Soret and Dufour phenomena are used to transfer 
heat and mass in a variety of industrial and engineering applications, such as mul- 
ticomponent melts in geosciences, groundwater pollutant migration, solidification 
of binary alloys, chemical reactors, space cooling, isotope separation, oil reservoirs, 
and mixtures of gases.An unsteady free convection slip flow of second grade fluid 
over an infinite heated inclined plate solved with Caputo-Fabrizio fractional deriva- 
tiveis studied by Haq et al. [8].Hussanan et al. [9] explored the heat transfer from 
a Casson fluid to a non-linearly expanding sheet using Newtonian heating and the 
magneto hydrodynamic flow of that fluid. Ibrahim et al. [10] constructed a mathe- 
matical model for the investigation of mixed convection on MHD Casson fluid flow 
through a non-linearly permeable extended sheet with radiative, viscous dispersion, 
heat source/sink, chemical reaction, and suction. They also used the Buogiorno’s 
type Nano-fluid form, which includes Brownian motion and thermophoresis. The 
impacts of radiation parameter and chemical reactions on time dependent MHD 
free convection flow in a porous plate were analyzed by Matta et al. [11].Mehta. 
et al. [12] discussed magnetohydrodynamics varied convective stagnation point 
stream with a vertically extended sheet embedded in a permeable material with 
generation/absorption, radiation impacts, and viscous dissipation. The MHD flow 
stalling at the point of Casson fluid across a non-linearly extending sheet with vis- 
cous dispersion was studied from Medicare et al. [13].The MHD flow and heat 
transmission of Casson nano particles across a non-linear (temperature variation 
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throughout) stretchable sheet is studied by Mustafa et al. [14]. Mukhopadhyay, s. 
[15] explored a boundary layer investigation for non-Newtonian fluid flow and heat 
transport across a non-linearly stretchy sheet. The motion field is suppressed when 
the Casson constraint is rised. However, as the Casson parameter is enhanced, the 
temperature rises. In the existence of a chemical reaction, Naduvinamani et al.[16] 
explored the heat and mass transport characteristics of a time dependent MHD 
squeeze flow of Casson fluid between two parallel plates with viscous and Joule 
dissipation influences. Compress flow is affected by Soret and Dufour impacts, as 
well as radiation parameter and heat source/sink impacts are explored. Panigrahi 
et al. [17] assessed the effects of Soret and Dufour on the properties of heat and 
mass transport in a mixture Powell-Erying fluid boundary layer flow on a non-linear 
stretch sheet. In the existence of thermal radiation and chemical reaction, Reddy 
et al.[18] studied the time independent 2D MHD convective boundary layer flow of 
a Casson fluid over an increasingly slope porous stretchy sheet. 

Aside from the flow caused by an unstable or steady extending/shrinking sheet, 
the influence of the buoyant force caused by the stretching sheets could not be ig- 
nored. The importance of thermal radiation with mixed convective boundary layer 
(BL) flow in geothermal engineering, space technology, and nuclear reactor cooling 
has increased interest in the topic.Singh et al. [19] investigate thin film flow of a 
third-grade fluid down a inclined planeusing an effective well organized computa- 
tional scheme namely homotopy perturbation Elzaki transform method.Singh et al. 
[20] studied the local fractional linear transport equations (LFLTE) in fractal porous 
media.Sumalatha and Bandari [21] investigated the impact of radiation impact and 
heat source/sink on the flow across a non-linearly expanding sheet of Casson fluid. 
Sreedevi et al. [22] studied the convective heat and mass transport flow of an elec- 
trical conducting fluid over a porous vertically stretched sheet under the assorted 
property of the magnetic parameter, Joule heating, thermal radiation absorption, 
viscous dissipation, buoyancy forces, Soret, and Dufour. Tak et al. [23] examined 
the impressions of radiation parameter and magnetic impact on the heat and mass 
transport features of natural convection around an upright surface embedded in 
a dripping wet Darcian porous media, taking into account the Soret and Dufour 
impacts. Ullah et al. [24] explored the impact of slip effects on MHD free convec- 
tion flow of non-Newtonian fluid across a non-linear stretched sheet wringing wet in 
porous media with Newtonian heating. Ullah et al. [25] investigated a time depen- 
dent mix convection flow of Casson fluid for a non-linear extending sheet with slip 
and convective boundary circumstances. Furthermore explored are the impacts of 
thermo-diffusion, diffusion-thermo, viscous dissipation, and heat Source/Sink. The 
flow and heat transport characteristics of a viscous fluid over a non-linear extending 
sheet are investigated through studied by Vajravelu, K. [26]. 

Basha, H. et al. [4] are investigated the Casson fluid flow natural convection 
viscous-elastic boundary layer in MHD over a non-linear stretched sheet with Joule 
and viscous dissipation impacts under chemical reaction influence in the presence of 
Lorentz forces. The current work fills the gap of Basha, H. et al. [4] by involving the 
Soret and Dufour impacts in existence of radiation parameter, and the numerical 
result discussed through graphs along with table using MATLAB software. 


2 Problem Structure: 


The current study examines the movement of 2D; time-independent, laminar, vis- 
cous, incompressible boundary layer carrying a MHD Non-Newtonian Casson fluid 
across a non-linear stretched sheet. Based on the geometry that is taken into con- 
sideration, the current physical condition is modeled. On the other hand, Figure 1 
gives clear clarification of the measured problems flow configuration completed with 
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all required criteria. The contemplated flow design is consistent with the y = 0 plane 
and stream are restricted to just y > 0. Still, exterior forces are used in combina- 
tion with axial flow side in which the surface is enhanced and the origin is fixed. In 
order to clearly give details the problem, the authors also established a rectangular 
system where the y-direction is taken perpendicular to the stretchy surface and the 
x-coordinate is measured along the flow direction. Also, Bo strength is applied to 
the Y-coordinate, as is seen in Fig. 1. Furthermore; the free flow velocity, thermal, 
and volume fraction are represented by Ux, Too, and Ca. 


Thermal 
Momentum boundary layer 


Non-linear 
Stretching sheet 


Concentration 
boundary layer 


aU, -ex", T=T,. CC, _—= wu 0,T > T,,,C > C,, 


Figure 1: Physical structure and coordinate system of the topic under investigation. 


The established equation of a Casson fluid is inscribed by used Ref [4], [7], [9], 
and [15] 

Tan = i a gan ai (1 

2(upB + Jaq )emn ift<7,. 


Where 7 = €mn€mn and Emp is the (m,n)!” section of the rate of deformation, 7 
is the multiple of the sections of defacement rate, 7, is critical worth of the multiply 
founded by the non-Newtonian fluid form, jug is the plastic movable viscosity of the 
non-Newtonian fluid and tT, is the yield stress of the fluid. 

The following criteria define the controlling relations for the proposed study Ref. 


[4], [17], [18] 
Ou Ov 
4 
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gBr(T — Tx.) + 9Bo(C — Coo), (3) 


OF “OF hi T  iOG m 1, Ou... 0 Bo*u? 
U t t T — Too) + 14 
Ox Oy = Cp Oy? —_ lp ) Be B May) PCp 
1 Or DyKr oC (4) 
PCy Oy Cxbg- Oy?’ 
OC OC OC DmKr &?'T 
sere —=D,y k; 00 ) + 
us te By Oye T,, dy? 1(C — Coo) (5) 


Earlier, equations (2) to (5) are in paired form, 6 = jp ne is a parameter 
for the Casson fluid. And motion factors are u and v. and v denotes kinematic 
viscosity, 6 is a number of the shear thinning Casson fluid, a shows the electro 
conductivity, Bo signifies the magneto field strength, p symbol for the density, k 
denotes thermal conductivity, T pointed for temperature, Qo characterizes inside 
heat source (> 0)/sink (< 0) amount, C is the occurrence of concentration, Dy», 
defines diffusivity, and k, shows the chemical reactive parameter, 4 symbol for the 
dynamic viscosity, C, represents for the specific heat capacity, Cs, is the volume 
fraction susceptibility, g is the gravitational force, 8; and {co are the coefficients 
of thermal and mass expansion. Where the non-linear stretchy surface speed is 
represented by the parameters a (a > 0) and n. further the terms p — poo = 
—(8r(T — Tso) + Bo(C — C.)) is buoyancy effects. Furthermore, the boundary- 
layer supposition suggests that corporally the conditions on a particular location 
are directly dependent upon those upstream. From a mathematical standpoint, 
the behavior of the system was converted from an elliptical to a parabola form, 
additionally; this change would significantly simplify the mathematical studies of 
the problem. 

The limitations are composed by used Ref. [4] 


U=Uy =ax", v=0, T=Ty, C=Cy, aty=0. 


u— 0, ToT, C3 Cy, at yoo. (6) 
the Roseland approximation of the radiation heat flow is defined by Ref. [18], 
[21] 
—4o OT* 
p= oe, 7 
@ 3k* Oy (7) 


Inscribe the T* as a linear connection of thermal with Taylor’s series extension 
regarding expansion about T., and deleting greater terms, we get 


Presto Tht, (8) 


In view of the similarity transformation, we change the dimensional governing 
equation into non-dimensional equations and similarity transformation are written 
as 
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a(n +1) (m—1y/2 T-Tx 
n (4) = 
oe » ON) =F 
With the help of equations (7) to (9b), equations (2) to (6) are diminished to 
the following regime with rejecting pressure gradient. 


where n=y 


1 2 
(+ 5)f" = ——"_(f'? - ff" +2Mf' -Gr0-Goe=0, (10) 
B (n +1) 
1 
((1+ Nr))6” +2QPré0+Prfo'+ (1+ prey) +2PrMEc(f')? + Dupr¢"” = 0, 
(11) 
(1+ ScSr)¢” + Scf¢' — 2ScKr¢ = 0. (12) 
With suitable boundary circumstances 
£0) =0, fO=1, 00)=1, 4(0)=0, at =0. (13a) 
f'(~) + 0, O(c0) 3 0, = d(oo) 3 0, at 1 — oo. (13b) 
Where,M shows the magnetic parameter or Hartman number M = ates 
Gr and Ge represent the local Temperature Grashof number G'r = 981 (Tw—Tes) and 


a2g2n—1 OF) 


gBc(Cw—Coo) 


local Concentration Grashof number Gg = 77S —“ey 
ager 
2 


respectively, Pr shows the 


Prandtl number Pr = aL Nr denotes the Radiation parameter Nr = ise Eat. 
Ec denotes the Eckert number Ec = oat Du specifies the Dufour num- 
p(Tw—Too 


ber Du = Dim Kr{Cw—Cos) | Sc denotes the Schmidt number Sc = De? Sr repre- 


CsCpV(Lw—Too) 
sents the Soret number Sr = Penge) 


, 2 denotes the non-Newtonian Casson 


parameter8 = pp eae Kr shows that the chemical reaction Kr = CES aaa 


Vv 


where Ky stands for porosity parameterk, = 7, and Q denotes the heat sorce sink 


Q= Qo 

pacpxr—t* 

Physical Quantities: 

Skin Friction Coefficient Cf,: The physical amount Skin friction Cf, that 
getsup due to the viscous stretch in the surroundings of the plate is well-defined as 


T, T, Ou 
Cf, = —, where Ty = + —*)(—), <0. 14 
Heat Transfer Coefficient: The dimensionless Nusselt number(Nu,.) is specified 
by 
dw OT 
Nuy = =. wh w = —k(—)y=o0- 1 
Ue Top, gt re (3,9 0 (15) 


Mass Transmission factor: The amount of mass transport is resulting through 
a Sherwood parameter (.Sh,) which is assumed by 


ZLdm OC 
m — —Dm >a /y=0: 
Bn, —0.)' where q (3, )y=0 


Shy = (16) 
Here 7, denotes the shear stress along with the shrinkage wall, qw signifies heat 
flux, and gm is mass transmission quantity at wall. 
Therefore, in terms of Equations (9a) to (9b), the following non-dimensional 
quantities are obtained: 


1/2 = n+l 
Re, “Chey ae. 


a+ 5 f"0) 


209 Shilpa et al 204-223 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 2, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


local Nusselt 
n+1 


Rey‘? Nuz = —(——)'/?6'(0), 


local Sherwood 


1 
Re,~/?Sh, = a 


y/9'(0). (18) 
Where, Re, = “** is the local Reynolds number, C’f, is Skin Friction coefficient, 
Nu, is Nusselt number, Sh, is Sherwood parameter,7, indicates the wall shear 
stress, k signifies the thermo nano-fluid conductivity, q, shows the surface heat 
flux, and q,, directs the surface mass flux. 
We resolve the reduced equations (10) to (12) with limit conditions (13a) and 
(13b) via BVP4C method. 


3 Results and Discussion: 


The current research attempts to provide a fundamental physical understanding and 
industrial level practical significance of the subject under consideration. The rheo- 
logical equations (10 to 13b)are solved numerically with the BVP4C with rheolog- 
ical quantities heat source/sink parameter, generative/destructive, chemical reac- 
tive parameter, transverse magnetic impact, thermal diffusivity, viscous dissipation, 
chemical reaction, radiation parameter, Dufour and Soret effect.Such as n,G.,Gr, 
B, M, Ec, Pr, Kr,Nr,Sr,Q,Du, and Sc.For existing study, The Fig. of different 
parameters is designed with the service of MATLAB software and shown in Fig. 
2 to Fig.25. Fig. (2-4) presents how the effects of 8 on flow sensibility, temper- 
ature, and mass transport characteristics. Additionally, the impacts of 6 on the 
dominant motion profile are also seen in Figure 2. The flow velocity in the domain 
of the solution under consideration is significantly reduced by the increasing un- 
der the impression of the magnetic and non-linear stretchy parameters, like shown 
in Figure 2.Flow velocities are decreased for increasing because an enhance in 6 
rises the dynamic viscosity when stresses are present, that significantly increases 
the resistance to the movement of fluid near the wall. Therefore, flow velocity was 
decreased.Figure 3 also displays the effect of thermal dispersion. This figure shows 
that the thermal graph decomposes as ( rises. The thermal layer is also seen to be 
thinning.The temperature profile drops to zero until it is close to the surface.Like 
this, Figure 4 depicts the effect of the Casson fluid parameter on the mass distri- 
bution field. The concentration distribution increases near the stretching surface as 
6 increases. Greater @ values result in stronger molecular scale contacts, which 
increase molecular mobility and, ultimately, enhance the fluid’s mass distribution. 
A thicker concentration boundary layer is subsequently observed.Figure 5 shows 
that the thermal distribution enlarges at greater values of the Dufour impact Du. 
this can be decoded that rise in the Dufour effect Du, which reason an enhance- 
ment in the concentration gradient and a faster rate of mass diffusion. The rate of 
heat transport associated to the particles rises as an outcome. The thermal profiles 
improve as a result. Velocity and Temperature decreases with increasing Eckert 
parameter Ec which is shown in Fig.-6 and 7, respectively. The purpose of Figs. 
8 and 9 is to see how local concentration (local concentration Grashof number G,) 
affects velocity and concentration. As G, rises, an enhancement in fluid velocity is 
seen. As G, increases, the buoyant force increasingly outweighs the viscous force. 
As a result, the Grashof number improves fluid flow, raising both the velocity and 
thickness of the motion barrier layer.Additionally, since the buoyancy force tends 
to make the concentration gradient higher, the concentration is reduced. 

Fig.10-12 shows that the influence of local temperature Grashof number Gy on 
motion, thermal and volume fraction. For the decrease in the thickness of the bound- 
ary layer the motion reduces with rising values of the local temperature Grashof 
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effect. For increasing the local temperature Grashof parameter, the thermal and 
volume fraction profiles decrease. This decrease in temperature and concentration 
profiles is primarily caused by the fact that raising the local temperature uses more 
energy and causes more heat to flow to the surrounding fluid, which lowers the 
thermal and volume fraction profiles. Figure 13 shows that the mass distribution 
degraded at increasing Kr parameters. This decline in Solutal graph is mostly 
caused by the increased mass distribution that also reduces the concentration dis- 
tribution. The decreased velocity profile for the increasing Magnetic field M values 
is depicted in Fig. 14. The resistance grows as the Lorentz forces increase, which 
causes the velocity distribution close to the surface to flatten. Additionally, for an 
increasing magnetic impact in the flow field, the factor of the velocity distribution 
along the axial side decrease to nil at a greater distance from a given point. Con- 
sequently, when the magnetic field increased, the velocity field degraded. Figures 
15 and 16 explain the impact magnetic parameter M has on thermal and volume 
fraction flow formulation. The temperature distribution increased for the growing 
magnetic field M, as seen in Figure 15. Based to the fluid’s Joule heating, the 
temperature field grows as the magnetic field rises since more thermal energy will 
be liberated into the fluid as an outcome. Even as flexibility stress parameter lowers 
due to an enhance in the magnetic parameter, the thermal field is augmented in 
the fluid flow under consideration. Figure 16 also shows how the magnetic field 
affects the concentration profile. The concentration distribution is seen to react as 
a decreasing function of magnetic number in this graph. 


G,=G ,=Kr=Q=Du=Sr=Nr=0.1, 
M=Eo=0.2,Pr=Se=0.7,n=0.5 


3=0.3,0.5,0.7 


7) —~> 


Figure 2: Motion formulation of Casson fluid parameter £. 


G,=G ,=Kr=Q=Du=Sr=Nr=0.1, 
M=Ee=0.2,Pr=Se=0.7,n=0.5 


Figure 3: Thermal formulation of Casson fluid parameter 6. 
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0.9 G=G .=Kr=Q=Du=Sr=Nr=0.1, 
M=0.2,Pr=Sc=0.7,n=0.5 


3=0.3,0.5,0.7 


G.=Kr=Q=G=Sr=Nr=0.4, 
08 8=0.3,M=Eo=0.2,Pr=Sc=0.7,n=0.5 
f 06 
— 04 
a 
02 
0 
Du=0.1,0.5,1.0 
02 
o 1 2 3 4 5 6 7 8 9 1 


Figure 5: 


G.=G,=Kr=Q=Du=Sr=Nr=0.1, 
8=0.02,M=0.2,Pr=Sc=0.7,n=0.5 


Ec=0.1,0.15,0.2 
—— Ec=0.1 
—— Ec= 0.15 
Ec =0.2 


G.=G,=Kr=Q=Du=Sr=Nr=0.1, 
=0.02,M=0.2,Pr=Sc=0.7,n=0.5 


Ec=0.1,0.3,0.5 


& 1) 


Figure 7: Temperature formulation of Eckert number Ec. 
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Figures (17-19) show how non-linear stretched parameters affect velocity, tem- 
perature, and concentration distribution behavior. Figures 17 illustrate how the 
expanding stretching variable reduces flow velocity. Additionally, at higher n num- 
bers, this decrease in f (7) is quite small. Since al is the coefficient in Equation 
(10) approaches 2 when n > 1, and an outcome the velocity profile is reduced. 
Additionally, the non-linear parameter n causes the velocity profile to be more dis- 
connected. Furthermore, at a greater distance from the fixed value, the velocity 
profile monotonically decreased to zero. Figures 18 and 19 show, correspondingly, 
how the non - linear stretched parameter affects thermal and volume fraction pro- 
files. The thermal and Solutal curves are magnified for the enhancing non - linear 
parameter n, as shown in Figures 18 and 19. Additionally, at a greater distance from 
the object, temperature and concentration exponentially decrease to zero. Also, as 
the non - linear stretched number n increases, the temperature and concentration 
boundary regions get thicker. As seen in figure.20, temperature is rising as the 
radiation parameter Nr and the boundary layer thickness it depends on both grow. 
This is because a rise in the radiation parameter heats the fluid more, which raises 
the temperature and thickens the layer of thermal boundaries 


G,=Sc=Sr=Du=Nr=Q=J=Kr=Ec=0.1, 
M=0.5,n=0.5,Pr=0.7 


02F G=0.1,0.4,0.8 


G =Nr=Du=Kr=Se=Sr=3=Q=Ec=0.1, + 
Pr=0.7,M=n=0.5 


G.70.1,0.408 ——-G.=0.1 
— G,=04 | 
— 6,-0.8 } 


Figure 9: Concentration formulation of concentration Grashof number G,. 
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G.=Kr=Q=Du=Sr=Nr=0.1, 
8=0.3,M=Ec=0.2,Pr=Sc=0.7,n=0.5 


G5=0.1,0.7,1.3 


G.=Kr=Q=Du=Sr=Nr=0.1, 
3=0.3,M=Ec=0.2,Pr=Sc=0.7,n=0.5 


G.=Kr=Q=Du=Sr=Nr=0.1, 
8=0.3,M=Ec=0.2,Pr=Sc=0.7,n=0.5 


G .=G,=Nr=Du=Sr=0=0.1, 


M=Ec=0.2, 3=0.3, 
Pr=Se=0.7,n=0.5 


o Kr=0.1,0.3,0.5 
0.1 
0 


Figure 13: Concentration formulation of chemical reaction parameter Kr. 
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G{=G =Kr=Sr=Nr=Du=Q=0.1, 
(8=0.3,Sc=Pr=0.7,n=0.5,Ec=0.2 


G1=G =Kr=Sr=Nr=Du=Q=0.1, 
§=0.3,Sc=Pr=0.7,n=0.5,Ec=0.2 


G,=G ,=Kr=Sr=Nr=Du=Q=0.1, 
=0.3,Sc=Pr=0.7,n=0.5,Ec=0.2 


rr 
G.=G,=Kr=Sr=Nr=Du=Q=0.1, 
M=Ec=0.2,Sc=Pr=0.7,50.3 


Figure 17: Motion formulation of the nonlinear parameter n. 
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G.=G)=Kr=Sr=Nr=Du=Q=0.1, 
M=Ec=0.2,Sc=Pr=0.7,3=0.3 


G.=G,=Kr=Sr=Nr=Du=Q=0.1, 
M=Ec=0,2,Sc=Pr=0.7,3=0.3 


G,=G,=Kr=Du=Sr=Q=0.1, 
M=Ec=0.2, 8=0.3, 
Pr=Sc=0.7,m=0.5 


G1=G ,=Kr=Sr=Nr=Du=Q=0.1, 
M=Ec=0.2, 30.3,Sc=0.7,n=0.5, 


Pr=0.7,0.8,0.9 


Figure 21: Temperature formulation of the Prandtl parameter Pr. 
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“al G,=G ,=Kr=Sr=Nr=Du=Q=0.1, 
" 920,3,M=Ec=0,2,Pr=0.7,n=0.5, 


G,=G,=Kr=Du=Sr=Nr=0.4, 
M=Ec= 0.2, 8=0.3,Pr=Sc=0.7,n=0.5 


Q=01 
— a=02 


— = 0. 


Q=0.1,0.2,0.3 


, 
Sh ” 


Q=0.41 
— a=02 


— a=03 


G,=G,_ =Kr=Du=Sr=Nr=0.4, 


M=Ec= 0.2, 8=0.3, 
Pr=Sc=0.7,n=0.5 


G,=G,=Kr=Du=Sr=Nr=0.4, 
M=Ec= 0.2, 8=0.3,Pr=Sc=0.7,n=0.5 


Figure 25: Concentration formulations of Heat source sink Q. 
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G.=Kr=Q=Du=G,=Nr=0.1, 
8=0.3,M=Ec=0.2,Pr=Sc=0.7,n=0.5 
4 


Figure 26: Concentration formulation of Soret effect Sir. 
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The impact of the thermal graph is displayed in Fig. 21 for various Prandtl 
number Pr quantities. Temperature distribution is shown to reduce for increasing in 
this analysis. Physically, Prandtl parameter Pr affects the thickness of the thermal 
boundary layer and momentum boundary layers. A larger Prandtl number denotes 
a thickness of the thermal boundary layer that is thinner, maintaining the boundary 
layer’s uniform thermal distribution. The heating-boundary layer is subordinated 
to the magneto hydrodynamic boundary layer. Heat can dissipate more quickly in 
reduced Prandtl parameter fluids than in highest Prandtl parameter fluids according 
to their higher thermal conductivities. The impact of Schmidt parameter Sc on the 
dispensation of concentrations is shown in Fig.22. The volume fraction field reduces 
with rising Schmidt number Sc. Schmidt number, though it is constantly connected 
to velocity and mass diffusivities. Therefore, the fluid concentration diffusion is 
suppressed by rising values of Schmidt parameter Sc. In Figure 23, the motion 
profile reduces with the enhancing value of heat source or sink Q. Figure 24 shows 
how heating source or sink parameter Q affects temperature. The figure shows that 
as the heat sink’s power rises, the non - dimensional temperature lowers, even as 
the heat source’s power rises, the temperature rises. Therefore, as the heat sink 
parameter is raised, the thermal boundary layer reduces thickness, whereas the 
heat source effect causes it to rise. Also Fig.25 denotes the increasing concentration 
profile with the increasing value of heat source or sink Q. Figure 26 provided a 
visual representation of the consequences of thermal migration or Soret number 
(Sr). Sr represents the mass transfer rate between lowest to the highest solute 
concentrations and is essentially a ratio of temperature gradient to concentration. 
Figure 26 show that the concentration profile is exhibiting a rising behavior along 
with the rising value of Sr. 

Table I: Impression of parameters of notice on skin friction, Nusselt parameter, 
and Sherwood parameter: 


n |Grl Gc] 8 | M]|Pr| Ec] Sc] Q | Du] Sr] Nr] Kr] CfpRe,/? | —NuzRe, 1/4 —ShzRe, 1’? 

0.5 -1.85657 0.65240 0.55783 
2.5] 0.1] 0.1] 0.3 | 0.2] 0.7) 0.2) 0.7] 0.1] 0.1] 0.1] 0.1) 0.1) -2.23135 0.65017 0.54858 
4.5 -2.3244 0.64932 0.54636 
0.1 -1.85657 0.6524 0.55783 
0.5| 0.7 -1.59447 0.65546 0.56157 
1.3 -1.33728 0.65742 0.56520 

0.3 -1.85657 0.652401 0.557836 

0.1 0.7 -1.43724 0.535531 0.5621336 

0.7 -1.44060 0.482280 0.5611931 

0.2 -1.85657 0.652401 0.557836 

0.3 | 0.5 -2.33732 0.928422 0.508645 

0.7 -2.05587 0.571925 0.545825 


16 


219 Shilpa et al 204-223 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 2, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


0.7 -1.85657 0.652401 0.55783 
0.2} 0.8 -1.48080 0.727980 961245 
0.9 -1.53126 0.79666 0.5589154 
0.1 -10.18979 2.044867 0.594878 
0.02 0.7| 0.3 -26.32619 10.6900 0.507348 
0.5 -33.7957 18.38017 0.4583266 
0.7 -1.85657 0.652401 0.557836 
0.3 0.2) 0.8 -2.01032 0.925019 0.558312 
0.9 -1.42483 0.648136 0.558312 
0.1 -1.85657 0.652401 0.557836 
0.7) 0.2 -1.463515 0.626327 0.56106 
0.3 -1.63419 0.691826 0.551289 
0.1 -1.856577 0.652401 0.557836 
0.1} 0.5 -1.9724632 | 0.809687 0.515012 
1 -1.222268 0.336784 0.573077 
0.1 -1.85657 0.652401 0.557836 
0.1) 0.5 -1.419446 0.663674 0.494086 
1 -2.0097 0.948055 0.3811412 
0.1 -1.856577 0.652401 0.557836 
0.1} 0.3 -1.34829 0.577117 0.56761 
0.5 -1.283884 0.51627 0.570809 
0.1) -1.856577 0.652401 0.557836 
0.1) 0.2) -1.42427 0.6509020 0.64566 
0.3) -1.425672 0.645687 0.7180935 
0.1 -3.678953 0.75017 0.200603 
0.4; 0.1 | 0.5 0.1; 0.1 0.1] -3.2968876 | 0.7372915 0.20394816 
0.8 -2.803422 0.720553 0.208056 


Table IT: validate the current values of various physical parameters to previ- 


ouslyresults of Basha et al. Ref. [3] andVajraveluk. Ref. [21] respectively. 


Vajraveluk.Ref[21] 


Basha et al. Ref. [3] 


current values 


T 


77 


T 


n_| Pr | f'O) (0) FO (0) FO (0) 
1 0.71} -1.0000 -0.4590 -1.00005468353233 -0.45908783553 -1.00001 -0.459033 
5 0.71) -1.1945 -0.4394 -1.19449559110388 -0.4395495710690 -1.1945 -0.4394 

10 | 0.71) -1.2348 -0.4357 -1.23488263663213 -0.4356401511209 -1.23488 -0.435641 
1 7 -1.0000 -1.8953 -1.00005468353233 -1.8953100096284 -1.00001 -1.89541 
5 7 -1.1945 -1.8610 -1.19449559110388 -1.8609911518168 -1.1945 -1.86159 
7 7 -1.2348 -1.8541 -1.23488263663213 -1.8540100137230 -1.23488 -1.85464 


4 Conclusion: 


From the current study we conclude that the mathematical outcomes for diverse 
physical quantities have been dissolved. The effects of the transfer of mass and 
heat including Soret and Dufour effects, heat absorption/ generation, Radiation 
parameter, chemical reaction, have been expressed for a non-linear stretchy surface 
in the rheology.This problem can be solved for future purpose if sheet is inclined at 
some angle. The boundary conditions and fluids can also be changed. The ending 
conclusion is 


e An increasing value of Soret effect, grow the concentration of the fluid. And 
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e Temperature profile is increased for an increasing value of Dufour effect 


e Motion and thermal profiles of the fluid are decreased due to increased Heat 
source/sink 


e Temperature profile of the fluid is increased when raised thermal radiation 


e Motion and thermal profiles of the fluid are decreased due to enhanced Eckert 
number 


e The decreasing skin-friction rate impression is seen for radiation parameters 


e For the Soret effect, the diminishing Sherwood parameter impression is ob- 
served 
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In this article, we present M/M/1 retrial queueing system with feedback and 
Server breakdown. Arrival follows Poisson process. An arrival finds the system 
is full, the arrival enters into an orbit of size infinity. From the orbit the cus- 
tomers try their luck. The time between two successive retrials is called retrial 
time, it follows negative exponential distribution. Service time is exponentially 
distributed. Once the server experiences an unanticipated failure, it should be 
repaired and returned to normal functioning. Feedback is when unsatisfied cus- 
tomers join the orbit again for a service. Matrix geometric method is engaged 
to determined performance measures. Some graphical representations are also 
acquired. 


AMS subject classification number— 90B22, 60K30 and 60K25 
Key Words —- Retrial Queue, Arrival Rate, Server Breakdown, Feedback, Matrix 
Geometric Method (MGM). 


1 Introduction 


Queueing model can be found in variety of real-life scenarios. Queueing system with 
feedback have several uses in the manufacturing, computing and telecommunications 
systems. In queueing theory in which customer arrives who finds the sever and waiting 
places are engaged, may retry after an irregular measurement of time is known as retrial 
queue. During the period of getting service the server may get sudden breakdown and 
send to repair, at that time the customer wait to get complete service. After getting a 
service the customer has to decide to leave the system or to continue the service. The 
unsatisfied customer goes to the orbit for another service is called feedback. Artalejo 
(2012) determined M/M/1 retrial queue with finite population. A survey of retrial 


224 M.SEENIVASAN 224-235 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 2, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


queues was explored by Falin (1990). M/M/1 retrial queueing system with variable 
service rates in priority service was analyzed by Ayyappan Govindan et al (2011). 
Neuts (1981) discussed several matrix geometric stochastic model solutions. Praveen 
Deora et al (2021) analyzed the cost analysis and optimization of machine repair model 
with working vacation and feedback policy. 

This model has been investigated by Choi, et al (1998) analyzed multi-server retrial 
queue with feedback and loss. Choi and Kulkarni (1992) explored feedback retrial 
queueing model. Chuen-Horng Lin and Jau-Chuan Ke (2011) determined multi server 
retrial queue with loss and feedback. Retrial queue with server breakdown has been 
investigated by Kalyanaraman and Seenivasan (2011) analyzed multi-server retrial 
queue with breakdown and geometric loss. Seenivasan et al investigated different type 
of queueing models and their characteristics behavior. With the help of that research 
criteria we developed the concept using in retrial queueing model. 

Following is an overview of the remaining sections of this article. Construction 
of our model is presented in section 2. Section 3 includes some numerical examples. 
Section 4 describes the system performance measures, as well as the summary follows 
in the end part of this article. + 


2 Construction of the model 


In this article, we concentrated on retrial queue with server breakdown and Feedback. 
Arriving customer follows Poisson process with rate A. Assuming that the server is 
free, the incoming customer will be served instantly, and if the server is occupied, he 
will joining the orbit. After certain uneven estimations of time, customers from orbit 
attempt their luck. In retrial, each customer is viewed as equivalent to a primary 
customer. The retrial time is exponentially distributed with rate v. The service time 
is exponential distributed with service rate yu. Eventually when the server could open 
to unforeseen breakdown with rate a and after it ought to be fixed and goes to normal 
service with rate ¢. Server will wait unless there is no queue at the ending of the 
vacation. Assuming that the served customer decide to leaves the framework forever 
with rate 6’ = (1 — 8) (or) he rejoins the orbit again for another service at a rate 8 
(it is called feedback). Our model’s transition diagram is depicted in (Figure. 1). 


1Corresponding Author: M.Seenivasan, Mathematics Wings - DDE, Annamalai University, 
Annamalainagar - 608002, Tamilnadu, India. 
Email: emseeni@yahoo.com 
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Figure 1. Transition Diagram 


Let A(t), B(t) : t > 0 be a stochastic process with state space at time t, 

A(t) = 0, server is idle, 
A(t) = 1, server is working, 
A(t) = 2, server gets breakdown. 
B(t) indicates no. of customers in the orbit. 
Lexicographical series is given by: 
Q = (0,0)U (1, 0)U (4, 7);4 = 0,1,7 =1,2,...,n>1 
Infinitesimal generated matrix Q: 

Koo Loo ae 

Noo Moo Loo -::: 

0 Noo Moo Loo 


c= 0 *++ Noo Moo 
0 Bok. “aua* ee 
Where 
—() » 0 0 0 0 
Ko={ Bu -(A+at+n) ray ; Lo =| Bu A 0]; 
0 ¢ A (eas) 0 0A 
Ov 0 —(A+v) N 0 
Noo= {9 0 0 J; Moo = B —(A+aty) a : 
00 0 0 eo -(A+y) 


We define mi; {A =i,B = j}=limyo0. Pr{A(t) = i, B(t) = gy}, where j indi- 
cates no. of customers in the orbit & i indicates the server state. 

From the balance equation IQ = 0. (1) 
mo Koo + 71Noo = 0 (2) 
ToLoo + 71Moo + T2Noo = 0 (3) 
71 Loo + 72Moo + 73Noo = 0 (4) 


mi Loo + 7i4+1Moo + 7i+2No0 = 0 (5) 
And 7; = mR? forj > 1. (6) 
We can assuming that R is a rate matrix. 

mo0|Koo + RNoo] = 0 (7) 
mo[R?. Noo + RMoo + Loo] = 0 (8) 
The normalizing condition is 

Tp [I — R]J*'e=1 (9) 


’e’ is a column vector with all elements equal to 1. 
II partitioned as II = (Io, Ili, II2) is a static prob. vector of the (reducible) generator 
matrix is D = Loo + Moo + Noo. 


—(Atv) (A+v) 0 
D= ( LM —(uta) a (10) 
0 ~ -~ 
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And II could be displayed to be stationary in order that IID = 0 & Ile = 1. 


Atv a(A+v),_ Atv a(A+v 
To = [14 Game ery ee ap 
LM pL LM py 


Ilo. 
The static condition adopts the format actually determined by the drift condition. 


IILooe < INooe. Equation (10) determines D’s static probability. After obtaining rate 
matrix R, our probability vectors Ij’s (j > 1) are calculated using Eqs. (6) and (9). 


3 Numerical Study 


By changing the values of the parameter \ & fixing all other parameters 


Case i 


, 0.3950 0.2226 0.0247 
IfA = 0.10, w= 2.0,68 =0.4,6 =0.6,0 = 0.30, yp = 0.50, v = 0.05 & R= | 0.5926 0.1838 0.0370 
0.4938 0.1868 0.1975 


Table 1. Probability vectors 
II; 04 Tj 123 Total 


To | 0.2436 | 0.0203 | 0.0361 | 0.3000 
m™ | 0.1261 | 0.0647 | 0.0139 | 0.2047 
m2 | 0.0950 | 0.0426 | 0.0083 | 0.1459 
m3 | 0.0668 | 0.0305 | 0.0056 | 0.1029 
m4 | 0.0472 | 0.0215 | 0.0039 | 0.0726 
Ts | 0.0333 | 0.0152 | 0.0027 | 0.0512 
m™ | 0.0235 | 0.0107 | 0.0019 | 0.0316 
m7 | 0.0166 | 0.0076 | 0.0014 | 0.0256 
mg | 0.0117 | 0.0053 | 0.0010 | 0.0180 
mt | 0.0083 | 0.0038 | 0.0007 | 0.0128 
Tio | 0.0058 | 0.0027 | 0.0005 | 0.0090 
™11 | 0.0041 | 0.0012 | 0.0003 | 0.0063 
T™12 | 0.0029 | 0.0008 | 0.0002 | 0.0044 
7™13 | 0.0020 | 0.0006 | 0.0002 | 0.0031 
Tia | 0.0014 | 0.0004 | 0.0001 | 0.0022 
™15 | 0.0010 | 0.0003 | 0.0001 | 0.0016 
Tie | 0.0007 | 0.0002 | 0.0001 | 0.0011 
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T17 0.0005 | 0.0001 | 0.0000 | 0.0007 
T18 0.0004 | 0.0001 | 0.0000 | 0.0006 
T19 0.0003 | 0.0001 | 0.0000 | 0.0004 
T20 0.0002 | 0.0001 | 0.0000 | 0.0003 
Total 0.9999 


The prob. vectors in table 1 were calculated by using the matrix R in Equation (7) 
and Equation (9), we get the vector Ig = (0.2436 0.0203 0.0361). Utilizing Hp in 
Equation (6), the rest of the vectors are obtained. Hence the sum of the probability 
is affirmed to be 0.9999 = 1. 


Case ii 


If\ = 0.15, up = 2.0, 8 =0.4,8' = 0.6, a = 0.30, y = 0.50, v 00st r- ( 


Table 2. Probability vectors 


Il; 70; 1; 12; Total 
mo | 0.1364 | 0.0171 | 0.0338 | 0.1873 
m™ | 0.0882 | 0.0473 | 0.0154 | 0.1509 
m2 | 0.0760 | 0.0375 | 0.0101 | 0.1236 
m3 | 0.0621 | 0.0309 | 0.0077 | 0.1006 
ma | 0.0505 | 0.0251 | 0.0062 | 0.0818 
m5 | 0.0411 | 0.0204 | 0.0050 | 0.0665 
me | 0.0334 | 0.0166 | 0.0040 | 0.0540 
wz | 0.0272 | 0.0135 | 0.0033 | 0.0440 
mg | 0.0221 | 0.0110 | 0.0027 | 0.0358 
mg | 0.0179 | 0.0089 | 0.0022 | 0.0290 
™o | 0.0146 | 0.0073 | 0.0018 | 0.0237 
™11 | 0.0119 | 0.0059 | 0.0014 | 0.0192 
™2 | 0.0096 | 0.0048 | 0.0012 | 0.0156 
™3 | 0.0078 | 0.0039 | 0.0009 | 0.0126 
Ta | 0.0064 | 0.0032 | 0.0008 | 0.0104 
™15 | 0.0052 | 0.0026 | 0.0006 | 0.0084 
Tie | 0.0042 | 0.0021 | 0.0005 | 0.0068 
™7 | 0.0034 | 0.0017 | 0.0004 | 0.0055 
™s | 0.0028 | 0.0014 | 0.0003 | 0.0045 
5 
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0.4548 0.2665 00s 
0.4665 0.2100 0.2711 
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T19 0.0023 | 0.0011 | 0.0003 | 0.0037 
720 0.0018 | 0.0009 | 0.0002 | 0.0029 
721 0.0015 | 0.0007 | 0.0002 | 0.0024 
T22 0.0012 | 0.0006 | 0.0001 | 0.0019 
723 0.0010 | 0.0005 | 0.0001 | 0.0021 
724 0.0008 | 0.0004 | 0.0001 | 0.0013 
725 0.0007 | 0.0003 | 0.0001 | 0.0011 
726 0.0005 | 0.0003 | 0.0001 | 0.0009 
127 0.0004 | 0.0002 | 0.0001 | 0.0007 
728 0.0004 | 0.0002 | 0.0000 | 0.0006 
729 0.0003 | 0.0001 | 0.0000 | 0.0004 
730 0.0002 | 0.0001 | 0.0000 | 0.0003 
Total 0.9998 


The prob. vectors in table 2 were calculated by using the matrix R in Equation (7) 
and Equation (9), we get the vector Ig = (0.1364 0.0171 0.0338). Utilizing Hp in 
Equation (6), the rest of the vectors are obtained. Hence the sum of the probability 
is affirmed to be 0.9998 = 1. 


Ifr 


Case iii 


2.0, B = 0.4,8" 


0.20, 


0.6, a 


0.30, yp = 0.5 


0,v o0nter- ( 


Table 3. Probability vectors 


229 


Il; 70; 1; 712; Total 
mo | 0.0849 | 0.0142 | 0.0305 | 0.1296 
m™ | 0.0627 | 0.0348 | 0.0154 | 0.1129 
m2 | 0.0579 | 0.0303 | 0.0106 | 0.0988 
m3 | 0.0508 | 0.0268 | 0.0085 | 0.0861 
ta | 0.0443 | 0.0233 | 0.0072 | 0.0748 
m5 | 0.0386 | 0.0203 | 0.0062 | 0.0651 
me | 0.0335 | 0.0177 | 0.0054 | 0.0566 
wz | 0.0292 | 0.0154 | 0.0047 | 0.0493 
mg | 0.0253 | 0.0133 | 0.0040 | 0.0416 
mg | 0.0220 | 0.0116 | 0.0035 | 0.0371 
™o | 0.0192 | 0.0101 | 0.0031 | 0.0324 
™11 | 0.0166 | 0.0088 | 0.0027 | 0.0281 
™2 | 0.0145 | 0.0076 | 0.0023 | 0.0244 
6 


0.6034 0.2543 0.0647 


0.4827 0.2894 00 
0.4310 0.2160 0.3319 
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713 0.0126 | 0.0066 | 0.0020 | 0.0212 
7714 0.0109 | 0.0058 | 0.0017 | 0.0184 
T15 0.0095 | 0.0050 | 0.0015 | 0.0160 
T16 0.0083 | 0.0044 | 0.0013 | 0.0140 
T17 0.0072 | 0.0038 | 0.0011 | 0.0121 
T18 0.0062 | 0.0033 | 0.0010 | 0.0105 
T19 0.0054 | 0.0029 | 0.0009 | 0.0092 
T20 0.0047 | 0.0025 | 0.0008 | 0.0080 
721 0.0041 | 0.0022 | 0.0007 | 0.0070 
7122 0.0036 | 0.0019 | 0.0006 | 0.0061 
723 0.0031 | 0.0016 | 0.0005 | 0.0052 
T24 0.0027 | 0.0014 | 0.0004 | 0.0045 
725 0.0023 | 0.0012 | 0.0004 | 0.0039 
726 0.0020 | 0.0011 | 0.0003 | 0.0034 
127 0.0018 | 0.0009 | 0.0003 | 0.0030 
728 0.0015 | 0.0008 | 0.0002 | 0.0025 
729 0.0013 | 0.0007 | 0.0002 | 0.0022 
730 0.0012 | 0.0006 | 0.0002 | 0.0020 
731 0.0010 | 0.0005 | 0.0002 | 0.0017 
732 0.0009 | 0.0005 | 0.0001 | 0.0015 
733 0.0008 | 0.0004 | 0.0001 | 0.0013 
734 0.0007 | 0.0003 | 0.0001 | 0.0011 
7735 0.0006 | 0.0003 | 0.0001 | 0.0010 
7736 0.0005 | 0.0003 | 0.0001 | 0.0009 
737 0.0004 | 0.0002 | 0.0001 | 0.0007 
738 0.0003 | 0.0002 | 0.0001 | 0.0006 
739 0.0003 | 0.0002 | 0.0000 | 0.0005 
T40 0.0002 | 0.0001 | 0.0000 | 0.0003 
Total 0.9980 


The prob. vectors in table 3 were calculated by using the matrix R in Equation (7) 
and Equation (9), we get the vector IIo = (0.0849 0.0142 0.0305). Utilizing Hp in 
Equation (6), the rest of the vectors are obtained. Hence the sum of the probability 


is affirmed to be 0.9980 = 1. 


Case iv 


If\ = 0.25, p = 2.0,8 = 0.4,8' = 0.6, a = 0.30, y = 0.50, v vost r ( 
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0.4938 0.3055 0.0617 
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Table 4. Probability vectors 


Il; Tj Tj 12; Total 
mo | 0.0570 | 0.0119 | 0.0275 | 0.0964 
m™ | 0.0416 | 0.0267 | 0.0149 | 0.0877 
m2 | 0.0444 | 0.0247 | 0.0105 | 0.0796 
m3 | 0.0407 | 0.0227 | 0.0086 | 0.0720 
ta | 0.0369 | 0.0206 | 0.0075 | 0.0650 
m5 | 0.0334 | 0.0186 | 0.0067 | 0.0587 
me | 0.0301 | 0.0168 | 0.0060 | 0.0529 
m7 | 0.0272 | 0.0152 | 0.0054 | 0.0478 
mg | 0.0245 | 0.0137 | 0.0049 | 0.0431 
mg | 0.0221 | 0.0123 | 0.0044 | 0.0388 
To | 0.0200 | 0.0111 | 0.0040 | 0.0351 
™11 | 0.0180 | 0.0100 | 0.0036 | 0.0316 
™2 | 0.0163 | 0.0091 | 0.0032 | 0.0286 
™3 | 0.0147 | 0.0082 | 0.0029 | 0.0258 
™a | 0.0132 | 0.0074 | 0.0026 | 0.0232 
™5 | 0.0119 | 0.0067 | 0.0024 | 0.0210 
Ti6 | 0.0108 | 0.0060 | 0.0021 | 0.0189 
™7 | 0.0097 | 0.0054 | 0.0019 | 0.0170 
™s | 0.0088 | 0.0049 | 0.0017 | 0.0154 
T™i9 | 0.0079 | 0.0044 | 0.0016 | 0.0139 
720 | 0.0071 | 0.0040 | 0.0014 | 0.0125 
721 | 0.0064 | 0.0036 | 0.0013 | 0.0113 
722 | 0.0058 | 0.0032 | 0.0012 | 0.0102 
723 | 0.0052 | 0.0029 | 0.0010 | 0.0091 
T24 | 0.0047 | 0.0026 | 0.0009 | 0.0082 
725 | 0.0043 | 0.0024 | 0.0008 | 0.0075 
726 | 0.0038 | 0.0021 | 0.0008 | 0.0067 
T27 | 0.0035 | 0.0019 | 0.0007 | 0.0061 
T2g | 0.0033 | 0.0017 | 0.0006 | 0.0054 
T29 | 0.0028 | 0.0016 | 0.0006 | 0.0050 
7™30 | 0.0025 | 0.0014 | 0.0005 | 0.0044 
731 | 0.0023 | 0.0013 | 0.0005 | 0.0041 
732 | 0.0021 | 0.0012 | 0.0004 | 0.0037 
8 
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7733 0.0019 | 0.0010 | 0.0004 | 0.0033 
7734 0.0017 | 0.0009 | 0.0003 | 0.0029 
7735 0.0015 | 0.0008 | 0.0003 | 0.0026 
736 0.0014 | 0.0008 | 0.0003 | 0.0025 
737 0.0012 | 0.0007 | 0.0002 | 0.0021 
7738 0.0011 | 0.0006 | 0.0002 | 0.0018 
7739 0.0010 | 0.0006 | 0.0002 | 0.0018 
T40 0.0009 | 0.0005 | 0.0002 | 0.0016 
TA1 0.0008 | 0.0005 | 0.0002 | 0.0015 
742 0.0007 | 0.0004 | 0.0001 | 0.0012 
743 0.0007 | 0.0004 | 0.0001 | 0.0012 
Ta 0.0006 | 0.0003 | 0.0001 | 0.0010 
T5 0.0005 | 0.0003 | 0.0001 | 0.0009 
746 0.0005 | 0.0003 | 0.0001 | 0.0009 
TAT 0.0004 | 0.0002 | 0.0001 | 0.0007 
Total 0.9990 


The prob. vectors in table 4 were calculated by using the matrix R in Equation (7) 
and Equation (9), we get the vector Ilo = (0.0570 0.0119 0.0275). Utilizing IIo in 
Equation (6), the rest of the vectors are obtained. Hence the sum of the probability 


is affirmed to be 0.9990 = 1. 


4 Performance Measures 


The following performance measures were discovered using steady-state probabilities. 


e Pr{server is in idle} E(1) = IIo 


Co 


e Pr{server is on busy period} E(B) = )> jmy 


j=l 
e Pr{server gets breakdown} E(BD) = > jr; 
j=l 


11) 


12) 


e Pr{Total no. of customers in the system} E(N) = E() + E(B) + E(BD) (14) 


232 


2 
Pr{No customer in the orbit} PNCO = > Tio 
i=0 


i= 
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Table 5. Performance Measures 


mn 0.1 0.15 0.2 0.25 
E(1) 0.6917 | 0.6327 | 0.5954 | 0.5660 
E(B) | 0.7077 | 1.3304 | 2.0656 | 3.6330 

E(BD) | 0.1297 | 0.3255 | 0.6596 | 1.0317 
E(N) | 2.3764 | 4.3319 | 6.6537 | 9.8917 
PNCO | 0.3000 | 0.1873 | 0.1296 | 0.0964 


£(l) 


A 


+] 


Figure 2. Arrival rate versus E(I) 


E(B) 


A 


Figure 3. Arrival rate versus E(B) 


£(BD) 


A 


Figure 4. Arrival rate versus E(BD) 
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g 


E(N) 


Figure 5. Arrival rate versus E(N) 


PNCO 


A 


Figure 6. Arrival rate versus PNCO 


The values of arrival rate have been varied from 0.1 to 2.5 As the arrival increases, 
Prob. that server is on idle and Prob. that orbit has no customer are decreases(refer 
Fig. 2 & Fig. 6). Similarly, if arrival rate increases, then Prob. that server is on 
busy period, Prob. that server gets breakdown and Prob. that total customers in the 
system are gradually increases (refer Fig. 3, Fig. 4 & Fig. 5). 


5 Summary 


This article focused on M/M/1 retrial queue with breakdown & feedback by utilizing 
Matrix geometric method. Using this type of model we can able to manage the time 
during the server breakdown and customer who is not satisfied are also able to get 
a servers again without any issues. By this producing this method the steady state 
probability vectors are obtained. From that some system performance measures are 
also determined with graphical representations. 
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Abstract 


Norm retrieval was introduced for Hilbert space frames for the first time 
by Bahmanpour et. al. in the year 2015. In order for a subspace as 
well as its orthogonal complement to do norm retrieval, it was proved 
by Bahmanpour et. al. that norm retrieval is a necessary requirement. 
Basically, norm retrieval refers to the process of reconstructing the signal’s 
norm from the intensity measurements. We give a few characterizations 
for norm retrieval by vectors and subspaces under the action of bounded 
linear operators. 
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1 Introduction 


For any orthonormal basis {u1, u2,u3,...}, a vector v € H can be explicitly 
represented as v = )+(v,u;)u;. Thus orthonormal bases help to reconstruct a 


vector. In a similar manner, frames, having more flexible structure, also help to 
reconstruct a vector in a stable way. Duffin and Schaeffer [9] for the first time 
introduced frames for Hilbert spaces in the year 1952. Frames provides us with 
a reconstruction formula for lost signals. Daubechies et. al. popularized frames 
through their work in [7]. Over the last few decades, frame theory has become 
a prestigious area of research. Researchers worked various generalizations of 
frames, for instance, K-frame [13], fusion frame [5], wavelet frame [6] and many 
more. Basically, frames help us to recover and reconstruct the signal, that was 
lost or distorted, in a stable manner. 

Reconstruction of signal is one of the important and significant problems in 
engineering especially in signal processing. Here a signal can be thought as a 
vector. This process of regaining the original signal becomes challenging when 
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there is a partial loss of information. Sometimes it happens that we only have 
the intensity measurements or the phaseless measurements of the lost signal. 
In such case, phase retrieval sequences help to reconstruct or regain the signal 
from its intensity measurements or phaseless measurements. Phase retrieval was 
introduced by Balan et al. [2] for Hilbert space frames in the year 2006. Since 
then mathematicians have started to work in this area. Phase retrieval is one of 
the challenging engineering problems. It includes a broad range of applications 
in many fields, such as speech recognition technology, X-ray crystallography, 
etc. 

Norm retrieval means regaining or reconstructing the lost signal’s norm 
from its intensity measurements or phaseless measurements. Norm retrieval 
for Hilbert spaces was discussed for the first time by Bahmanpour et. al. [1] in 
the year 2015. It was proved in [1] that norm retrieval is the necessary require- 
ment for a subspace so that the subspace along with its orthogonal complement 
do phase retrieval. We note that if a sequence does phase retrieval then it will 
always do norm retrieval. In the last few years, it is observed that researchers 
have worked on norm retrieval frames [10], norm retrieval subspaces in finite 
dimensional Hilbert spaces [4]; and in infinite dimensional Hilbert spaces [15]. 
Apart from these, pertubation of norm retrieval frames is discussed in [11]. Be- 
ing highly influenced as well as encouraged by the above mentioned work we 
explore norm retrieval sequences for vectors under the action of bounded lin- 
ear operators, T. We also provide a method for construction of norm retrieval 
subspaces. 

We stick to the following notations throughout paper. H,K represents sepa- 
rable Hilbert spaces, 6(#) represents the space of linear and bounded operators 
from H to H. I, A, A; represents a countable index set. 

The paper is organised as follows. In Section 2, we give some preliminary 
background on norm retrieval sequences for finite and infinite dimensional spaces 
and we highlight some of the important results in these fields. We provide 
characterizations of norm retrieval sequences and and norm retrieval subspaces 
in Section 3. 


2 Preliminaries 


We recall the fundamental definitions and basic results that will be helpful for 
the paper. Frames are mathematical tools that are used to reconstruct signals. 


Definition 2.1. [6] Consider a sequence, say y = {y;}ier, in H. If for all 
x EH, there exist constants 0 < Ay < Az < co such that ¢» satisfies 


Aillz|? < do (2, gi)? < Aallel?. 
1EL 


Then ¢ is called a frame for H. Here the constants A, is known as the lower 
frame bound, Ag is known as the upper frame bound. The frame yg is called 
Parseval frame if A; = Ag = 1. 
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For example, consider an orthonormal basis, say, {e,} for H, then the se- 
quence {€1, €1, €2, 3, e4,...} isa frame for H. The associated frame bounds are 
A; =1, Ap = 2. 

The frame operator, S, is a mapping S : H — H defined as 


Sx = S (2, pipi, Va EH. 
wel 


The reconstruction formula given by frame operator and frame elements is as 
follows: 
= SG Spi); = 3G, yi)S yi, Va CH. 
el i€1 

We note that this representation is not unique, owing to the fact that frame 
elements are not necessarily linearly independent. Frames are one of the essential 
tools for restoring a signal. There are many different types of frames. One 
special type of frame is the scalable frame [14]. A scalable frame is a frame, 
y, for H such that there exists scalars, say c,,¢2,¢3,... with c; > 0 for which 
{civi}ier is a Parseval frame for H. We refer the readers [6] for more information 
in frame theory. 


Definition 2.2. [2] Consider a sequence y = {yi}ier € H. We say y performs 
phase retrieval for H, if for x,y € H, vy satisfies 


lz, vi) =Ky vl, Viel, 
then x = cy and c satisfies |c| = 1. 


The sequence of vectors {e; + e;}i<;, where e;’s are standard orthonormal 
basis, performs phase retrieval for 22. If a sequence does phase retrieval in a 
finite dimension space then it is also a frame, but it may not necessarily be a 
frame in an infinite dimension space. 

In [3], Cahill et. al. thoroughly discussed phase retrieval by subspaces or 
projections. 


Definition 2.3. [3] Suppose W = {Wi}ier C H is a collection of closed sub- 
spaces with corresponding projections P = {P;}ier. Then W or P does phase 
retrieval whenever x,y € H, P satisfies 


| Piel] = ||Peyll Viel, 
we have x = cy and c satisfies |c| = 1. 


Bahmanpour et. al. [1] introduced norm retrieval for frames in Hilbert 
spaces in the year 2015. In his attempt to pass the phase retrieval condition 
by subspaces to its orthogonal complements, Bahmanpour proved in [1] that 
the property of norm retrieval is a necessary requirement. A norm retrieval 
sequence helps to reconstruct partially lost signal’s norm. 
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Definition 2.4. [1] A sequence of vectors y = {y;}ie7 in H does norm retrieval 
if for x,y € H, vy satisfies 


(x, gi) =l(y.e)| Vie d, 
then |||] = |Iyll- 


It is obvious for scalable frames, parseval frames, tight frames to do norm 
retrieval. An orthonormal basis will always do norm retrieval for the corre- 
sponding space. It is to be noted that if a sequence performs phase retrieval for 
H then the sequence also performs norm retrieval for H, however the converse 
is not true. For example, orthonormal bases do norm retrieval but not phase 
retrieval. 

Norm retrieval by projections is defined as follows. 


Definition 2.5. [1] Consider a family of subspaces, say {W;};¢7, in an infinite 
dimensional Hilbert space H and define the orthogonal projections, say {P;}ier, 
onto {W;}ier. Then {W;}ier (or {P;}ier) performs norm retrieval for H if for 
x,y EH, {Pihier satisfies ||P;x|| = || Py], V 7 ¢ I, we have |x|] = ||y]|. 


Norm retrieval can be thought as having an advantage of one free measure- 
ment when one tries to do phase retrieval. 

The next proposition gives us a method to construct norm retrieval subspaces 
with the help of dimension of the subspaces. 


Proposition 2.6. /4/ If {W;}*, are subspaces in R” such that they do norm 


m 
retrieval then S> dimW; > n. Moreover, if 4d ki,ko,...,km € N with ky <n 
i=l 
m 
such that for some L EN >° k; = Ln then there exist subspaces {W;}%™, that 
i=l 
perform norm retrieval in R” where dimW; = k; for 1<i<m. 


The above result can easily be generalized as follows. 


Theorem 2.7. Suppose {ki}, are natural numbers such that ki < n and 
m l 

ki >n. If for somel EN with 1 <l<m, ok; is a multiple of n, then 
i=l i=l 

there exist subspaces {W;}™, in R” satisfying dimW; = k; such that {W;}%, 
performs norm retrieval. 


We recall the following properties of projection operators. 


Lemma 2.8. /12] Consider any two Hilbert spaces, say, Hi, He and T € 
B(H1,H2). Consider a closed subspace, say, W 1, of H, and another closed 
subspace, say, W2, of Hz. Then the following statements are true. 


(1) Pw,T* Pw, = Pw,T* if and only if TW, Cc Ws. 
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3 Main Results 


We begin this section by studying norm retrieval sequences under the action of 
bounded linear operators. 

In [1], it was shown that orthogonal projections preserve the norm retrieval 
property. However in [4], it is shown that the norm retrieval property is not 
preserved by invertible operators. For instance, y = {(1,0),(0,1)} does norm 
retrieval for R?; consider an invertible on R? defined by T(x1, v2) = (%1+%2, 22); 
but Ty = {(1,0), (1, 1)} does not do norm retrieval for R?. 


Remark 3.1. y = {y;}ier perform norm retrieval for H <> for c; 4 0, 
cy = {c:y;}ier perform norm retrieval for H. Indeed, this can be easily verified 
from the fact that |(2,c;y;)| = |(y, cy:)| <> (x, gi)| = l(y, g,) |, Vi © I. 


Theorem 3.2. Suppose {yi}icr performs norm retrieval for H. Consider T € 
B(H), such that T is an isometry. Then {T* y;}icr performs norm retrieval for 
H. 


Proof. Suppose x,y € H such that |(2,T*y;)| = |(y,T*yi)| ==> |(T2,¢;)| = 
(Ty, yi)|, V ie J. Using the fact that {y;};:e7 performs norm retrieval for H 
and T is an isometry, we get ||2|| = ||y|l. 


Corollary 3.3. Suppose T € B(H) is an unitary operator and let p = {yvihier 
be a sequence of vectors in H. Then, y doing norm retrieval for H is equivalent 
to Ty doing norm retrieval for H. 


In [8] it was shown that phase retrieval is preserved by non-zero idempotent 
operators for the range space. Theorem 3.4 shows that idempotent operators 
also preserves norm retrieval for the range space. 


Theorem 3.4. Consider T € B(H), a non-zero idempotent operator and let 
yp = {yvitier be a sequence of vectors in H. Then ~ doing norm retrieval for 
R(T*) is equivalent to {Tyi}ier doing norm retrieval for R(T*). 


Proof. We note that for every 71,72 € R(T*), there exists yi, yo € H such that 
T*y, = 4%, T*y2 = £2. Then we have, 
(x1, Ty)| = (r2, Ti)| > (Tn, Tyee) = (T"y2, Tei) | 
==> |(T" 91, vi)| = (Tye, i) | 
= (x1, Ya) | = |(t2, ~4)|, 


for all i € J. Hence the theorem holds. 


Theorem 3.5. Given a closed subspace W of a Hilbert space H, every norm 
sequence for H can be uniquely decomposed into norm retrieval sequences for W 


and Wt. 
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Proof. Suppose y = {yi }ier does norm retrieval for H and P,, is the orthogonal 
projection onto W. Then y can be uniquely decomposed as P,,y and (I— Pw)y, 
where Pyyp = {Pwyi}ier. The conclusion follows from the facts that for x,y € 
Ww, 


and for z,y<€ Wt, 


I(x, yi) | = (x, (P= Pig)o;)| = ly, (I — Pw) yi)| = Cy, va), Viel. 


Corollary 3.3 shows that the norm retrieval property for vectors is preserved 
by unitary operators. We now show that the norm retrieval property for sub- 
spaces is also preserved by unitary operators. 


Theorem 3.6. Consider W = {W;}icr is a collection of closed subspaces in H. 
Further, let T :H—- K be unitary. If W does norm retrieval for H, then TW 
does norm retrieval for K. 


Proof. For yi,y2 € K, let ||Prw,yi|| = ||Prw;y2l| for alli € I. Since T is 
surjective, 4 41,%2 € H such that Tx; = y, and Tx2 = yz. We note that 
fork = 1,2, we have Prw,Yk = Prw, Tx. = Prw,TPw,rk + Prw,T Py .rk = 
Prw,T Pw,t, = TPw,tp. Thus, we get ||P Py,x1|| = ||P Pw, e||. Using the fact 
that T is isometry and {W;};-7 do norm retrieval, we obtain ||y;|| = ||yel|- 


The following two examples show that if we drop the condition that T is 
isometry or the condition that T is surjective then we may lose the property of 
norm retrievality of {TW; hier. 


Example 3.7. Consider the subspaces W, = a-axis and W2 = y-axis in 
R?. Clearly, {W1,W2} does norm retrieval for R?. Define T, : R? > R? as 
T1(@1, 22) = (a1 + 2,22). Thus T; is not an isometry. Now T;W, = z-axis 
and T,;W2 = span{(x,x) : « € R}. However {T,W,,T,W2} does not do norm 
retrieval in R?. This can be easily verified at (1,1) and (1, —3). 


Example 3.8. Consider the subspaces W, = z-axis and W2 = y-axis in R?. 
We note that {W1,W2} does norm retrieval for R?. Define Tz : R? > R? as 
To(@1, 22) = (1, 22,0). Clearly T> is not surjective. Now T2W, = x-axis and 
T2W2 = y-axis in R°. But {72W1,T2W2} does not do norm retrieval in R®. 
This can be easily verified for (0,0,1) and (0,0, 2). 


Let {P;}%, be projections onto subspaces {W;}’, of C”. Consider any 
orthonormal bases {gig Hey of {W;}%_, and a sub collection S C {(i,j):1< 
i<m,1<j< UG}. It was shown in [4] that if {P,}", does norm retrieval 
and x | span{yijtajyes, y L span{yis}ujyege then Re(x,y) = 0. In fact 
(x,y) = 0 for an arbitrary Hilbert space, this is eveident from the following 
result. A similar result for weaving norm retrival subspaces was proved in [8]. 
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Theorem 3.9. Let {P;}iea be projections onto subspaces {W;}icn of H. Given 
any orthonormal bases {yij}jea, of {Wiican and a sub collection S C {(i,j) : 
iE A,7 € AG}. If {Pihien does norm retrieval then {is kG es Als {ij} G jee 


Proof. Given S Cc {(t,7) : a1 € Ajj € Ai}. Let x € {9} Ges and y € 
{ij }G.j)ese. We note that for each i ¢ A, 


IP@+yI? =o ety eu)? = SO Maou? + D2 ly, vi9)?. 


JEAG JEM FENG 
(4,j)ES* (4,j)ES 
= SO |K(e- 9, vis)? 
JEAN: 
= ||Pi(@ - y)I/?. 


Therefore, we get ||x + y||? = ||x — y||? for all ie A. Thus Re(z,y) = 0. 
Similarly, we obtain ||P;(x + iy)||? = ||Pi(@ — iy)? = |la + iyl/? = 
lla — iy||? => Im(z,y) = 0 for allie A. Hence, x 1 y. 


Corollary 3.10. Consider a sequence of vectors p = {pi}ier in H. For non- 
trivial J C I, let W, = span{y;}iez and Wz = span{y;sicse. If p does norm 
retrieval then Wi C Wo. 


Proof. Since y does norm retrieval, so by Theorem 3.9 we have Wj L W5. 
Hence the conclusion follows. 


In [4], it has been proved that corollary 3.11 is true for R”. We extend it to 
H” where H” is an n-dimensional Hilbert space. 


Corollary 3.11. Every norm retrieval set with n elements is orthogonal in H”, 
where H” is an n-dimensional Hilbert space. 


Proof. Consider a norm retrieval collection {y;}"_, in H”. If possible, suppose 
for some k with 1 < k < n, yx is not orthogonal to another element of this 
collection. Let W, = span{y;};4, and W2 = span{y;}. Then Wz can not be 
a subset W2, a contradiction to Corollary 3.10. 
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Abstract 


Any arriving customer who arrives and finds that the server is free, enters the 
service station and the remaining customers connect into the orbit. When the 
normal busy server is running, the system may at any time become defective 
due to a disaster. All users are forced to quit the system due to a disaster, 
which also brings about the failure of the main server. When a primary server 
breaks, it is shipped out for repair, and the repair process starts instantly. The 
server stops running as soon as the orbit is empty at a typical service finish 
instant. During the working breakdown or working vacation, the replacement 
server offers arriving customers a lower level of service. The arriving customer 
receives service instantly if the server is idle. If not, he will choose whether 
to leave the system without service or returning to receive service. Using the 
supplementary variable technique, we calculate the steady state PGF for system 
and orbit sizes. We generate performance measures and particular cases. With 
the use of specific numerical examples, we analyse the model. 

Keywords: Retrial queue, balking, disaster, working breakdown, working va- 
cation. 
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1 Introduction 


Previously, various authors investigated queueing models with varying service 
rates. These models drive almost made the assistance rate subject to the frame- 
work’s circumstance, like lines in irregular conditions, lines with breakdown, and 
working breakdown. Retrial lines with repeated tasks are distinguished in a re- 
trial queueing system by the fact that an arriving customer sees the server busy 
upon arrival and is encouraged to leave the support area and join a retry line 
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known as orbit. After a specific measure of time has elapsed, the client in orbit 
might make another assistance demand. It makes no difference to the other 
customers in the orbit if any random customer in the orbit repeats the service 
request. Such queues assume a novel part in PC and broadcast communications 
frameworks. Rajadurai [8,9], estimated a Non-Markovian retrial queue includ- 
ing calamity and working breakdown. Kalidass and Ramanath (2012) pioneered 
“The concept of working breakdowns”. If a regular busy server fails due to a dis- 
aster at any time, the system ought to be ready with a reinforcement (reserve) 
server in the event that the primary server falls flat. It makes no difference to 
the other customers in the orbit if any random customer in the orbit repeats the 
service request. The main server rejoins the system and becomes operational as 
soon as the repair is fulfilled. Furthermore, the operational breakdown service 
can reduce customer complaints as the principal server is being repaired, as well 
as the cost of customers who are waiting. As a result, a more sensible repair 
strategy for problematic queueing framework is the working breakdown service. 
Rajadurai et al [10], considered inconsistent queueing frameworks with different 
highlights, one of which is that when a server falls flat, it is sent for fix, dur- 
ing which time it stops offering support to essential clients until the assistance 
channel is fixed, and the client who was simply being served before the server 
disappointment trusts that the leftover help will finish. 


2 Model Description 


In this model the arrival follows Poisson process with rate \ and the service 
discipline is FIFO. Since there is no waiting area, this is assumed. When a 
customer arrives and determines that the server is busy, they are joined to the 
orbit. If an orbital customer is permitted access to the server. Laplace-Stieltjes 
Transforms (LST) represent inter retrial times as Y*(#) and have an arbitrary 
distribution function Y(t). In normal service period (NS period), service time 
have general distribution function S(t), with LST as S*(@). We assume that the 
disaster occur only when the main service is in progress and disaster follows a 
negative exponential distribution with rate 6. When the disaster occurs all cus- 
tomers are clear out and the primary server is dispatched for maintenance. The 
repair time follows an exponential distribution with parameter 7. The server 
gives a lower rate of service follows an arbitrary distribution function S,,(t) to 
arriving customers during the working breakdown period, with LST as S%,(0). 
The server resumes normal operation after the repair is finished. As soon as the 
service is finished and the orbit is empty, the server goes on vacation. The du- 
ration of the vacation period is determined by an exponential distribution with 
the parameter 6. If there are still users in the system at the time the vacation 
ends, the server will begin a new busy period. Otherwise, he awaits the arrival 
of a customer. The server gives a lesser rate of service follows an arbitrary 
distribution function S,,(¢) to arriving customers during the working vacation 
period, with LST as S*,(@). A vacation interruption occurred if the server quits 
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his vacation to return to the normal busy period after discovering that there 
is a customer in the orbit. Working breakdown and working vacation are both 
regarded as low service in this situation (LS period). If the server is idle, the 
customer arrives and gets served instantly. If not, he will choose whether to 
leave the system with probability (1—1) or joining the orbit with probability r. 
Let Y°(t) denotes the elapsed retrial time, S°(t) denotes the elapsed service 
time in NS period , $°(t) denotes the elapsed service time in LS period . 
Let F(t) denotes the size of the orbit at time “t”. and we use the subsequent 
random variable as follows. 
Let’s use the subsequent random variables. 
F(t)- Size of the orbit at time “t”. 
At time “t” the four distinct states of the server are 

0, if the server is idle in LS period 


Q(t) = 1, if the server is idle in NS period 
= 2, if the server is busy in LS period 


3, if the server is busy in NS period 


o generate bivariate Markov Process, {(F(t), O(t));¢ > 0} further supplemen- 
tary variables Y°(t), S°(t), and 9° (t) are introduced. The sequence of periods at 
which a NS or LS periods completion occurs is {t,m = 1, 2,3,...}. The Markov 
chain that is formed by the random vector sequences Zm = {F'(tm+), O(tm+)} 
is incorporated into the retrial queueing system. The concerned embedded 
Markov chain is ergodic if and only if p < Y*(A){ See Sennott et al.,[12]] where 
p= a — $*(6)) pretaining to our model. 


Following are the limiting probabilities 


Qo. = jim P{O(t) =1, F(t) =}, 
Qe = lim P{O(t)=0, Fe) =0}, 
Tle). = jim, P{@(t) =1, F(t) =m, 2 < T°(t) < 2+dz}, 


Qma(z) = jim, P{O(t) =3, F(t) =m, z< S*(t) < 2+ dz}; 


OQm2(%) = jim. P{O(t) = 2, F(t) =m, x < SP(t) < x+dz}; 
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Following are the probability generating function 


Eee) =), Tae V0 Sy. Tne 
1*(0) = 7 ~8 r(x) da Oia) = Oe 
m=0 
04 (2,0) = S> Om, (025 S*(0) = i e 9 u(x) da 
m=0 
(2,2) =) Omalee™, (2,0) = S$" Qm,2(0)2™; 
m=0 m=0 
(6) = fe p(w) 


We are using the following hazard rate functions. Let r(x) denotes the condi- 
tional retrial completion rate of T(x) 


__ aX) 
and r(a)dx = 1— Ys)’ 
Let u(x) denotes the conditional normal service completion rate of S(x) 
dS(x) 
d dx = ———.. 
and u(x)dx i S(a) 
Let s(x) denotes the conditional lower service completion rate of S,, (2) 
dS p(x) 
d pw (x2)dx = ———.. 
and ply (ax)dx 1 6@) 


The system was demonstrated in steady state by the following differential dif- 
ference equations: 


ANo1 = (04+ 7)D0,2, (1) 

(A+047)202 = i Qo,1(@) u(a)da + | Q0,2(2) fw (a) dx 
+5 [ Qma(«2)dx,m > 0, (2) 

0 

Tim) = (At r(a))Tm(2),m2 1, (3) 
Molt) = —(A+64+ p(x))M1(x) + A(1 — r)N.1(x),m =0 (4) 

Arn i(2) = -(4+6+ p(x))Oma1(2) + A — r)Qm,1(2) 
+ArOQn—1,1(£),m => 1, (5) 

4 
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Boalt) = —(A+7+6 +4 pw(x))Q,2(z) + AL — 7)Qo,2(z),m = 0, (6) 
Bem) (4 $84 Hal ))M%m 22) + AL — 1) Op (2) 
+ArQm-1,2("),m > 1. (7) 
At x =0, 
Tm(0) = ‘| asa ade: | ” Hine ae EL (8) 
Q1(0) = I Ti(a)r(x)dx + (0+ 7) ie Qo,2(a)dx + AN0,1, m = 0, (9) 
Qma(0) = i Tm4i(2)r(a)da + (6+) ire Om,2 (a) dx 
+a f Tm(a)dz, m>1, (10) 
Qm2(0) = ae oe (11) 
The normalizing condition is 
1 = Qo,1 + Qo,2 + x [f Qu 1(«)dx +f Qm,2(a)dx 
pe | Ln (a)dx 
Multiply the equations (2) - (8) by the proper powers of z 
mea) +(A4+r(xz))T(z,2) = 0 (12) 
Butea) (AL — rz) —A(L—r) +6 + w(a))(z,2) = 0 (13) 
Bale) (AL — rz) —A(L—r) 4040+ pw(2))Q(z,2) = 0 (14) 


T(z,0) = a Q4(z,2)p(a)da + ie OQ2(2, 2) w(x) dx 
-[- Qo,1(@) u(ax)da — 0,2(@) fw (a) da (15) 


Using the equation (2) in equation (15), we get 


T(z,0) = ie Q(z, x) p(a)da + a Qo (Zz, £2) Mw (x)dax + sf O1(z,x)dx 


—(A + 8+ 7)Q0,2 (16) 
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Multiply the equations (10) — (11) by the proper powers of z 


Q1(z,0) = a Teele) [° Y(e,0)de +299, 
+46) f° Q2(z, x) dx (17) 
Q2(z,0) = AQ,2 (18) 


Solving the first order linear differential equations (13), (14), (15) which yields, 


Y(z,z) = Y(z,0)[1—Y(x)Je** (19) 
Oy(z,z) = O4(z,0)[1 — S(x)Je~?F* (20) 
Q2(z,2) = Mo(z,0)[1 — Sy(x)Je7 Be (21) 


where B(z) = (Ar(1 — z) +6) , Bu(z) = Ar(1 — z) +047). 
Substituting the equations (19) and (21)in equation (17), we get 
T(z,0 
Q1(z,0) = (2,0) [r) + 2(1— T*(A))| 4 AQ. FAQ 2U(z) (22) 


z& 


(7 + 8) (1 — Si, (Bw (2) 
Bu (2) 
Substituting the equations (20) and (21) in equation (16), we get 


where, U(z) = 


T(z,0) = 1(z,0)[S*(B(z)) + $(2)] + 22(z, 0)3%(B(z)) — (A +0 +7)o,2. 
(23) 
(1 — $*(B(z))) 


5+ Ar(1— z) 
Using equations (18) and (22) in equation (23) and get 


where S(z) = 


12,0) = FA {0 +n+ AU EIS (BE) + 52] + NSB) - 1 
(6 +n), (24) 
Substituting the equation (24) in equation (22), we get 
(2,0) = 52 {INSo(Bol2)) — 1) - 0+ m)]lt*0) +20 - TO) 
+20 ++ U(z)))} (25) 


where Drj(z) = z — [S*(B(z)) + S(z)[Y*() + 21 — Y*(A))]. Using the equa- 
tions (24), (25) and (18) in equations (19), (20) and (21), then the limiting 
PGF’s are T(z, x), 01(z, x), and N2(z, 2). 
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3 Steady state results 


If p < Y*(A), The PGF’s are listed below. 
(i) The amount of orbiting customers as the server is not being utilized 


Te) = SEE) eto a[AUle) + 8+ n)[S"(BO) + $0) 
+2(Si,(Bu(2)) - 1) - (6 +0] } (26) 


(ii) The amount of orbiting customers as the server is regularly busy 


M42) = SESE (oa [AU Ge) +84 me + Sz (Bol2)) = 
(6 + n)l[T*() +20 - TA) } (27) 


(iii) PGF is used to determine the total number of users in orbit (C,(z)). 


C;(z) = Qo1 + Qo,2 =F T(z) a 2(Q1(z) Tv Q2(z)), 
Cue) = 52 {Bl (2— (S*(B@) + S)C*O) + 0. - T1))) 
x (2 41) + (OE) + [0+ NSB) + 5) 


1 
a 
x (QU(2) +O+n)z + (AS (Buw(z)) — I) — (+n) (TA) 


+2(1— Y*(A))))2 + BE) (z - (S*(B) + S(O) 


+2(1- ¥*()))) ae \. 


(iv) PGF is used to determine the total number of users in orbit (C,(z)). 


+(St)(Bw(z)) — 1) — $(6+ n))2C — T*(A)) B(z) + (1 — S*(B(z)) 


Co(z) => Qo,1 t Qo,2 f T(z) t 1 (z) t Q2(z), 
Cole) = 2 {Bla)(2— (S*(B@) + S)(T*O) + 20 - T)) 


x (2E" 41) + (OE) + £0 + m(S*(BE) + 5) 
1 


+(Si(Bu(z)) — 1) — (0+ n))2( — T°(A)) B(z) + (1 — S*(B(z)) 
x (QU) +O +n)z + (Sq (Buw(z)) — D — (0+) (TA) 


+2(1- Y*(A)))) + BE) (z - (S*(B) + STO) 


+2(1- T*(a)))) 4 \, (28) 
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(v) The amount of orbiting customers as the server is lower speed service 


ANG, 2U (z) (29) 


Using normalizing condition , we find Qo,1 , Q0,2 by putting z = 1 and 


we apply L’s hospital rule, 
Q,1 + Qo,2 + TL) + 211) + N21) = 1, 


(30) 


Q 2= 
°, n+é 1 Ar )) 
raya —r)(1 —S$*(6)) + ——T*(A)(1 - 1) 


é6 
(1 - $"(6)) ~ “73,0 + n)(1 - $°(8)) — 45400 +n) 


xTFA)(L=1r) + tole —r)(1— S%,(0 +n) 


Qo1 = 
: 5 7+6 | Ar 3 
L*(A)( gag ue ea) 


Ar n+0 


5 Sw (9 +n) — S°(8)) + PA) = 1) 


x(1— $*(6)) + array —r)(1—$*(6)) 


n+6 


aN * * 
Aaa (A)\(1-r)(1-— Si (0+) 


— 2.53 (0 + nT*(Ay 7) 
(31) 
4 System Performance Measures 


When the server is not being utilized,the steady state probability is T(1) 


Ar Ar 
(1 55,0 + nF — 8*(6)) + 5 
(1 — T*(A))Qo,2 ee (7 +9) aa 
+(—)a - $*(6) 
TQ) = vr (32) 
(A) — FL - $68) 
8 
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When the server is busy, let ,(1) be the steady state probability. 


(7 + O)T*(A) — L*(A)(A(Sz, (8 + 9) — 1) 
(1 — $*(6))Qo,2 Mr 


Q4(1) = oa (33) 


When the server is providing slower service, let Q2(1) be the steady state prob- 
ability. 
AN,2(1 = Su, (9 +7) 


M(1) = 7 (34) 


The busy cycle and busy period’s expected durations are E(T;,) and E(T.). Then 


1] 1 
E(t) = ~|——-1 
(Zp) x e | 
1 
EQ) = =, 
( ) AQ1 
Eh) = 5 
oo = x 
where the duration of the system’s empty state is indicated by the time To. 
+0 r 
re(ay + GEOG — 0(8)) 4 S50 +) 
re Ar 


+ TA) = r)(1 — $°(5)) 


x(1-8*(6) + 95 


LAA — r)1 — $28 + 7) 


Array — ry — $"(6)) — 2980 + ny T"A\(d — 7) 


E(Th) = : — (35) 
(0+ mitra) ~~“ — *(6)) 
ron ++ Fa s6+m) 
TEP (ay(d— r)(1 — $°(8)) — “85 (0-4) 
* r * * 
«(1 = $°(8)) + pTLA = S30 +0) 
+2 7*(A)(U =r) — $"(8)) — 2834 O)A-") 
E(T.) = e (36) 
(0+ mitra) - a - $*(6)) 
9 
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5 Particular Cases 


Case(i) Assuming that r = 1 then our model reduces to a non Markovian retrial 
queue with single working vacation, vacation interruption, disaster and working 
breakdown. 

Case(ii) Assuming that if there is no disaster, then our model reduces to a non 
Markovian retrial queue with Balking, single working vacation and vacation 
interruption. 

Case(iii) Assuming that if there is no disaster, r = 1, and no vacation, then 
our model reduces to a non Markovian retrial queue. 


6 Numerical results 


In Figure 1 displays the appropriate line graphs and Table 1 contains the values 
of E(T,) by fixing the values of u = 4, tw = 2, \ = 3, 0 = 6, and r = 0.5 subject 
to stability conditions and extending the value of 7 from 1 to 2 increased with 
0.2 and 6 from the graph suggests that F(T) decreases as 7 increases as would 
be predicted. 


" 6=2 | d=4 | 6=6 
1.0 | 8.0714 | 5.1388 | 4.1767 
1.2 | 6.3738 | 3.9925 | 3.2156 
1.4 | 5.3334 | 3.2963 | 2.6343 
1.6 | 4.6285 | 2.8277 | 2.2444 
1.8 | 4.1185 | 2.4905 | 1.9645 
1.0 12 14 16 18 2.0 2.0 | 3.7321 | 2.2361 | 1.7537 


Fine te min) Has Table 1: E(T,) with turn over of 7 
In Figure 2 displays the appropriate line graphs and Table 2 contains the values 
of E(T,) subject to stability conditions, by fixing the values of w = 2, pw = 1, 
\=4,0=4, and r = 0.2, and extending the values of 6 from 1 to 2 increased- 
with 0.2 and 7. The graph suggests that E(T,) decreases as expected when 6 
increases. 


}6 V= n7=4] 7=6 
1.0 | 8.0714 | 5.1388 | 4.1767 
1.2 | 6.3738 | 3.9925 | 3.2156 
1.4 | 5.3334 | 3.2963 | 2.6343 
1.6 | 4.6285 | 2.8277 | 2.2444 
E 4 1.8 | 4.1185 | 2.4905 | 1.9645 
4 ‘3 iA 416 is 30 2.0 | 3.7321 | 2.2361 | 1.7537 


Table 2: E(T,) with turn over of 6 
Figure 2: E(T,) with turn over of 6 


10 
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In Figure 3 displays the appropriate line graphs and Table 3 contains the values 
of E(T,) by fixing the values of w = 3, wy = 2, \ = 3, 0 = 1, and rr = 04, 
subject to stability conditions, and extending the values of 6 from 1 to 2 incre- 
mented with 0.2 and 7. From the graph, it can be deduced that E(T.) decreases 
as expected when 6 increases. 


3.0F ‘| 
ee 6 | n=2 | n=4 | n=6 
asl 1.0 | 2.8708 | 2.0610 | 1.7847 
T2 | 2.7911 | 1.9492 | 1.6691 
aol a 14 | 2.7016 | 1.8505 | 1.5719 
i 1.6 | 2.6137 | 1.7646 | 1.4896 
ig es 18 | 2.5316 | 1.6898 | 1.4194 
Co 2.0 | 2.4564 | 1.6245 | 1.3589 


E(T<) 
3 
i] 


Pisa Se HG) With turnover ats Table 3: F(T.) with turn over of 6 
In Figure 4 displays the appropriate line graphs and Table 4 contains the values 
of E(T,) subject to stability conditions, by fixing the values of p = 3, lw = 2, 
A = 3, @0=1, and r = 0.4, and extending the values of 7 from 1 to 2 increased 
with 0.2 and 6. The graph suggests that F(T.) decreases as 7 increases as would 
be predicted. 


4.0F 7 


a a ee n 6=4 | 6=6 | 6=8 
—— 6=8 1.0 | 3.5452 | 3.2272 | 3.0440 

wz 30r ] 1.2 | 3.0212 | 2.7388 | 2.5773 
Tos! 14 | 2.6499 | 2.3931 | 2.2472 
- 1.6 | 2.3738 | 2.1363 | 2.0022 
1.8 | 2.1609 | 1.9385 | 1.8135 

1.0 12 14 1.6 18 2.0 2.0 | 1.9920 | 1.7818 | 1.6641 


n 


: : Table 4: F(T.) with turn over of 7 
Figure 4: F(T.) with turn over of 7 


7 Conclusion 


In this paper, non Markovian retrial queue, balking, disaster under working 
breakdown and working vacation is analysed. We discovered the PGF for the 
total and average number of people in invisible waiting area. We derived some 
performance measures and deduced some particular cases and illustrated some 
numerical results. 
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ABSTRACT. Research on Casson fluid is very important due to its ap- 
plicability in the progress of industrial and engineering industries. Here, 
a fractional order model of the Casson fluid over an oscillating plate 
in the presence of thermal radiation with constant wall temperature 
and concentration has been considered. The solution of this fractional 
model is obtained with the help of Laplace transform technique in terms 
of Wright function. The graphical analysis is also done by making sev- 
eral variations in parametric values including fractional parameter, mass 
Grashoff number, Prandtl number, velocity, temperature, concentration 
profiles etc. 


1. INTRODUCTION 


The physical characteristic of non-Newtonian fluid is always a barrier for 
researchers while solving the problems of non-Newtonian fluid. There is yet 
no comprehensive model that covers every aspect of a non-Newtonian fluid. 
Non-Newtonian fluid is widely used in the manufacturing and processing in- 
dustries, thus researchers are constantly attempting to develop new models. 
One of the models is the Casson fluid model. In 1959, Casson [22] was the 
first to present the rheological data of pigment oil suspensions in printing ink. 


Khalid et al. [1] studied the Casson fluid across an oscillating vertical plate 
for Unsteady boundary layer flow with constant wall temperature. 


2010 Mathematics Subject Classification. 34A34, 26A33. 

Key words and phrases. Casson fluid, fractional order, Wright function, Laplace 
transform. 
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Mahantesh et al. [4] studied the convective flow of Casson fluid across an 
oscillating plate using non-coaxial rotation and quadratic density fluctua- 
tion as its boundary conditions. Using variables without dimensions, the 
governing equations were first transformed into a non - dimensional form. 
Analytical solutions of the dimensionless momentum, heat, and mass equa- 
tions were achieved using the Laplace transform method. 


Using an exponentially permeable decreasing sheet, Nadeem et al. [25] in- 
vestigated the boundary layer MHD flow of Casson fluid. The Adomian 
decomposition method was employed to arrive at the analytical answer to 
the problem. The velocity distributions resulting from a number of fasci- 
nating parameters were displayed and investigated. 


The role of the magnetic flux on the three-dimensional Casson fluid flow 
over the boundary layer of a stretching porous sheet was taken into account 
in the study by Nadeem et al., [26] . It was discovered that the magnetic 
field, Casson fluid parameter, and porosity parameter all reduced the veloc- 
ity profiles in the x and y directions. 


The effects of chemical processes and heat generation of MHD convection 
Casson fluid flow model in a porous media using a revolving vertical plate 
is provided in the study done by Khan et al. [5]. 


The unstable MHD free convection flow of Casson fluid through a porous 
medium past a vertical plate that was moving exponentially was explored by 
Mohan et al.[24] in the presence of thermal radiation, chemical interaction, 
and a heat source or sink. They discovered that the velocity profiles decrease 
when the heat flow, magnetic field parameter, prandtl number, heat source, 
and Casson parameter increase in value. 


Deka [3] has conducted studies of an unstable MHD casson fluid in nanopores 
with heat transfer through an accelerating vertical plate. It has been dis- 
covered that the Casson parameter increases skin friction and fluid velocity. 
Along with the casson parameter, the surface shear stress also rises. 


It is assumed that the Casson fluid, a shear-thinning fluid, has infinite vis- 
cosity at zero rate of shear, zero viscosity at infinite rate of shear, and a yield 
stress below which no flow occurs. A fluid behaves like a solid when it is un- 
der conditions where the yield stress is greater than the shear stress. When 
the applied yield stress is greater than the applied shear stress, the fluid 
starts to flow. Casson fluid can take the form of things like honey, soup, 
chocolate, tomato sauce, jelly, blood, sludge, fused polymers, etc. These 
fluid models have been shown to have important uses in the biomechanics, 
textile, cosmetic, polymer processing, and pharmaceutical industries. 
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The Casson fluid flow across an oscillating plate with chemical reaction and 
sliding phenomenon was expressed by Saqib et al. [16]. The investigation 
concentrated on the mass and heat transport processes. The Laplace trans- 
form method was used to analyse the mathematical model once it had been 
transformed into dimensionless form. The profiles of velocity, temperature, 
and concentration were plotted. 


Fractional derivatives have recently piqued the interest of many scholars due 
to the extensive coverage of derivatives and integrals of non-integer order. A 
variety of physical phenomena or natural circumstances have been studied 
with the help of fractional calculus, together with the rheological properties 
of winding polymers, traffic modelling, electric circuits, signal and image 
processing, electrical networks, stochastic processes and bioengineering. 


Imran et al. [18] used two distinct fractional derivatives known as Caputo 
and Caputo-Fabrizio to study the convection flow of Newtonian fluid. The 
solutions to the concentration , temperature and velocity profiles were dis- 
covered by using the Laplace transform approach. The results were graphi- 
cally depicted to compare and contrast the two fractional derivatives. 


Also, the Caputo time-fractional derivatives are used by Imran et al. [19] 
to formulate fluid flows with Newtonian heating and arbitrary velocities. It 
was possible to obtain the dimensionless form of the governing equations 
by using the specified dimensionless variables. Using the Laplace transform 
approach, the dimensionless equations were solved. 


Numerous scholars have noted the impact of fractional parameters on tem- 
perature and velocity characteristics. The computational analysis of frac- 
tional diffusion equations occurring in oil pollution has been done by Singh 
et al., [12].Research by Khan et al.,[11]gives the effect of fractional Caputo 
time derivatives of general Cassonian fluids with oscillating boundary con- 
ditions. 


Ali et al. [9] employed the Caputo fractional derivative to examine the 
blood flow in a horizontal cylinder that was simulated by a Casson fluid. 
Magnetic particles were present in the fluid flow that was being driven by 
an oscillating pressure gradient. With the use of finite Hankel and Laplace 
transformations, the effects of magnetodynamics on Casson’s fluids have 
been investigated and described. 


The researchers observed that the fractional order fluid model performs no- 
ticeably differently from the conventional model. Several recent important 
analytical investigations on fluid problems can be found in preceding study 
[7], [8], [24], and [24]. 
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Atangana-Baleanu and Caputo-Fabrizio are two fractional derivatives that 
are compared in Sheikh et al. comparative analysis for the convection of 
Casson’s liquid across an infinite vertical flat plate, together with heat and 
mass transfer|20]. 


The researchers discovered that for a given unit of time, the velocities cal- 
culated using the Caputo-Fabrizio and Atangana-Baleanu operators are the 
same. Exact solutions for both situations were discovered using the Laplace 
transform methodology, and the outcomes were compared graphically and 
in tabular form.On the other hand, when time is less than unity, variance 
occurs and further differences increase as time increases. 

For more definitions and results about the fractional operators, the reader 
can referes to [5], [13], [14]. 


2. MATHEMATICAL FORMULATION OF THE PROBLEM 


The present study takes into account the in compressible Casson fluid 
flow past an infinitely vertical plate in a free convection flow that is un- 
steady. Here, the flow range is y > 0, and y is the plate’s coordinate nor- 
mal.Primarily, at a time 7 = 0, the fluid and the plate are both at rest with a 
uniform surface concentration of CZ, and temperature T%,. The plate begins 
to accelerate in its plane at time 7 > 0 according to a velocity At, where 
unvarying A represents the plate’s acceleration. Both the concentration and 
plate temperature are increased simultaneously to Tx,and CX, respectively, 
and then kept constant. The spatial variable y and the time variable t affect 
the velocity and temperature. 


Following the use of the Boussinesq approximation and unidirectional flow, 
the momentum, energy, and concentration equations acquire the following 
forms. 


“l 2u* * * * * 
pie =n (1+ 5) Se + pay (T = Tee) pee (CP Ce) (2.1) 


OT* oT, od 
PCp aes Kye Dy?’ (2:2) 


ace 1 &C* 

Or* ~~ S_ Oy*2 
Here, 6 refers Casson parameter, u* represent fluid in the y-direction, and 
time variable is denoted by 7*. The fluid temperature near the plate is 7™, 
while T%, refers plate’s temperature. p denotes fluid density,j: is dynamic 
viscosity, Y refers to coefficients of the thermal expansion, g* present ra- 
diative heat flux, c, is the heat constant pressure, S, is Schmidt number, k 


(2.3) 
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denotes thermal conductivity. 


C™* is the concentration of the fluid near the plate, while C3, refers concen- 
tration of the plate associated with initial and boundary conditions: 


u* (y*,0) es a a (se x ak te 
diy (y" 0) = Ty. T* 0,7") = Ts, Tt (00,7) = T (2.4) 
C* (y*, 0) = Cy, O* (0, 7") = Cy, C* (00,7) = Cy, 
g; is the radiative ~~ flux in Sais 6 2). When g* is differentiated in 
terms of y using Rosseland’s approximation [2],{10],[27],[28], equation (2.2) 
becomes: 


Ps 2 & 3 27T« 
OT OT ( 160T*, ) OT (2.5) 


=k ; 
PD ar Oy*? oe Oy*? 
3. PROBLEM SOLUTION 
The fundamental dimensional equations (2.1), (2.3), and (2.5) are changed 
into dimensionless equations. The solutions are then derived by employing 


the Laplace transform approach. 
By employing appropriate dimensionless variables, 


2 1 
* *(A)3 *(A)3 Tt = T* * * 
ene eek UF os Se Eph Eos oti) ee 
(JA)s (0)s (9)3 Ty — Teo Civ — Coo 
(3.1) 


The governing momentum (2.1), concentration (2.3) and energy (2.5) equa- 
tions in the dimensionless form in view of (3.1) are 


Ou 1\ 07u 
=(14 | GrT 2 
At ( 5) ay? GrT + GmC (3.2) 
aC PC 
SS 3.3 
2 Ot Oy? oe) 
aT 14+N\ @?T 
= ; 3.4 
Ot ( PE ) Oy? oF) 
Also the boundary conditions (2.4) takes the form 
u(y, 0) = 0, u (0, 7) = t;u (oo, T) = 
T (y, 0) = 0,T (0,7) = 1, T (60.7) = (3.5) 
C (y, 0) = 0,C (0,7) = 1,C (ov,7T) =0 
Next, equations (3.2), (3.3), and (3.4) are defined in terms of Caputo frac- 
tional derivatives as: 
, 1\ du 
Di rg py? + GYT + Gin€, (3.6) 
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Pr PT 
==.) pers 
(4) : Oy?’ ae) 


where D denotes the differential operator, the fractional operator is a, 
whereas Gr, N, Pr and Gm are the thermal Grashof number, radiation and 
Prandtl number and mass Grashof number respectively. 


4, LAPLACE TRANSFORM TECHNIQUE 


Unsteady differential equations are frequently solved using the Laplace trans- 
form, an integral transform technique. The second order differential equa- 
tions for the partial differential equations (3.2), (3.3), and (3.4)are generated 
on using the Laplace transform technique. 


1\da ,. = 2 
ear aya u(y,s) + GrT + GmC = 0, (4.1) 
dc s 
4g CG =.) 4.2 
TE ~ SSC (y,8) =0 (4.2) 
ar PE ee 
a (R)s T (y,s) =0. (4.3) 


Eq. (4.1), (4.2) and (4.3) are then solved by using the undetermined coeffi- 
cient method and the solutions are presented as 


i ( yee mvp, Gto -v/S , Gmo yt _ Gto -yvase_GMo |_y ys 
WNYa B= 29% goatl® gorl © gotl © ati © D 


s2 
(4.4) 
T (y,8) = 0 =, (4.5) 
- 1 = 
C(y,s) = ore (4.6) 


where z = (1 + 4) a= (x): Gro = Trt) 1 and Gmp = Ben = =I" The final 


solution to the problem is provided by taking inverse Laplace of equations 
(4.4), (4.5), and (4.6). 


u(y,t) =ty (2, -$;-y\/St-#) + pete 1 (1,-$:-y otf) 
+ Fapte ty (1,-$3-y <9) matey (1, — Fi -yvaté ) 
— Fete hy 1,-$ -yvSct-#) , 


(4.7) 
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7 
Cly,t)=9 (1,-3;-yv8a-8), (4.8) 
T(y,t)=9 (1,-Si-yvat-#), (4.9) 


where y (a,—9;¢) = >> ai is the Wright function. 
n=0 
Equations (4.7)—(4.9) are bounded by boundary conditions as in (3.5). 


5. RESULT AND DISCUSSION 


For the free convection flow of a generalised fractional Casson fluid over an 
accelerating plate, equations (4.4), (4.5), and (4.6) show the closed form. 
The graphs are generated with varied values of embedded parameters to 
study how different parameters affect the profiles of velocity, concentration, 
and temperature. The purpose of the graphs 1-3 is to investigate the impact 
of the fractional parameter, Prandtl number Pr, and N radiation on temper- 
ature profiles with different values.Figures 4—7 display the velocity profile 
graphs, which were plotted with various fractional parameters, Casson fluid 
parameters, mass Grashoff number Gm, and time t. In the meantime, Figure 
8 shows validation of current solutions. 


Ty.) 


¥ 
Fig]. Temperature profile with different Pr 


The Prandtl number’s impact on the temperature distribution is shown in 
Figure 1. The graph shows that as the value of Pr rises, the temperature 
profile rapidly falls. The thermal and momentum diffusivity relationship is 
defined by Prandtl number. Further, the thermal boundary layer thickness 
is more than the thickness of the momentum boundary layer when Pr , 
the Prandtl number is small because the fluid travels more slowly than 
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heat transfer. Therefore, for higher Pr fluids, heat can flow from the sheet 
more quickly. However, a bigger Prandtl number might result in a thinner 
thermal boundary layer, which would then result in a weaker thermal force 
for transport and a lower temperature profile. 


TYy,.D 


J 
Fig2. Temperature profile with different N 


Figure 2 displays the temperature profile of thermal radiation for constant 
values of Pr and t and various values of N. It is evident that a rise in tem- 
perature causes a rise in thermal radiation. The fluid temperature rises as a 
result of the growing radiation parameter’s rising temperatures absorption. 
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3. — — alpha=0.2 
TO.) Ms alpha=0.4 
au — — alpha=0.6 

ha=0.8 


P 
Fig3. Temperature profile with different alpha 


Figure 3 illustrates the effect of fractional parameters on temperature. As 
shown in the figure, the temperature increases monotonically as falls. The 
outcome here can be helpful for a few real-world issues. By using the com- 
puted theoretical results and a suitable fractional mathematical model, the 
expected outcome and the range for an experimental design are assessed. 


08 


06 


uGgod 
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P 
Fig4. Velocity profile with different Gm 
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The impact of the Grashoff number Gm on the velocity profile is depicted 
in Figure 4. It is possible to claim that when the value of Gm has been 
increased, the velocity value also goes up gradually. 


y 
Fig5. Velocity profile with different t & alpha 


Figure 5 effects of time and alpha toward the velocity. The velocity increases 
dramatically in figure 5. 


umd 


P 
Fig 6. Velocity profile with different t 
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The impact of time t on velocity profiles is shown in Figure 6. The velocity 
declines but at a different rate as the value of t rises. The velocity decreases 
sharply in Figure 6. This tendency can be explained by the graphs’ trend 
which indicates that as t increases, the energy produced by the fluid flow 
will eventually fall as well. 


ug 05 


Fig 7. Velocity profile with different beta 


The impact of the velocity profile by the Casson parameter is depicted in 
Figure 7. The velocity initially suffers a falling tendency before progressively 
increasing. 


Coy.b 


Fig 8. Concentration profile with different Schmidt number (S) 
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Schmidt number S’s impact on the concentration profile may be seen in 
Figure 8.The value of concentration decrease progressively as the value rise 
up. 


Coy.b 


,t=2 
,t=4 
,t=6 
,t=8 


0 10 15 20 25 


Fig 9. Concentration profile with different alpha and t 


Figure 9 shows the effect of t and alpha on the concentration profile. As the 
value of t and alpha increases, the value of concentration raised steadily. 


6. CONCLUSION 


An accelerating plate’s free convection flow of fractional order Casson fluid 
flow has been investigated in the present study. The solutions for velocity 
and temperature were obtained using the Laplace transform approach.The 
impact of several parameters on fluid flow, including the Casson fluid pa- 
rameter, fractional parameter, time, Schmidt number (S), thermal radiation 
(NV), and Prandtl number, is explored. Additionally, it is considered that 
the obtained results are reliable and provide a new points of view on Casson 
fluid flow. 
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Abstract - Effect of the couple-stress on micro polar rotating fluid layer 
heated from below in the presence of varying gravitational field in a porous 
medium is studied, using normal mode, the problem has been analyzed and it is 
found that the permeability has destabilizing effect. The rotation, couple-stress 
parameter and micro-polar parameters have stabilizing effect. The condition of 
over stability has been found. 

Keywords - Micro-Polar Fluid; Couple-Stress; Porous Medium; Rotation 


1 Introduction 


There are some important classes of fluid in technology areas, one of them 
being micro-polar fluid. The general theory of micro polar fluid was introduced 
Eringen[3] . Sharma and Gupta [8] investigated the thermal convection on micro 
polar fluid in porous medium. Sunil [12] et al. analyzed rotation and different 
parameters on a micro-polar ferromagnetic fluid flow. Mittal and Rana [5] 
investigated the medium permeability, suspended particles and other parameters 
on the micro-polar ferromagnetic fluid. 

Stokes [11] study the classical concept of couple-stress fluid. Kumar Pardeep [4] 
et al. study the rotation on thermal instability in couple-stress viscous elastic 
fluid. Banyal and Singh [2] investigated the rotation on the couple-stress fluid 
in a porous medium. Shivakumara et al. [10] used the Galerkin method to 
investigate the convection in a couple-stress fluid flow. Pundir [6] et al. analyzed 
the effect of permeability, couple-stress parameter and magnetization. Shah 
Zahir et al. [7] discussed the effect of couple stress on micro polar fluid flow 
with hall current. Sharma K. Bhupendra et al. [9] study the effect of porosity, 
magnetic field and electrically conducting. Aparna P. et al. [1] investigated 
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the couple stress fluid on rotating permeable sphere. Xiong Pei-Ying et al. 
[13] analyzed the couple stress fluid flow between parallel plates with thermal 
convection. 

Application of this work in geophysics, engineering science, chemical science and 
industry like as liquid crystal, blood flows, colloids suspensions and clean engine 
lubricants. In this paper, I attempt to study the couple-stress on micro-polar 
rotating fluid flow saturating a porous medium. To my knowledge this problem 
has not yet been investigated using the generalized Darcys model. 


2 Mathematical Formulation 


An infinite, horizontal, incompressible micro-polar fluid layer of thickness d is 
assumed and has porosity € and medium permeability k,. The upper limit z = d 
and lower limit z = 0 are maintained at constant but varying temperatures To 
and 7, such that a study adverse temperature gradient 6 = || has been 
continued. The rotation and gravity are applied along z-axis to the system. 


z-axis 


TTTItT he. 


Heated from below 


y-axis 


The equation of continuity, momentum, internal angular momentum, tem- 
perature and state is 


V.g=o0 (1) 

Po Og 1), _| é vd 2 2- 1 ~ 
—/|—+—(¢.V =-VP- ” ——WV*)V*¢g- — 
E Grea iq ae +(u Po eee 
— , 2P0 ;> 

OLY KO) x) (2) 
Ov 1 > > / / = 1W2> S 

pod | ae + 2 (.V) 8 = (0 + BV (VA) +/VOF A(V x — 200 (3) 


aT 
[€ poCy + (1— €) psCs] ae poCr (EV) T =x V?T+5(VxB).VT (4) 


p= pol[l—a(T—T,)] (5) 


Where p - Fluid density, p9 Reference density, g Filter velocity, ¢ Spin 
(micro rotation), 4 - Shear kinematic viscosity coefficient, ¢ - Coupling viscosity 
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coefficient, P - Pressure, yu’ - Couple stress viscosity, é, - Unit vector in z- 
direction, a’ - Bulk spin viscosity coefficient, 3’ - Shear spin viscosity coefficient, 
4’ - Micro-polar viscosity coefficient, J - Micro inertia constant, t - time, Cy, - 
Specific heat at constant volume, C, - Specific heat of solid (Porous Material 
Matrix), p, - Density of solid matrix, . - Thermal conductivity, T - Temperature, 
6 - Micro-polar heat conduction coefficient, a - Coefficient of thermal expansion. 


3 Basic State of Problem 
The basic state is 
¢ = @ (0, 0,0), ¥ = % (0,0,0) , p= p = py (z) and P = Py (z) 


From equation (1) to (5) 


d 
Gt tpg = (6 
T =T)(z) =—Bz+Ta (7) 
Po = po (1 + aBz) (8) 


4 Linearize Perturbation Equations 


V.g =o (9) 
po Of 0 A —_ Q—4 d — 
= _VP' + abgex mse a 
2a VP" + adgé +( ru Vg j, tsa +¢(V xv) 
2 
+ “P0 (a xO) (10) 
€ 
Ov / / = o2-7 | S + 1 
poI a = (a sae OE ae A ed as 11) 
00, 9 6 7 “i 
p = —poad 13) 


Converting equation (9) to (13) by the following transform « = dxx,y = 
dyx, z = dzx,g = Er gx, P= LET Px, v= EE Ox, = cod” ty, V= Me, 6= 
Bd @x, then we have 


q 5 2 22> 1 = > 2 > 
a SP z a pale oe 
Za he +(1- FV?) V7g qo TEN Xe) ee) 
(15) 
IZ =AVT-AVT x) +K{ 2 (9 x q-20} (16) 
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06 = 
EP,5. = V0 -d(V xv), +(q), (17) 
Where R = posi” - Thermal Rayleigh number, P,. = Saka - Prandtl number, 
F= re = +FSpcCs J = 4k, =5,5= aor Co = fe, C1 = 
7 +o ,and W = ¢@é,z 
5 Boundary conditions 
d?W 
0,9=O0atz=O0andz=d (18) 
dz? 


6 Dispersion Relation 


Taking curl on both side equation (15) then we have 


LO... 1+K see 7 a0. 20. 
e+ (RE) -0-reve ona et Be) 


2 
AY RAT CU) OW, (Ex) (19) 


2: 2 4 2 
Let V? = fot got ge Vi= get GD ZG=(VxG, A = 


(V x v), 
Taking curl and z-component of equation (19), (16), then we have 
10 I+k 2) 72] v2 2 aS ee 
1-F = 64+ KV*Q,'é, — =O (DC, 
Ee (4) ( v1) 92] vw RVjO+ KV é eo (Dez) 
(20) 
=00;) 1 
JI = OV?0,' — K |=V?W + 20, 21 
oe = cy [ev7w +20. (21) 
Taking z-component of equation (19) and (17) then we have 
10 1+kK bas 2 
1—-FWV*)V*| ¢ = —QDW 22 
E Ot ( ky ) ( ) | € 22) 
0 2 
np. =V7d-60,/ +W (23) 


1. Normal Mode Analysis 


Let [W, ¢2, 9, 22’| = [W (z), X (z), O (2), G(z)] exp. [ikea + ikyy + ot] 
Applying normal mode of equation (20) to (23), becomes 


E + (4) + F(D? — a)? — (D? — a?)| (D? — a2) W = —Ro?® 
1 


+ K (D? —a’)G— 20Dx (24) 


273 Devilal Kumawat et al 270-280 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 2, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


Z + (A*) + rot)? - (DP =e") x = Zopw (25) 


€ Ky 
[mo + 2A — (D? —a’)|G= -£ (D? — a*)W (26) 
[EP,o — (D? —a?)|0=-6G+W (27) 
Where a? = k?2 + ka - wave number, o = 0, +70, - stability parameter and 


m= 4 A= oe A - ratio between the micro-polar viscous effect and micro- 


polar diffusion effects. 


W = D°W =0=X = DX =G,0 = 0atz=0toz=1 (28) 
D?°W =O0atz =O0toz=1, Where n> 0. 
The solution of equation (28) is 
W = Wp sinaz 


Eliminating 0, G, ®, X from (24) to (27) and put the value of W and b = 
mw? +a, then we have 


2 
|Z (4) + Fey [mo + 2A + b] [EP..c + D| 
1 


= Ra? E | (4) | Fb? 4 | [(mo-+ 2a +0) —°2] 
1 
K Ab? E ae 
E 


) + Fb? 4 | [EP,o + 


40? 72 
E2 


(mo +2A+b)[EP,o+6] (29) 


7 Stationary Convection 


Put the p = 0 in equation (29), then we have 


3 
R= : - p24 + (E+ Fe +0) Kee 
a? [24 +b — S42] Ky € 
€E 
40? 7? 
407-b (2A + b) 


7 Gaus) oe 


To study the behavior of permeability, rotation, couple-stress parameter cou- 
pling parameter, micro-polar coefficient, micro-polar heat transfer parameter 


and find the nature of en aR an ah ae and oh respectively, then 


dR _ —b(2A+0)(1+K) |, ae (31) 
dK @2kK,? [24 +b- 540] (8 + Fb? +b) 
5 
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re LD fp > (AEE + FO? b) andd < § 


From equation (31), we can say that the permeability has destabilizing effect 
when a0 < € (54 + Fb? +b) andé < §. 


dR 80n2E-2b (2A + b) 


dQ Q2 (GE + Fe +5) [24 +b — 22] 


(32) 


aR ay ast €E 
$a <O0I1f O< 5 


From equation (32) shows that the rotation has stabilizing effect when 6 < §. 


2 22 
b3 (2A +b) o(4ee + Fb 4 b) 40° 


dR 


dF 


5 - (33) 
a2 (+ + Fb? +b) [24 +b- S40) 


dR : 14+$k 207 


It is clear that the couple-stress parameter has stabilizing effect when (pe + Fb? + b) > 
207 


evo" 

: 2 49? n?(2A+b) 
dR b|a0(& - 8) (16% + Fe +5) + {o°( 4p + PO? +0) oat a] 
fee a? (LEE + Fb? +b)” [24 Ab Sat] 


(34) 


a2 > 0if % > Zand (EE + Fe +5) > ry Gay 


Hence the coupling parameter has stabilizing effect when ral > 2 and (Se + Fb? + b) > 


207 /(2A+b) 


€ . 


2 7 
bt (14K | 2.4 is 14K Oa 40? 7 5b 
ap = (RE + Fe +0) [5-H (AES + Fv +0)] + 


E3 


= a2 (35) 
a? (Cs + Fb? + b) (2a+ b) — fat] 


a > 0if5 > K (EX + Fv +0) 
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From equation (35), we can say that the micro-polar coefficient has stabilizing 
effect when 5 > K (124 + Fv? +0) 


Ab 
pee — 2 [0° { (SE + ree +0) - Sh 
dé a2|(2A +b) — $48 1 € 


14K 
+ DAB (A + rv +0) si 
1 


402 n2€-2b (2A +b) 
(234 + Fe? +0) 


| @0 


dR . 1+K 2 KA 


From equation (36), shows that the micro-polar heat transfer parameter has 
stabilizing effect when (4 + Fb? 4 b) > 


8 Oscillatory Convection 


Putting o = 10; in equation (29) then we get real and imaginary part, elimi- 
nating R between them, then we have 


foo} + fio? + fo =0 
Put s = 0?then we have 
fos? + fis + fo =0 (37) 
Where 
fo = a1q1 — pibi 
fi = doqi — p2b — prbe 
fo = 4391 — pabe 
by = — m2, ay = BEamb and by =a (2A +0) {4% + Fo? +o} 


€? 


a 
1) 
II 


aE 42 ( 


- Fb? 2A+5) EP. b 
= Ki +o) {( +b) + mb} 


KAvUPEP,. 40?n2*EP.m 
€2 €2 


2 
8 a s) EP 


2 
=(2A+b)b > (aE + Fb? 4 b) Ab (52 | Fb? 4 b) peer? 


P,=-2[2 {(24 +0) EP, mb} + 26P,mb (448 + FP +2) 
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K 
Py = 2 (2A +b) b?e7" (=< 4 ReP a s) 
1 


1l+k 


if 


+ (A+) BP, + mb} ( + FO +5) ] 


2 AQ? 2 
mee (2 ‘ BP,] + [24 +) EP, + mb 
E E E 


gi =a? [PAY Sm (AEE + Po? +b) — S88) 
From (37), we saying that s = 0? is positive, equation (37) for the sum of roots 
is positive, it is not possible if fo > 0 and f; > 0. 
If fo > 0 and f; > 0 when 6 < &,K < 4Fb €, KEP, < 4band AK < 
Qn?0?2m. 
Above conditions of the overstability. 


9 Numerical Calculation 


Now we show numerically effect of different parameter from equation (29) 


Plot of the R and K1 


Figure 1: 7 
&=1,P,=2, €=0.5,A=0.1, F=2, kK =0.2, Q = 10and6 = 0.05. 


Fig 1 shows the variation of Rayleigh number R with respect to medium per- 
meability Ky, i.e. medium permeability K, increases then the Rayleigh number 
R decreases. 
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Plot of the Rand 2 


15 20 25 30 35 40 45 50 


Figure 2: 7 
E=1,P, =2, €=0.5,A=0.1, F=2, K =0.2, ky = 0.002 and6 = 0.05. 


Fig 2 represent the plot of Rayleigh number R versus rotation w i.e. rotation 
increases w then the Rayleigh number R increases. 


Plot of the R and F 
2250 
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Figure 3: : 
E=1,P, =2, €=0.5, A=0.1, 9=10, K = 0.2, Ky = 0.002 and6 = 0.05. 


Fig 3 plot between Rayleigh number R and couple-stress parameter F i.e. 
couple-stress parameter F increases then the Rayleigh number R increases. 
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Plot of the R and K 


Figure 4: 7 
E=1,P, =2, €=0.5, A=0.1, 2 = 10, F = 2, ky = 0.002 and6 = 0.05. 


Fig 4 shows the variation of Rayleigh number R with respect to coupling 
parameter K i.e. coupling parameter K increases then the Rayleigh number R 
increases. 


Plot of the RandA 
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Figure 5: 7 
&=1,P, =2, «=0.5, K =0.2,0 = 10, F = 2, kK; = 0.002 and6é = 0.05. 


Fig 5 represent the plot of Rayleigh number R versus micro-polar coefficient 
i.e. micro-polar coefficient A increases then the Rayleigh number R. increases. 


10 Conclusions 


According to the stationary convection and numerically discussion we found 
that the effect of permeability is destabilizing. The effect of couple-stress pa- 
rameter, rotation, coupling parameter, micro-polar coefficient and micro-polar 
heat conduction are stabilizing. Among them the most important result that 
the effect of rotation stabilize on the system. The condition of over stability is 
6< &,K <4Fbe, KEP, < 4band AKO? < 2n?0?m. 


10 
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Abstract 


In order to give timely hospitalisation for infections that are dangerously ill, our 
primary goal is to reduce the interaction between susceptibles and infections. For 
this we add treatment T as a fifth compartment to the SEIR model, converting 
it from SEIR to SEITR. The stabilities of endemic equilibrium and disease-free 
equilibrium were tested. The next generation matrix method was used to calcu- 
late the SEITR model’s basic reproduction number. Numerical simulations were 
also presented to validate our analytic findings. A graphic depicted the impact of 
parameters on infected populations. It was perceived that, anytime the treatment 
rate increased, the infected population, exposed population, and treated population 
all declined but the susceptible population increased. 


Keywords: SEITR model, basic reproduction number, stability and numerical simula- 
tion. 


AMS Subject Classification: 34D20 


1 Introduction 


Kermack and McKendrick [21] introduced the first mathematical model, SIR (Susceptible- 
Infectious-Recovered), early in the 20th century. Later Anderson and May[I] were pro- 
posed the SEIR model by adding Exposed (E) as fourth compartment to SIR model to 
define the spread of epidemic. Many authors introduced a numerous extended SEIR mod- 
els to define the infectious diseases spread and their preventions [7]. ZhilanFeng (2007) 
[31] developed a SEIR model which has been used to evaluate the electiveness of different 
control strategies for the size of endemic with separation and isolation. Rafiqul Islam 
et al [16] was proposed an SEIR model to analysis the influenza in Bangladesh. Vinod 
kumar bais and Deepak kumar was introduced a model SITR emphasized the condi- 
tion of the dynamical classic to the transmission populace of H1N1 virus. By combining 
these two SEIR and SITR models we developed an new SEITR model by including treat- 
ment T as a fifth compartment to investigate the dynamics of the influenza epidemic’s 
transmission. Hethcote and Yorke were charity models to analyze the gonorrhea con- 
troller techniques, such as showing, outling infectors, post treatment and vaccination. 


*Corresponding author: avenkateshmathsQ@gmail.com 
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Chinviriyasit (2007) was introduced a dynamic SIRC model [6] to study the Numerical 
exhibiting modeling of the spread dynamics of influenza. Samuel Abubakar (2013) was 
proposed a model to investigation the spread of infectious disease and stability of 
disease in population. Various researchers such as Andreasen et al. (1997)[2], Hethcote 
(2000), Earn et al. (2002) [15], Casagrandi et al. (2006)[10], Murray et al. (2008) [23] 
have been studied the dynamics of influenza and they recommended mathematical mod- 
els to revision the spread of H1N1 and control the influenza epidemic. Over the past 
several decades, the field of FDEs has made considerable advancements. To examine the 
dynamical behaviour of a fish farm in relation to an arbitrary order Atangana-Baleanu 
derivative, Jagdev et al. [19] suggested a fraction fish farm model. By Jagdev Singh [18], 
a fractional guava fruit model with memory outcome was introduced. To analyse the 
COVID-19 trend, Supriya, Yadav et al [28] created the FDE model. A fractional model 
was created by Jagdev Singh and Arpita Gupta[17] to analyse the results of nonlinear 
partial modified. To study malaria transmission, Rehman, Attiq ul, et al [?] proposed 
a 9 compartment FDE model. A simple influenza(H1N1) model by means of optimal 
control studied by Srivastav. A. K et al. (2016) [27], Also Mishra et al. (2013) [22], 
consume suggested a mathematical model to analyze the spread and control of influenza 
between two economic groups. Christian Quirouette et al[24] developed to unfolding the 
localization and spread of influenza virus inside the human breathing area. The Mathe- 
matical model [3], plays a crucial role to learning the spread dynamics of the Contagious 
Disease Influenza, and control the virus through isolation, treatment and vaccination of 
infected population. Environmental contaminations, global warming, ecosystems, roving 
etc. are main reasons to spread the contagious diseases. So that certain assumptions 
and parameters are considered to formulate the model. Influenza is a breathing con- 
tagious disease instigated by influenza virus|L8], which is also known as flu and it has 
three kinds A, B and C. This virus spreads easily in the population very fast through the 
air from coughing, sneezing and through contact by the hands touching our eyes, nose 
or mouth etc. Communal symptoms of H1N1 are high fever, pain, sore gorge, muscle 
pain, coughing and weariness [I]. The symptoms were appeared after two days and it 
has been at most one week but cough may last more than two weeks. Each year 
individuals are infected by this virus an outbreak particularly in the winter session. The 
formulation and analysis of the SEITR model were briefly detailed in this article. The 
analyses of the model, together with the findings on local and global stability, as well as 
the presence of endemic equilibrium, were investigated. Numerical evidence was used to 
establish an analytical conclusion. It was seen that if the rate of treatment increased, 
the susceptible population rose while the infected, exposed, and treated populations all 
decreased. The limitations of the SEITR model is that it oversimplifies complicated 
disease processes while still being easily calculable. The SEITR model does take this 
parameter into account, however additional model extensions would be required. 


2 Model Formation 


In this study we proposed a new model SEITR by adding treatment T as fifth com- 
partment to SEIR model to analyze the spread dynamics of epidemic Influenza in India. 
The total populace N(t) at time ¢ is separated into five different populaces , namely, 
Susceptible populace S(t) at time t, Exposed populace E(t) at time t, Infected inhabi- 
tants I(t) at time t, Treatment populace T(t) at time t, and Recovered populace R(t) 
at time t. The susceptible (S(t)) populace are those who are at possibility to become 
infected by virus. The exposed (E(t)) populace are those who are infested by virus but 
not yet infectious that is not able to infect others. The infected populaces are those who 
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Figure 1: Schematic diagram of SEITR model 


are diseased and able to infect others. The treatment populations are those who are 
infected and taking treatment in hospitals. The recovered populations are those who are 
recovered after treatment. 

The flow diagram of influenza model was presented in fig] 

The susceptible human populace is created by the inflow rate of humans into the 
populace (at the rate A) and the natural death rate yu. Therefore the incidence rate 3ST 
incorporate the transmission frequency at which susceptible individuals becomes exposed 
and entered exposed populace without being infectious. Thus the rate of change of sus- 
ceptible human populace is given by 


ds 

dt 

The exposed human populace at the rate a be the exposed rate which exposed 
individuals becomes infected but not infectious and entered into infected populace and 


the natural death rate yz. Thus the rate of variation of exposed human populace is spec- 
ified by 


=A —BSI-pS 


dE 
—— _ +pu)E 
di BS (a + p) 


The infected human populace at the rate y be the people are joined in hospital for 
treatment populace and the natural death rate yw. Thus the rate of variation of infected 
human populace is specified by 


dr _ 

a 

The treatment human populace at the rate ao be a rate at which the treatment 

individuals recovered and entered into recovered populace. Hence the rate of variation 
of treatment human populace is specified by 


ab — (y+ wy t 


dT 


ae T 
rome (7 +p) 


Finally, the rate of variation of recovered human populace is specified by 


dR 
aE OL oe 


By using all above assumptions, a nonlinear structure of five differential equations for 
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Table 1: Complete Description of relative parameters of the SEITR model 


Parameter Depiction 
A inflow rate of susceptible individuals 
Lb Normal death rate 
B Rate at which susceptible populace becomes exposed 
a Rate at which exposed populace becomes infected 
ay Rate at which infected populace getting treatment 
o Rate at which treatment populace getting recovered 


SEITR model is formed as follows 


a3 = A-BSI-pS 

= BSI-(atp)E 

G& = aEb-(y+pyl (1) 
f= y-(o+p)T 

a = oT-uR 


Where the primary conditions S(0) > 0, E(0) > 0, I(0) > 0, T(0) > 0 and R(0) > 
0. The total population N(t) = S(t) + E(t) + I(t) + T(t) + R(t) will be assumed as 
constant. 


3 Analysis of the SEITR model 


In the segment, the elementary belongings of SEITR model 1] such as positivity 
and boundedness of the solution, basic reproduction number and stability analysis were 
discorsed. 


3.1 Positivity and boundedness 

Theorem 1. All the solutions (S(t), E(t), I(t), T(t), R(t)) € R%. of the sturcture|t| with 
primary condition S(t) > 0, E(t) > 0, I(t) > 0, T(t) > 0, and R(t) > 0 are nonnegative 
and uniformly bounded for allt > 0. 

Proof 1. Assume that (S(t), E(t), I(t), T(t), R(t)) € R& is a solution of [1] fort eé 


(0, to), where to > 0. 
Through 1%* equation of system|| we get 


d 
< =A—B*S*I —p*S>A-o(t)*S. 


where (t) = B*I + pu 
After integration, we get 


t t t 
S(t) = So exp (- [ 6(s)ds) + Aexp (- f o(s)ds) | els Hwauds > > 0. 


=>S(t) >0. 
From the 2% equation of system|1| we develop 


dE 
GF = BSI -(a+mB>—(at+nk 
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Which leads ' 
E(t) = Ey exp (- f (a + p) as) >0 
0 


=> E(t)> 0 
From the 3"¢ equation of system|| we acquire 


Which leads : 
I(t) = Ip exp (- [ (+ 1)s) > 0. 
0 


=> I(t)>0 
Similarly 4 and 5*” equation of system|1| 
dT 
a t-te) P2-(et+wT 


Which leads to ; 
T(t) = To exp (-[ (o+1)) ds >0 
0 


=>T(t)>0 


dR 
dt 


R(t) = Ro exp (- [ ws) >0 
=> R(t) > 0 


Hence, the results (S, E, I, T, R) of] sustaining the primary conditions S(t) > 0, E(t) 
> 0, I(t) > 0, T(t) > 0, and R(t) > 0 for allt € [0,to) are nonnegative in the section 
[0, to ). 

Now, we demonstrate that the boundedness of clarifications of system[1} 
The positivity of the solutions indicates that 

ue <A - pS 

From the beyond equation, we can write that limy4. supS < “and S < 
Consider the total populations N=S +E+1I+T+R. 

On differentiation gives ue <A -uN which leads to limy+.. supN < “. 
Then, we get N < mn 

=>S+E+1I+T+R<S4 

Therefore all the solution curves (S,E,I,T,R) sustaining by the primary conditions are 
consistently bounded in Re and in the section 


Q= {(5,E,1,7,R) é Ro :0<(5,2,1,7,8)< Al. 


=oT-uR>—pR 


which leads to 


El|> 


3.2. Basic Reproduction Number 


A crucial factor for communicable disease is the Basic Reproduction Number (Ro) which 
is distinct as the middling number of subordinate cases obtained by distinct primary case 
during the infectious dated in a susceptible populace. With Ro, the epidemic growth 
rate can be estimated and Stability of model will be analyzed [8]. Ro Value can be 
determined through approach of Next Generation Matrix method [4], [13]. 
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Ro = FV-1 
Where 
B+ wu 
P= 0 
0 
and 
(a+p)E 
V=|ak-(y+u)I 
yl -(o+p)T 


The Jacobian of F and V are dual matrices F' and V which determined at an disinfection 
state FE = 0, J = 0 and T = 0, we have 


0 8 pu 
F={0 0 0O 
0 0 0 
and 
(a+) 0 
V= Q (y+) 0 
0 -y (a +n) 
La Ba acy 
LY aaa * rae 
: _ a | ao pL 
Hence fo = taqaata) + Tetayt Here) 


3.3. Local Stability of Disease Free Equilibrium 


Theorem 2. For Ro < 1, the Disease-Free Equilibrium point Eo=(7,0, 0,0, 0) was 
locally asymptotically stable and for Ro >1, it was unstable [T7). 


Proof 2. The Jacobian matrix corresponding to the structure[]| at disease free equilibrium 


Eo is 
—p 0 —B 0 0 
0 -(u+a) B 0 0 
J(Eo) =} 0 a —(y+) 0 0 
0 0 y —(o+p) 0 
0 0 0 oO —p 


The characteristic equation is 
(A+)? (A+ (0 +H) (A? +a1A + a2) = 0 


Where a,= 2u+at+y andag = (u+a)(y+p) — af. 

There are 5 Eigen values for the Jacobian matrix J(Eo) of which first three are -, -p, - 
(a + 1), and the remaining two Eigen values are roots of quadratic equation (A2+a1A+az2) 
= 0, which are negative. 

Through Routh-Hurwitz criterion [20J, all the roots of charateristics equation have de- 
structive real part which revenues steady equilibrium if a, > 0 and az > 0. 

Since u> 0,a> O0andy> 0, we have 2u+a+y>0 that is a, > 0. 

Since (u+a)(y+pu)—a8 >0>0 that is ag > 0. 

If Ro <1, then 


Ba ao 


CEICETMECET ICES ICES ICES aes 
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Ba Ba ag LL 
> atu) <(@t+mG+H)  @tMOt+H(e+M tH 
Ba 


then ae 


=> (uta) (y+ p) — a6 > Othatisag > 0. 


Therefore, ag > 0 if Ro <1 
Hence by Routh-Hurwitz Criteria, the disease free equilibrium point Eo is locally asymp- 
totically stable if Ro <1. 


3.4 Global Stability of Disease Free Equilibrium 


Theorem 3. The disease-free equilibrium point Eo =(5;, 0,0, 0, 0) of structure |1| was 
globally asymptotic stable if Ro <1 [19). 


Proof 3. It can be detected that from the structure (1), the disease-free sections are S, 

R and the infected sections are E, I, T. The system of equations (1) will be arranged as 
uo = P(U,V), a = G(U,V), and G(U,0) =0 (2) 

dt dt 

where U =(S,R)€ R2,V =(A,1,Q,J) € RB. 

By using the technique introduced by Castillo-Chavez [3/, we derived global stability of the 

disease-free equilibrium point Ey = (7; ,0,0,0,0). For the worldwide asymptotic stability 

of Eo the succeeding two conditions should be satisfied. 

1. ue = P(U,0) Where X* is world wide asymptotically steady. 

2. G(U,V) = KV - G(U,V), G(U,V) > 0, where K = DyG(U*,0) is the Metzler 

Matriaz and (X,Y) € w. 

If the given system of equations [1] satisfies [2| then the equilibrium point Eo is a global 

asymptotically stable for Ro < 1. 

Hence, the system|]] can be rewritten as 


(a+ p) 0 0 
pun = ("8 ).K= _ (y+ 2) 0 and 
: 0 7 (7+) 
, BI (So — S) 
Gun 0 
0 


Since Sy > S, by observation, G((U,V)) > 0 (U,V) € Q. 

We can say that the matrix K is M matrix by the definition of M and also we able to 
find that X* = (ae 0) is globally asymptotic stable steady state of the limiting structure 
a7 — P(U,0). 

Since the two conditions are fulfilled, disease-free steady state Eq=(7,0, 0,0,0) of struc- 
ture of equations || is globally asymptotic stable if Ro < 1. 


3.5 Local Stability of Endemic Equilibrium point 


We conclude the endemic steady state X*= (S*E*,I*,T*, R*) with their possibility 
conditions are 
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S* = BT tp 
Ei Gam 
= Cane 
ee 
pee Aeboutrtn)) _ (A(Ro-1)—aen) 


(Blytu(e+E))) ~~ (BOy+H)(o+H)) 
Theorem 4. When Ro > 1,then Endemic Equilibrium point X* is locally asymptotically 
steady and unstable if Ro < 1. 


Proof 4. The Jacobian matrix corresponding to the system [1] at endemic equilibrium 


point X* is 
(—8I* + p) 0 —BS* 0 0 
BI* — (ta) BS* 0 0 
J(X*)= 0 a —(y+p) 0 0 
0 0 y —(o+p) 0 
0 0 0 o —p 


The characteristic equation is 
(y+ B) (7+ (o +p) (A? + 01? + b2A + d3) = 0 


Where 6; =61* + 3u+a+t+y, 

bo= (a+ p) (y+) — OBS* + (7 + ») (BI* + p) and 

bs = (61* +n) ((a+ 4) (y+ 2) — aBS*) -6°S*I* 

Hence the first two Eigen values are — p,-(o + p) and remaining three Eigen values are 
the roots of the (8 + dA? + bo + bs) = 0. 

Yet over again if the constants of specific equation a, > 0, ag > 0, ag > 0 and ayaz > 
a3 are true, formerly by Routh-Hurwitz criterion, altogether the roots of the specific 
equation have negative real portions and hence a stable equilibrium. Therefore Endemic 
equilibrium at X* is locally asymptotically stable if Ro > 1 


4 Numerical Simulation 


Numerical simulation was performed in order to establish analytical result. We assumed 
some parameter values and initial conditions of proposed SEITR model and it can be 
shown table [2] 


4.1 Analysis of results 


The basic reproduction number for this set of limitation is Rp = 2.806. The dynamical 
performance of the system will be observed in2}with the help of MATLAB programming. 

From Fig. 2, we observed that the dynamics behavior of susceptible, exposed, Infected, 
treatment and recovered classes. This graph demonstrated that when the treatment rate 
rose, the infected population decreased and joined either the treatment population or 
the recovered population. 


4.2 Discussion of results 


From Fig.3 it was observed that the infected population(Fig.3b), exposed population(Fig.3c) 
and treatment population(Fig.3d) were decreased while the susceptible population(Fig.3a) 
was increased whenever the treatment rate increases. 
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Table 2: Influenza parameters values of the SEITR model 


Parameter | Values | Source 
B 1.2 
a 0.2 [9] ,[30] 
4 0.4 
o 0.1 {16} , {30} 
Lb 0.01 ; 

S(0) 1 Assumed 
E(0) 0.2 Assumed 
I(0) 0.01 | Assumed 
T(0) 0.4 Assumed 
R(0) 0.3 Assumed 


Influenza SEITR model 


1.2 T T T T 
Susceptible 
Exposed 
TR Infected 1 
\ Treatment 
\ ——— Recovered 
0.8 fF 
= 
2 
oO 
Ss 0.6F 
a 
fo] 
a 
0 4 NK <<, a bs sS 7h 1 
eam ~ E oe 
0.2 R— Ss =. | 
ge ~ ‘a, 
eg Sites 
ee — 
Bi eee 
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Figure 2: Dynamic behavior various compartments of SEITR model 
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Figure 3: Effect of treatment rate y on susceptible, exposed, Infected and treatment 


population 
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5 CONCLUSION 


The epidemiological models are enabled us a noble knowledge to understanding the 
spread dynamics of infectious disease in better way. In this article, a five compartment 
epidemiological model SEITR was proposed and the basic properties were discussed. 
The basic reproduction number Rog value was determined. The positivity and uniform 
boundedness were performed. The existence of disease free equilibrium point Ep was 
discussed and showed that it is locally also globally asymptotically stable for Ro < 1 
. Similarly the endemic equilibrium point X* be real and local asymptotically stable 
for Ro > 1. The transmission dynamics of influenza has been observed. The result 
of treatment rate on the susceptible, exposed, infected and treatment populaces has 
been examined and it has a positive effect on the infected population. The reproduction 
number Rp = 2.806 > 1 indicates that the outbreak has gotten out of hand and that there 
are currently more sick people than ever before. Therefore, the only method to reduce 
the rate of illness spread is to enhance the rate of treatment, which includes the quick 
hospitalisation of infections that are dangerously ill. The outcome of the SEITR model 
on the disease program mechanism can be investigated in next studies. Additionally, 
future research can be done to ascertain the most effective management strategies for 
the sickness spread model and the belongings of medications and immunizations on the 
SEITR model. 
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Abstract 


The goal of this research is to see how thermal radiation, joule heating, 
and heat Source/Sink affect two-dimensional nanofluid stagnation point flow 
above a stretching sheet fixed in a spongy medium. This research accounts for 
the magnetic field, and the nonlinear Rosseland approximation is used to cal- 
culate heat radiation. The governing equations are converted into a system via 
similarity transformations in joined nonlinear ordinary differential equations, 
which are solved numerically using the Runge-Kutta fourth order approach 
with shooting technique. The numerical results reveal that this method has 
excellent correctness, good convergence with minimal computational cost, and 
a lot of promise. The velocity and temperature are also found to increase as 
a function of the radiation parameter, Eckert number, Brownian motion pa- 
rameter, Thermophoresis parameter, Biot Number, and thermal buoyancy 
parameter, as well as the reverse effect in Prandtl numeral. The skin friction, 
local Nusselt number, and local Sherwood number are increasing functions of 
the ratio of free stream velocity to stretching sheet velocity parameter, Biot 
number, Brownian motion parameter, and thermophoresis parameter, with 
the reverse effect in magnetic parameter, Prandtl number, and permeability 
parameter. 


Keywords: Nanofluid, Stretching Sheet, thermal radiation, joule heating, heat 
Source/Sink. 


1 Introduction: 


Nanofluid is a base fluid containing nanometer-sized particles/fibers (water, oil, 
ethylene glycol, etc.).Al2O03, Cu, T;O2, Ag, and other materials are commonly uti- 
lized for nanoparticles. These liquid combinations were discovered to have excellent 
assets that could make them useful in a variety of technical and manufacturing ap- 
plications involving temperature transmission, nuclear reactors, petroleum cells, mi- 
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croelectronics, power production and carrying, space expertise, security and ships, 
and bony film solar power collectors are only few of the technologies that are being 
developed. [5] deals with (MHD) nanofluid stream towards a nonlinear extended 
plane with changeable depth in the company of an electric ground. In the exis- 
tence of thermal radiation and Joule heating impacts, buoyant MHD nanofluid flow 
and heat transmission over a stretching sheet are examined [7]. [12] examined the 
impacts of thermally evolved thermophoresis diffusion and Brownian motion in non- 
Newtonian nanofluids across an angled extending sheet, as well as the belongings of 
hotness radiation and chemical response. [14]The influence of thermal radiation on 
a heat absorbing magneto-viscous nanofluid’s dissipative boundary layer flow trans- 
versely a holey exponentially overextended pane with thermal slips and Navier’s 
velocity was investigated. When there is a consistent magnetic field present. [15] 
Entropy generation study of a two-way nanofluid flick stream of Eyringa€ “Powell 
liquid with warmth and mass transport through an unstable porous stretched sheet 
was investigated (MHD). [21] The belongings of a magnetic ground and heat rays on 
the compelled convection stream of CuO-water nano-fluid transversely a stretched 
pane with a point of stagnation were statistically investigated. The effects of heat 
radiation on the heat transfer of water-based nanofluids containing exponentially 
stretched sheets of motile gyrotactic microorganisms were studied by [24]. [26] The 
authors presented a Form in mathematics for MHD radiative stream of III-grade 
nanomaterials limited by a nonlinear extending sheet of flexible thickness. [29] in- 
vestigated the formation of entropy in a I]-grade nanofluid MHD stream finished 
a sheet that is being heated convectively and using nonlinear current radioactivity 
and viscid .Numerous slip properties on MHD unsteady Maxwell nanofluid stream 
finished a holey overextended pane with thermal radioactivity and thermo-diffusion 
in the attendance of chemical response were examined by [1]. In the presence of 
thermal radiation and a heat source, a 2-way MHD stream of a Jeffery nanofluid 
transversely a stretched sheet has been quantitatively examined by [2]. In a 2- 
dimensional accepted convection stream of unstable electrical nanofluid with MHD 
across a linearly leaky stretched pane, the belongings of suction, as well as current 
radioactivity, and Joule heating, are investigated by [4]. [18] looked explored the 
influence of numerous slipups on axisymmetric (MHD) buoyant nano-fluid stream 
across an extending sheet.{20] The stream of a nanofluid with changeable liquid 
characteristics done an angled overextended pane in the existence of current en- 
ergy and chemical response is investigated using unsteady magnetohydrodynamics 
(MHD). The impact of slip circumstances on the two-way unsteady varied convec- 
tion stream of electric MHD nanofluid over a stretched sheet in the company of 
thermal energy, gluey debauchery, and chemical response are the subject of this 
research. [4]. The effect of nonlinear thermal radiation and spatial and tempera- 
ture dependent heat generation/absorption on a 3- way MHD Jeffrey liquid stream 
across a nonlinearly With porous material present, a permeable stretched sheet was 
investigated. [10]. The current and Joule boiler effect of Casson nanofluid stream 
with chemical response across an inclined porous stretched surface is investigated 
in [11]. The effects of buoyancy force on viscoelastic (second grade fluid) magne- 
tized nanofluid were studied by [13]. [19] using a stretched sheet immersed in a 
porous media generated by suction/blowing, researchers explored the belongings 
of viscous-Joule boiler, current energy, and warmth production (or absorption) on 
MHD nanofluid flow. [28] used the power of numerical computing-based Lobatto 
IIIA method to investigate warmth and mass transmission in 3-D MHD radioactive 
current of water-based mixture nanofluid across an extended sheet. [30] investigated 
the three-dimensional border coating stream of Maxwell nanofluid across a extend- 
ing sheet using magnetohydrodynamic (MHD) warmth and mass transmission. [31] 
An unsteady magneto-hydrodynamic heat and mass transfer model is used to in- 
vestigate the heat and mass transfer of a hybrid nanofluid flow across a stretched 
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u,(x) = ax 


Figure 1: Schematic diagram of the Problem 


surface. [32] investigated the heat and mass transfer characteristics of nanofluid flow 
over a stretched surface embedded in a porous medium in both steady and unsteady 
cases. [9] examined the effects of solar waves on 2-dimensional a stretched sheet 
is traversed by nanofluid stagnation-point flow. [16] looked at the heat transport 
and entropy of an unsteady flow of a non-Newtonian Casson nanofluid. [17] stud- 
ied for magnetic dipole with stagnation point flow of micropolar nanofluids. [23] 
warmth and mass transport across a linear extending pane, as well as the essence 
of nonlinear thermal rays and entropy production for continuous laminar 2-way 
convective MHD Jeffrey nanofluid stream, were examined. [25]. The effects of con- 
vective boundary conditions on MHD Prandtl] nanofluid flow over a stretched sheet 
were investigated.[3]considered the rheological and thermophysical characteristics 
of a non-Newtonian viscoelastic liquid under stratification over a linearly stretched 
surface.[27|This pagination’s main goal is to outline characteristics of a water-based 
hybrid nanoliquid flow with single-wall carbon nanotube dispersion. 


2 Construction of the Problem: 


A steady nanofluid boundary layer flow in two dimensions through an extending 
sheet is using the speed of u,,(a) = ax wherever a is a constant, as illustrated in 
Fig.1. A homogenous attractive arena of Bo upright to the flow direction is supposed 
to be influenced. Warmth transmission scrutiny is done in the company of viscous 
dissipation and Joule heating and thermal energy qualities.T,, denotes the convec- 
tive surface temperature which are based on Fig.1 and T, symbolizes the ambient 
fluid temperature in the following governing equations. For this nano-fluid flow, the 
stable border line coat equations for stagnation point flow that is in-compressible: 


Ou Ov 
ee es 1 
Ox as Oy "i ” 
woe ; Ou _ Noo , you 7 Bo? (u— Uso) ae aa 
dz Oy © dx | dy2 p k ma (2) 


+g9Br(T — To.) + gBc(C — Co), 
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Where ug is the free stream velocity, v means the kinematic viscocity, 0 expressions 
forelectric conduction of liquid, Bo establishes the unvarying magnetic arena along 
y-direction, k is used for porosity factor, u and v, respectively, stand for the x- and 
y-directional velocity components. We have the following border circumstances for 
the problem under consideration: 


U = Up(x) = ax,v = 0,at y = 0,and u > u(oo) = bx, as y > co (3) 


The dimensionless variables are introduced in the form of 


0 
n= [sy ua 2 = axp'(n) w= - 8 = arf (4) 


ax 


Eq. (1) is satisfied in the same way, and Eqs. (2) and (3) can be rewritten as 


wy Af 12 Ys 
fot+ff —f — (M+K)(f -A)+A° +10 + 2g = 0, (5) 
f(0) =0, f (0) =1, when n =0 and f (0) =A, as 7 > oOo, (6) 
where M = (oBo") is the magnetic restriction, 4 = a represents the share of 
the rates of unrestricted stream speed to the extending sheet speed, K = —& is 


the permeability parameter A; = FE is the thermal buoyancy parameter, where 
G, = g6r(Tw — Te, is Grashof numeral, and Re = (Uw) is Reynolds number, 
A2 = g8e(Cw — Cae is the concentration buoyancy parameter. 


Equation of Energy 


oT =OT OT vy Ou, 1 Od . GBo?(u— dss)? 
u— +vu—=a (—) 

Ox Oy Oy? Cy Oy PCp OY PCp (7) 
-r(D OT OC —" DE OE OE Tea) 
wae dy Oy * Tso Oy PCp 

Equation of Concentration 
0c . aC OC. Dr Of 
“Or 0g = Dig t Gy? 8) 


where T symbolizes the temperature, C symbolizes the nanoparticles concentration, 
a is the current diffusivity, D, and Dr are the Brownian motion coefficient and the 
thermophoretic dispersal coefficient, correspondingly. 7 = ‘2 fl le is the share of the 
nanoparticle active warmth size to the base fluid warmth size and q, states to the 
radiative warmth flux amount. The radiative heat flux can be calculated using 
the Rosseland guess for current radiation and applied to optically thick medium 


as. Gr = —F ie where o*, k* are the Stefan-Boltzman constant and average 


assimilation coefficient, correspondingly. T+ = 4TT,,°—3T%, is achieved by utilising 
the Taylor series to expand T*+with respect to T,,while disregarding terms of higher 
orders. As a result, Eq. (7) is found to be 


OT | OT OT v du Nea oo a 0 Bo? (u — Uso)? 


== 2 L 
“Oa | "By io Oy? = C, ay) ' 3pCpk* Oy? - PCp (9) 
-r(D OT OC Da Ot as SQo ars) 
» Oy Oy Ts Oy PCp 
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For radiative heat flux modelling, the nonlinear Rosseland guess is used. As an 
outcome, the relevant convective warmth transport boundary conditions can be 
presented as. 

OT 


rr ne ce a Tso, C3 Cu,a8 yoo (10) 


As a result of specifying the non-dimensional temperature T = T35 + (Tw — Too)0(n) 
and C = Cy + (Cu — Ca)é(n) . Eqs. (7) and (8) take the following format: 


(14 Ra)” + P.[f6 + MEL(f —d)? + Ee(f")? + (Me6'¢' +.N6) +50] =0 


(11) 
o +Lefd + xo =0, (12) 

and the borderline circumstances 
6’ (0) = —(1 — 0(0)) Bi, 6(0) = 1,0(-+00) > 0, 6(+00) > (0), (13) 


‘ 160*T?, ee 
Where P, = 4, is Prandtl number, Ra = cs is radiation parameter, E, = 


3kk* 
is the Eckert number, Ny = 


TD, (Cw —Coo) 
Vv 
tDr(Tw —Teo) 
UT 55 


shows the Brownian mo- 


, is thermophoresis restriction,éd = ncaa heat 


Ua 
O3(Ta=TSs 
tion restriction, Ny = 

d hae. V : oh : 
source/sink restriction, L. = —, Lewis factor, Bi = pa , denotes the Biot num- 


b 
ber. The three physical measures of our attention are the coefficient of skin friction 
C'r,, the local Nusselt numberJN,,,,, and local Sherwood number S,,,, are given as. 


Tw Ldw ZLdm 


Cr. = NN. = — * Ss, = "SS, 14 
fs ga By Dy Ca) ie 
where 
Ou OT OC 
Tw HCG y=» dw = HG )u=0 a (Gry 20s dm = Pola, )u=0> (15) 
the relations will be. 
Cy,(Re)? =f (0), Nu, (Re)? =—(1+ Ru)6(0),Su,(Re)? =-¢ (0), (16) 


The result of equations (4), (11) and (12) jointly through borderline circumstances 
(5) and (13) is determine through by a systematic numerical method called shooting 
technique. We translate the nonlinear equivalences into first order regular differen- 
tial equivalences by labelling the variable quantity i.e. 


§=3n7 Shit Sint == fe Sie: 


, 


fs, fe, 


oy =f7r,¢ = 1. Hence, the system of equations becomes 


fi=fih=fafs=l —Afst(M+K)\(f-\)-¥-Aifa—Afe] (17) 


ii = fs, (18) 
fg =—(1+ Ra) Pr fifs + MEc( fa — A)? + Eof3 + Nofs fr + Nef? + 5 fa] 


(19) 
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fs = Sr (20) 


/ Ni , 
fr = -(lefifs + nto) (21) 
b 
Subject to the following conditions 


fi(0) = 0, fo(0) = 1, f(0) = $1, fa(0) = (1+ %), f5(0) = Se, fe(0) = 1, 
fr(0) = S3, as n> O and fo(co) = X, fa(oo) = 0, fe(oo) = 0, as n> co 


(22) 


Now fourth order Runge-Kutta way with shooting technique is follow for stepwise 
integration and calculations are passed out on MATLAB computer software. 


3 Influence of Diverse Restrictions 


Ordinary differential equations that are nonlinear. (4), (11) and (12) are numer- 
ically solved with the borderline circumstances (5) and (13) using the MATLAB 
software and the shooting and fourth-order Runga-Kutta method. The obtained 
results demonstrate the impact of non-dimensional controlling parameters, specifi- 
cally the magnetic field parameter M, Prandtl numeral P,., radiation restriction Ra, 
the proportion of the free stream speed to the extending sheet speed restriction 4, 
Eckert numeral E,, Thermophoresis restriction N;, Brownian motion restriction Np, 
Biot Numeral B;, Lewis factor L., Permeability restriction K, thermal buoyancy 
parameter »;, Solutal buoyancy parameter A and Heat Source/Sink 6. Figures 2 
and 3 depict the effect of the magnetic field restriction M on the velocity and tem- 
perature field distributions.It’s worth noting that when M gets higher, the velocity 
field gets smaller. A resistive sort of force termed Lorentz force is created in the 
stream when the magnetic field parameter increases, causing a decrease in velocity 
field curves. It has been pragmatic that an enhance in magnetic parameters raises 
the temperature. The Lorentz force causes some additional warmth to be created 
in the flow. When the magnetic field is increased, the momentum layer thickness 
decreases while the thermal layer thickness increases. The impact of Prandtl num- 
ber P, on the supply of speed and temperature ground is exposed in Fig.4 and 5. It 
is perceived that growing values of P, results a decline in velocity and temperature 
field. Figure 6 and 7 exhibits the significance of the radiation parameter R, on the 
velocity and temperature, correspondingly. Figures 6 and 7 show that increasing 
the radiation parameter increases fluid velocity and temperature. The impact of 
proportion of the free stream speed to the speed of the extending sheet restriction A 
on temperature arena is exposed in Fig.9. escalating values of A results a decrement 
in temperature field. The impact of Eckert number E,, Brownian motion param- 
eter Ny, Thermophoresis parameter N;, Biot Numeral B; on the sharing of speed 
and warmth field is exposed in Fig. 10, 11, 12, 18, 14, 15 16 and 17It has been 
observed that rising values of E,, Ny, N; and B; results increment in velocity and 
temperature field. 


4 Conclusions 


The influence of thermal radiation, Heat Source/Sink, and joule heating on two- 
dimensional nanofluid stagnation point stream across a extending pane fixed in 
porous medium is discussed in this study. The controlling PDEs are changed into 
nonlinear ODEs using similarity transformations, and then These equations are 
numerically solved . The effects of a variety of non-dimensional characteristics on 
velocity and temperature fields are discussed and represented using graphs. The 
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M = -0.5, 0, 0.5, 1 


Figure 2: Velocity with 7 for disparate facts of magnetic restriction M. 


n 


Figure 3: Temperature with 7 for disparate facts of magnetic restriction M. 
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Pr=0.5, 0.8, 1 


Figure 4: Velocity with for disparate facts of Prandtl numeral P... 


Pr = 0.5, 0.8, 1 


n 


Figure 5: Temperature with 7 for disparate facts of Prandtl numeral P... 
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n 


Figure 6: Velocity with for disparate facts of radiation restriction Rg. 


n 


Figure 7: Temperature with 7 for disparate facts of radiation restriction Ry. 
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n 


Figure 8: Velocity with 7 for disparate facts of free stream velocity to stretch sheet 
restriction velocity ratio of the stretching sheet parameter 4X. 


0.2 Ne 


0 2 4 6 8 10 
ul 


Figure 9: Temperature 0(7) related to 7 for unlike facts of ratio of the free stream 
velocity to stretch sheet restriction velocity ratio parameter X. 
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Ec = -0.9, -0.3, 0.3, 0.9 


n 


Figure 10: Velocity with 7for disparate facts of Eckert numeral E,. 


Figure 11: Temperature with 7 for disparate facts of Eckert numeral F,. 
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ul 


Figure 12: Velocity with for disparate facts of Brownian motion parameter Np. 


Figure 13: Temperature with 7 for disparate facts of Brownian motion parameter 
Np. 
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Nt =0, 0.5, 1, 1.5 


0 2 4 6 8 10 


Figure 14: Velocity with for disparate facts of Thermophoresis parameter N;. 


Figure 15: Temperature with 7 for disparate facts of Thermophoresis parameter 
Ni. 
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n 


Le=0.5, 1, 1.5, 2 


Figure 18: Velocity with for disparate facts of Lewis factor Le. 


14 


307 Ravindra Kumar 294-316 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 2, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


n 


Figure 19: Concentration with 7 for disparate facts of Lewis factor Le. 


. ™ Ss iiS 
\ K = 0, 0.5, 1, 1 


n 


Figure 20: Velocity with nfor disparate facts about permeability limitations K. 
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Figure 21: Temperature with for disparate facts about permeability limitations 
K. 


Figure 22: Velocity with nfor disparate facts of thermal buoyancy parameter )j. 
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Figure 23: Temperature with for disparate facts of thermal buoyancy parameter 
Mi. 


0 2 + 6 8 
n 


10 


Figure 24: Velocity with 7 for disparate facts of Solutal buoyancy parameter 2. 
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2, =-1, -0.5, 0, 0.5 


uf 


Figure 25: Temperature with 7 for disparate facts of Solutal buoyancy restriction 
d2. 


6 = 0.3, 0.4, 0.5, 0.6 


= 
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es 
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10 


Figure 26: Velocity with 7for disparate facts of Heat Source/Sink 6. 
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Table 1: Encouragement of the three physical dealings are the coefficient of skin 
friction C’y,, the local Nusselt number N,,, and local Sherwood number S,,,. 


Parameter Ch, Nu, Su, 
Mz=-—0.5 -0.1951 0.1470 0.7460 
M= -0.2948 0.1080 0.7365 
M=0.5  -0.3866 0.0749 0.7291 
M=1 -0.4707 0.0450 0.7222 
P.=0.5  -0.3827 0.1008 0.7316 
P,=0.8  -0.3861 0.0870 0.7296 
P= -0.3866 0.0749 0.7291 
K= -0.2887 0.0930 0.7381 
K=0.5  -0.3866 0.0749 0.7291 
K=1 -0.4758 0.0585 0.7217 
K=1.5  -0.5573 0.0422 0.7160 
A = 0.3 -0.5386 -0.1136 0.7041 
A= 0.4 -0.4778 -0.0015 0.7141 
A= 0.5 -0.3866 0.0749 0.7291 
Av = 0.6 -0.2743 0.1320 0.7460 
B,;=0.2 -0.4161 0.0630 0.7261 
B,=0.5 -0.3866 0.0749 0.7291 
B,=1 -0.3749 0.0813 0.7315 
B,=4 -0.3641 0.0850 0.7326 
Ay =0.2 = -0.5240 0.0369 0.7145 
A, =0.3 -0.4762 0.0518 0.7196 
A, =0.4  -0.4307 0.0642 0.7251 
A, =0.5  -0.3866 0.0749 0.7291 
A2=—-1 ~~ -0.9295 -0.0525 0.6858 
A2 =—0.5 -0.7493 0.0030 0.7006 
A. =0.5  -0.3866 0.0749 0.7291 
E.=—-0.9 -0.4532 0.2360 0.7191 
E.=-—0.3 -0.4204 0.1557 0.7241 
E.=0.3  -0.3866 0.0749 0.7291 
E.=0.9 -0.3546 -0.0021 0.7352 
6=0.3 -0.4505 0.2182 0.7189 
6=0.4 -0.4241 0.1590 0.7231 
6 = 0.5 -0.3866 0.0749 0.7291 
6 = 0.6 -0.3283 -0.0563 0.7391 
N,=0.5 -0.3866 0.0749 0.7291 
No=1 -0.3519 -0.0014 0.7335 
N,=1.5  -0.3180 -0.0732 0.7375 
Nz, = 2 -0.2880 -0.1344 0.7406 
N,=0 -0.4150 0.1347 0.7225 
N,=0.5 -0.3866 0.0749 0.7291 
N=1 -0.3490 -0.0034 0.7398 
N,=1.5  -0.2823 -0.1400 0.7571 
R, =0 -0.3700 0.0060 0.7301 
R,=0.3  -0.3846 0.0527 0.7296 
R,=0.5  -0.3866 0.0749 0.7291 
Rg =1 -0.3879 0.1251 0.7290 
L.=0.5 -0.3643 0.0930 0.5055 
al -0.3866 0.0749 0.7291 
L.=1.5  -0.4030 0.0696 0.9021 
Le =2 -0.4162 0.0681 1.0503 
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O(n) 


| 


Figure 27: Temperature with for disparate the Source/Sink facts 6. 


table analyses and presents the effect of physical parameters on skin friction, local 
Nusselt’ number, and local Sherwood number. The following is a summary of the 
findings: 


e Increasing the magnetic field parameter causes the velocity field to decrease 
and the temperature distribution to improve. 


e The velocity and temperature field both are decrease for Prandtl number but 
reverse effect is seen in of radiation restriction R,, Eckert numeral FE, Ther- 
mophoresis limitations N;,Brownian motion limitations N;,, Biot Numeral B; 
and warmth Source/Sink 6. 


e The parameter of proportion of the free stream speed to the speed of the 
stretching sheet A, decrease the distribution of temperature. 


e The Lewis factor decrease the distribution of concentration. 


e The Permeability restriction K help to lessening the velocity arena and in- 
crease the supply of temperature arena. 


e The thermal buoyancy parameter A; an Solutal buoyancy parameter Az help 
to increase the speed and decrease the temperature field. 


e Sherwood number, Skin friction, and Nusselt number are increasing function 
of proportion of the free stream speed to the speed of the extending sheet 
restriction A, Biot Number B;, thermal buoyancy restriction A; and Solutal 
buoyancy restriction 2 and decreasing function of magnetic field restriction 
M, Prandtl numeral P, and Permeability restriction K. 


e Skin friction and Sherwood number are increasing function of Eckert number 
E., heat Source/Sink 6, Brownian motion parameter N; and Thermophoresis 
parameter N;. But reverse effect is seen in Nusselt number. 


[1] [2] [5] [6] [4] [7] {8) [9] [20] [14] [12] [13] [15] [16] [14] [18] [17] [19] [20] [21] [22] 
[24] [23] [25] [26] [28] [29] [30] [31] [32] [3] [27] 
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Abstract 


This paper discusses the principle, design and theoretical dynamical 
modelling of MEMS capacitive pressure sensors with different material 
properties results that have been simulated as well as compared. The 
properties of the material ensure that sensor performance analysis for 
operating pressure range 0-25kPa. This work discusses Timoshenkos plate 
deflection theory and follows the pull-in phenomenon. One important 
factor that could influence the performance of a MEMS capacitive pressure 
sensor is the structure of the diaphragm. The active area of this sensor 
is made up of 0.5 mm0.5 mm and the cavity size are 2m. According 
to the simulations, the optimized parameters have higher linearity and 
greater sensitivity than the initial parameters. The comparison of results 
shows that Aluminium material gives the highest deflection and better 
capacitance sensitivities which is about 88 pF/pa and is more linear with 
the applied pressure than other materials. The behaviour of the touch 
mode capacitive pressure sensor in terms of the temperature dependence 
of capacitance is analysed and repeatability error has been reduced. This 
configuration of touch mode pressure sensor is promising for the use in 
health monitoring devices like patient blood pressure due to small pressure 
fluctuation. 


Keywords— Capacitive pressure sensor, Linearity, Sensitivity, Range of Blood 
pressure, Deflections 
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1 Introduction 


Nowadays CPS (Capacitive pressure sensor) is one of the popular MEMS pressure 
sensors due to their fast dynamic range and less sensitivity to temperature in com- 
parison with piezoresistive pressure sensors and is widely applied in high-performance 
applications [4, 27, 5, 13] . The capacitive pressure sensor comprises the thin elastic 
diaphragm and a sealed cavity between the elastic diaphragm and substrate. The thin 
diaphragm is allowed to contact the substrate and a pair of plates behave as parallel 
plate capacitors. 

Micromachined MEMS CPS can be classified in different ranges such as low, 
medium, ultra-low and high. Different ranging of pressure can work for different ap- 
plications like gentle touches use low- a pressure range (1kPa- 10kPa) [3, 24] ,medium 
pressure range (10kPa -100kPa) can be used for some pressure or movement of the 
object that is operated by hands [21] . Ultra-low pressure ranging (< 1Pa) is used in 
the progress of the microphone, and touch screen and finger-print recognition. Above 
these sensors, the range is also used in commercial products like wearable touch key- 
boards [29, 30] and household appliances. High-pressure ranges (> 100kPa) are used 
in special applications such as industrial robots, colonoscopes [26], etc. MEMS ca- 
pacitive pressure sensor has a fast-developed product range with brand-new features 
in contemporary years and covers the foremost part of the sensor market. With the 
increasing requirements of some sensing applications, great efforts are devoted to the 
exploration in the direction of the application range of pressure sensors. The main 
motive of this studies is to find out suitable material for better sensitivity and good 
linearity. Sensitivity is the most important parameter to judge the quality of pressure 
sensors [34]. To achieve good sensitivity, conductivity, stability, reproducibility and 
resolutions. the main aim is to enhance these performance parameters of capacitive 
pressure sensors. Particularly these parameters are dominantly determined by dif- 
ferent two critical factors which are 1) the materials used for conductive electrodes 
[15, 31] and 2) the shape and structure of the dielectric layer [22, 20, 7, 8, 6, 19] . 
But there have some limitations of micromachined capacitive pressure sensors have 
non-linear output and low sensitivity in terms of capacitance [28] . To address this 
problem, one way is increasing the diaphragm thickness and another way is to expand 
the middle of the diaphragm membrane in such a way that the output will be more 
linear concerning the input but capacitive sensitivity reduces due to increasing the 
stiffness [25, 17]. 

Many materials have been used as active and non-active components in pressure 
design applications because the properties of materials play a very significant role in 
the behaviour of capacitive pressure sensors. Still, one of the main concerns is Material 
selection for the diaphragm, with rapid development in the world of research, it is not 
impossible to discover a new material that can compete with the existing materials. 
In this paper, firstly different capacitive pressure sensors using different diaphragm 
membrane materials with their different application are investigated and simulated in 
the same model. Detailed mathematical modelling and simulation results on various 
characteristics are presented. 


2 Design of Pressure Sensors 


The diaphragm and substrate are used as mechanical components in many sensors and 
are the most important part of the system. The size of the thin diaphragm, material 
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S.NO | Types of pressure sensors Measurement Range 
1 Absolute Atmospheric pressure 101.3 kPa 
2 Absolute In-vivo Blood Pressure | 80/120 mm 
3 Gauge Intraocular Pressure 15mm Hg 
4 Gauge Tire pressure 30 Psi 
5 Differential Ventilators 25cm H,O 


Table 1: Types of Pressure Sensors with Specific Range and their Applications 


[2| 


selection of the diaphragm, and substrate depend upon the required applications. 
Some types of pressure sensors along with their application and their pressure range 
are given in table 1. The deflection of the diaphragm and sensitivity of the sensor is 
depending upon according to properties of the materials and pressure mounted on the 
thin membrane. 

The design of the diaphragm membrane and structure of MEMS pressure sensor by 
using finite element simulation software (FEA). MEMS pressure sensors are generally 
used to measure one parameter at a time, but the value of parameters changes when 
they operate in complex environments which create a major task for designing a MEMS 
pressure sensor to achieve good sensitivity with operational precision and speed in 
harsh environments. 


3 Principle and Mathematics background Mod- 
elling of the Capacitive Pressure Sensor 


MEMS capacitive pressure is work on the principle of the electromechanics interface. 
By changing applying the pressure to the top of the diaphragm, the membrane moves 
towards the direction of the substrate. Then performance occurs in terms of diaphragm 
deflection with thermal considerations. Due to the symmetric nature of the geometry, 
only a single geometry is used for the analysis [18, 10]. this model contains a thin 
membrane that is held at a fixed potential of 5V. 


atw(a.y) |», wey) , Hwley) __p rn 
Ox* Ox2Oy? ' Oy* Dh3 


To avoid any connection between substrate and diaphragm membrane insulation con- 
nection is provided. Basically, for designing diaphragm capacitive pressure sensors 
uses the theory of thin plate and small deflection, where the condition of theory plates 
usesah 0 and deflection is Wmaz © B [32] but in case of circular diaphragm r is 
taken as radius and where h is the thickness and the rectangular diaphragm is taken a 
is length and b is width. The mathematical expression for calculating diaphragm de- 
flection with a clamped edge due to applied pressure P are governing the fourth-order 
differential equation in x-y planes (1). 

Where w (x, y) is deflection of diaphragm supported with boundary edge condition, 
a is side of diaphragm, h is the thickness. The following mathematical expression can 


be used to determine the capacitance of this structure [12]. 


ekA 
CNS ae (2) 
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Where ¢€ is absolute dielectric permittivity of, k is the relative permittivity of the 
plates, A is the area of the plates on a squared meters and dO is the separation between 
the parallel conducting plates. However, the capacitance cannot be calculated using 
equation (2) above when the diaphragm’s pressure has changed. As a result of uniform 
pressure being applied, the diaphragm deflects. As can be seen, the deflection with a 
uniformly loaded square shape plate is utmost at the diaphragm’s centre. 


L’P 
Wmaz = 0.00126 7 (3) 


Where Wmaz is the maximum deflection, a is the length of the diaphragm mem- 
brane, P is the differential pressure, D is the flexural rigidity can be computed by the 
expression [16, 9, 11] . 

Eh? 
D= — > 4 
12(1 — v?) (4) 
Where h is thickness of membrane, E is modulus of elasticity, v is Poissons ratio 
[23]. When above equation number 3 is insert in equation number 2 then, maximum 


deflection occurs. j 
PL 


Wmaz = 0.01512(1 — v’) 
3.1 Measurements of Capacitance 


The mentioned relation (6) can use to find out the change in capacitance and sensitivity 
of the moving diaphragm towards the cavity after changing the load on the top of the 


diaphragm. 
dx. a 
poe | i d—w(a,y) (6) 


=5f f3 a (7) 


Taylor series expansion is given in the following equation, 


1 


fag titeta’+a°, for l<a<l (8) 


Since in this case(w/d=1), therefore formula (8) can be written in the equation (9), 


As long as the sensor works with less deflection then, the capacitance, neglecting the 
higher-order factors, can be calculated by, 


=5f f a+ ED dr dy (10) 


By using the binomial expression, the change in capacitance of square shape mem- 
brane can be written as [1]. 


12.5Pa* 


c= co(l + Sore) (11) 
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Where c is the final calculating capacitance, co is initial capacitance, P is uniform 
(constant) pressure applied, d is the spacing between the plates and a is the length 
(size) of the diaphragm. As the zero-pressure capacitance, is given in equations (12), 


dea? 
co = d (12) 
Capacitive pressure sensitivity of the square membrane is given by (9). 
A9ea® 
See 13 
4 2025d2D ve) 


3.2. Measurement of Sensitivity 


Therefore, Sensitivity of above diaphragm depend upon thickness of membrane and 
distance between electrodes, influence by applied load and sensitivity of membrane 
can be expressed as (15). 


dc 
ae 14 
s.= 5 (14) 
The mechanical sensitivity of a diaphragm is defined as 
dW 
Se 1 
Su de (15) 
For small deflection, square diaphragm sensitivity is, 
2 
Soe a (16) 


3.14h[ sey 


Thus, the low capacitance will make the device more sensitive. As a result, high 
displacement will lead to nonlinearity. The segmented or mesh model was created 
using the FEM (Finite element method) as depicted in figure 2. 


4 Simulation Result and Discussion 


In this analysis, Diaphragm deflection, capacitance and mechanical sensitivity vary 
according to the properties and characteristics of materials explained and simulated 
results of each material are also presented, as well as the equation used for the mod- 
elling of pressure to calculate and verify results. The shape of a diaphragm can be 
square, elliptical and circular but in this paper, the shape of the diaphragm is taken as 
square and dimensions are 0.5mm x 0.5mm x 10um made up of different diaphragm 
material has been examined under the uniform pressure range is 0 to 15kPa, the di- 
mensions of the cavity is 2 m filled with vacuum, silicon is taken substrate is shown in 
the figure 1 and FEM is used to create the segmented model is depicted in figure 2 and 
mesh parameter is shown in table 2 and as seen in the diagram boundary condition 
for the diaphragm deflection of this structure is limited in the z-direction only. 

The result shown here in figure 3 is the simulation profile of deformation of the 
Aluminium membrane at external pressure 15 kPa. The given results proves that 
maximum deflection is occur at the centre and displacement reduces as moves away 
from the centre as shown by the vertical line and in order to sustain the linearity 
moving diaphragm/ plate should not move more than of the distance between the 
plates. Figure 4. Shows the simulation profile of applied boundary load at 10kPa. 
The maximum and mean deformations of the square diaphragm membrane at 10 kPa, 
3.21 wm and 1.21 um respectively. 
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S.NO | Parameter Size 
1 Maximum element size 0.3 
2 Minimum element size 0.054 
3 Element Growth rate 1.5 
4 Curvature factor 0.6 
5 Resolution of the regions | 0.5 
6 Number of iterations 4 


Table 2: Mesh Parameter of the Model 


Different 
material 
? 


steel AISI4340 


Figure 1: Three -dimensional view of Capacitive Pressure Sensor with different 
Material 


Figure 2: Mesh Model of Capacitive Pressure Sensor 
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p0(11)—10000 Pa Surface: Displacement magnitude (mm) 


mm oO.4 3.4 


Figure 3: Quadrant Simulation Profile of Deformation of Diaphragm for 0.5mm 
at 10 kPa pressure 


p0(11)=10000 Pa Boundary Loads (solid) 


Figure 4: Simulation profile of applied boundary load when applied pressure at 
10 kPa 


323 Suman et al 317-332 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 2, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


Parameter Name Value Units 
Youngs modulus 170 GPa 
Poissons ratio 0.06 1 
Density 2330 Kg/m3 
Relative permittivity 11.7 1 
Coefficient of thermal expansion | 2.6 x 10-° | PPM/ °C 


Table 3: Material properties of Si 
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Figure 5: Diaphragm Displacement with Applied Pressure 


5 Analysis of Pressure Sensor Performance us- 
ing Different Materials 


Only a few materials are being investigated for capacitive pressure sensors in order to 
achieve the required application. As three basic requirements of material defined by 
Mc Donald [33] (a) good electrical and mechanical properties (b) compatible with the 
fabrication device (c) good intrinsic properties that prevent high stress from developing 
during processing. Here simulated result of all material is presented. 


5.1 Silicon 


Silicon material is used as diaphragm material in capacitive pressure sensors due to 
high melting points and low hysteresis and low thermal expansion. Due to thermal 
expansion added to the devices, the response of this device is more dependent on 
the temperature and the capacitive response of the device is nonlinear with gradu- 
ally increasing the pressure range. the simulated result of capacitance sensitivity is 
52.8 x 10-° pF /Pa and computation time calculated for the whole sensor is 23s. The 
properties used for the device are shown the table 3 and the graph between diaphragm 
deflection under applied uniform pressure with and without packaging stress is shown 
in figure 5. 


324 Suman et al 317-332 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 2, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


Parameter Name Value Units 
Youngs modulus 169 GPa 
Poissons ratio 0.22 1 
Density 2320 Kg/m3 
Relative permittivity 4.5 1 
Coefficient of thermal expansion | 2.8 x 10-° | PPM/°C 


Table 4: Material Properties of Silicon Nanowires 
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Figure 6: Diaphragm Displacement with Applied Pressure 


5.2 Silicon nanowires 


Silicon nanowires are used as diaphragm material in capacitive pressure and used low 
range pressure sensing application that is suitable for blood flow monitoring applica- 
tions [14]and the simulated result of capacitance sensitivity is 2.3 x 107° pF/kPa. The 
properties used for the device are shown the table 4 and the graph between diaphragm 
deflection under applied pressure with and without packaging stress is shown in figure 
6. 


5.3 Titanium 


Titanium metal is used as diaphragm material in capacitive pressure and titanium thin 
films deposited in conjunction with other materials onto a single crystal substrate is 
being used to create the micro devices. Due to strongest and high fracture toughness, 
this element is more promising metal substrate. The properties used for the device 
is shown the table 5 and graph between diaphragm deflection under applied pressure 
with and without packaging stress is depicted in figure 7. 
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Parameter Name Value Units 
Youngs modulus 115.7 GPa 
Poissons ratio 00.321 1 
Density 4506 Kg/m> 
Relative permittivity 89.1 il 
Coefficient of thermal expansion | 8.5 x 10-° | PPM/°C 


Table 5: Material Properties of Titanium 
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Figure 7: Diaphragm Displacement with Applied Pressure 


5.4 Aluminium 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 2, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


Aluminium metal is used as diaphragm material in capacitive pressure and used in IC 
microelectronics through the integration of CMOS (complementary metal oxide semi- 
conductor) Technology. Capacitive pressure on-chip signal circuitry with aluminium 
metal gives the highest sensitivity in square shape diaphragms under different pressure 
ranges. The properties used for the device are shown the table 6 and the graph be- 
tween diaphragm deflection under applied pressure with and without packaging stress 


is shown in figure 8. 


Parameter Name Value Units 
Youngs modulus 70 GPa 
Poissons ratio 0.35 1 
Density 2700 Kg/m3 
Relative permittivity 11.5 1 
Coefficient of thermal expansion | 25 x 10~° | PPM/°C 


Table 6: Material Properties of Aluminium 
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Figure 8: Diaphragm Displacement with Applied Pressure 


Parameter Name Value Units 
Youngs modulus 120 GPa 
Poissons ratio 0.34 1 
Density 8960 Kg/m3 
Relative permittivity 11.5 1 
Coefficient of thermal expansion | 25 x 10-& | PPM/°C 


Table 7: Material properties of copper 


5.5 Copper 


Copper metal is used as diaphragm material in capacitive pressure. Although it has 
good electrical conductivity and high malleable as compared to other materials. it 
cannot be used in high-pressure applications due to the weak nature of the metal. 
The properties used for the device are shown in the table 7 and the graph between 
diaphragm deflection under applied pressure with and without packaging stress is 
shown in figure 9. 


5.6 Comparative Analysis of all Materials 


In this paper, different membrane materials were used on the same model and a com- 
parative analysis of touch mode capacitive pressure sensor for different pressure range 
0 to 25kPa has been investigated at 10jm thickness. The average diaphragm deflec- 
tion and capacitance varied according to the used material properties. The average 
diaphragm deflection of different membrane materials to different pressure ranges is 
shown in the figure 10. In, the plots represent that the average deflection of all ma- 
terial is increases with increasing the pressure range in a linear or non-linear manner. 
On the other hand, among all materials Aluminium material has the highest deflection 
and more linearity as compared to other materials. 

Figure 11. depicts the relationship between the relative capacitance and applied 
pressure in case of a square diaphragm. This plot represents that the aluminium 
material has the highest capacitances when compared to other materials. At zero 
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Figure 9: Diaphragm Displacement with Applied Pressure 
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Figure 10: Diaphragm Displacement with Applied Pressure 
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Figure 11: Capacitance changes with Applied Pressure 
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Figure 12: Analytical and Simulation Capacitance with Pressure 


applied pressure, the value of capacitances for all the materials is same and gradually 
increases with applied pressure, but as is shown in the graph, Aluminium material 
provides better linearity than others materials over the range 0 kPa to 25 kPa 

Figure 12 shows the comparison of analytical and simulation results of capacitance 
with applied pressure of a square diaphragm. This plot indicates that aluminium 
material provides more accurate and promising result of analytical with simulation 
result. At 10kPa, the value of capacitance is 9.69 x 10719 F. 


5.7 Sensitivity Analysis 


Sensitivity is an important factor for the analysis of the capacitive pressure when 
membrane deflection and capacitance changes. Here table 8 shows a comparative 
analysis of the capacitance sensitivity of all Materials of the square diaphragm in 
which aluminium material provides the highest sensitivity at 10 kPa externally applied 
pressure is 22 x 107° pF /pa (one fourth part of the model) and the overall sensitivity 
of the model is 88 x 107° pF /pa with and without packaging stress. 
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Material Name | Sensitivity-Quadrant part (pF/pa) | Overall Sensitivity(pF/pa) 
Si 9x 10-6 36 x 10-® 
Si- Nanowires 9.6 x 10-5 38.4 x 10-6 
Titanium 13.2 x 10-8 52.8 x 10-6 
Aluminium 7,0 x10 88.0 x 10~ 
Copper 12.6 x 10-6 50.4 x 10-§ 

Table 8: Comparative Sensitivity of all Material 


6 Conclusion 


This paper has described the dynamical modelling of highly sensitive normal and touch 
mode capacitive pressure sensor was analytically designed and simulated using the 
finite element method. This sensor comprises of moving top membrane, fixed bottom 
plate and cavity. In this investigation, the results show that the analytical result is 
in good agreement with the simulated result. Based on the observed performance 
its characteristics, accuracy and resolution are improved while repeatability error and 
computation time are reduced. Aluminium has been found to be more compatible and 
sensitive than other materials, making it more suitable for the measurement of blood 
pressure measurement. It also discussed how the reduced cavity size enhanced the 
sensitivity but this approach is restricted due to pull-in the phenomenon that faces 
inaccuracies in response time. In addition, these findings open a new route for other 
medical applications like ICP, IOP. 
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Abstract 


The paper presents iterative methods for solving interval linear system 
of equations. We present a generalization of interval Jacobi method and 
interval Gauss-Seidel method by generalizing interval diagonal matrices 
to band interval matrices, and discuss the convergence analysis of the 
proposed methods. More specifically, we prove that both the proposed 
methods converge for any initial approximation if the coefficient interval 
matrix of the system is either an interval strictly diagonally dominant 
matrix, or interval M-matriz or interval H-matriz. Numerical experiment 
are carried out to assess the effectiveness of the proposed methods. 
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1 Introduction 


Many practical problems involving uncertainties, such as uncertainty in engi- 
neering or design problems, global optimization, mathematical programming 
problems etc., get reduced to solving system of interval equations. We refer to 
[12, 15, 16, 17, 20, 26] to find the literature on interval analysis dealing with 
uncertainty. It is worthwhile to mention that the solution set enclosure of inter- 
val linear systems, plays a significant role as data are impacted by uncertainty 
in many real-world problems that involves interval linear systems. However, it 
is well-known that the interval computations are NP-hard problems. In other 
words, one cannot expect an algorithm for computing all computations for the 
interval in less than exponential running time. So the research has been driven 
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for finding a solution set enclosure for the interval linear equations with less 
computations. 

Interval Jacobi, interval Gauss-Seidel, Bauer-Skeel, Hansen-Bliek-Rohn, Kra- 
wezyk iteration methods are among the oldest well-known iterative methods for 
solving interval linear systems. In [2, 7, 19, 21], authors proved that the above 
mentioned methods may not produce an optimal enclosure. However Hladifk [19] 
in 2014, proposed a new interval operator that generalizes the interval Gauss- 
Seidel method, by introducing a new parameter. He further proved both theo- 
retically and numerically that incorporation of such parameter is more effective 
than the Gauss-Seidel method, and provides tightening solution set enclosure of 
interval linear systems. Parametric interval linear system of equations were in- 
vestigated in [18, 6]. In [21], author studied the Hansen-Bliek-Rohn method and 
the Bauer-Skeel method and their modification based on the preconditioning of 
the system and on the residual form. The paper aims to develop the iterative 
methods and their convergency to solve interval linear systems with uncertain 
coefficients. More specifically, we generalize the interval Jacobi method and in- 
terval Gauss-Seidel method for solving interval linear systems and analyze the 
convergence of these methods. 

Throughout the paper, the sets of all real intervals, the set of n-dimensional 
real interval vectors, and the set of mxn real interval matrices are denoted by IR, 
IR” and IR”, respectively. We write bold letters to represent interval matri- 
ces/vectors, whereas normal letters are used to represent real matrices/vectors. 
A real interval matrix of order m x n for two real matrices A and A, is defined 
as A={AER™”": A< A< A}, with componentwise inequality A < A. 

Consider the following system of interval linear systems of equations 


Ax=b (1) 


with A € IR”” and b € IR” are given interval matrix and interval vector 
respectively, x € IR” is unknown. The solution set of (1) is enclosed by 


¥(A,b) := {4 € RR" : Az = 6 for some A€ A, bE b} 


The smallest interval enclosure of &(A,b) with regard to inclusion is repre- 
sented by the interval © := O(A,b) = [inf(X(A, b)), sup(S(A, b))], is known 
as the interval hull of the solution set (A, b). 

Let D, — E and —F be respectively, represent the diagonal part, strictly 
lower triangular and strictly upper triangular parts of the interval matrix A, so 
that A= D—E-—F. If 0 ¢ Ajj, then the interval Jacobi method and interval 
Gauss-Seidel method (see [3, 30]) for solving (1) are respectively, given by 


x@) = DE+F)x + Db 
x@t) = (DE) 'Fx) +(D-E)"'b, 2) 


We write Hy = D~'(E+F) and Hes = (D—E)~'!F to represent the iteration 
matrices for the interval Jacobi and interval Gauss-Seidel method, respectively. 
Details of interval Jacobi and Gauss-Seidel method for solving interval linear 
equations can be found in [3]. 
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It is known from the literature that M-matrices, L-matrices, strictly di- 
agonally dominant (SDD) and symmetric positive definite (SPD) matrices are 
among the classes of matrices for which both Jacobi and Gauss-Seidel methods 
converge for any initial guess for a given linear system of equations Ax = b. 
In [4], Salkuyeh generalized the Jacobi and Gauss-Seidel method by general- 
izing the diagonal matrix to a band matrix, which are given by the following 
iteration relations 


2) = TOE + Fn) +756 2) 
wt) = (Tin — Em) *Fmit) + (Lm — Em)71 (4) 


where m > 0 and F,, = A—T,, — Em and 


a1,1 see QA1,m+1 0 
| 0 fae 0 ] 
—Am+2,1 
Tin a Qm+1,1 An—m,n ’ Em — é 
antl athe —aAn—m-—-1,n 
0 Ann—m An,n 


Salkuyeh proved that if the coefficient matrix of a system of linear equations is 
either SDD or an M-matrix, then the generalized Jacobi (GJ) and generalized 
Gauss-Seidel (GGS) methods converge. In [22], authors proved the convergence 
of GJ and GGS methods for H-matrices, however both methods may fail to 
converge for SPD and for L-matrices. 

In this paper we generalize the interval Gauss-Seidel and interval Jacobi 
methods similar to equation (3) and (4), respectively, to obtain a tighter en- 
closure of the solution set. As mentioned earlier, the iteration schemes defined 
in (3) and (4) converge for SDD, M-matrices and for H-matrices, so motivated 
by these results we verify the convergence criteria of both generalized interval 
Jacobi and interval Gauss-Seidel methods for these classes of interval coefficient 
matrices. 

This paper is organized as follows: In Section 2, we provide the notations 
and basic definitions related to interval analysis and define various classes of 
interval matrices under consideration. We also listed a few well-known results 
that are used in our study. Section 3 introduces the generalization of interval 
Jacobi method and discuss the convergence analysis of the method for solving 
(1) for various classes of interval coefficient matrices. In section 4, we describe 
the generalized interval Gauss-Seidel method and its convergence analysis for 
various classes of interval coefficient matrices. Numerical experiments are car- 
ried out for the proposed methods in Section 5. Finally, Section 6 ends with 
some concluding remarks. 


2 Notation and preliminaries 


In accordance with the standard notations, intervals are marked by boldface 
throughout this article. To represent the lower and upper bounds of inter- 
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vals respectively, the underscores and overscores notations are used. So, any 
interval x is written as x = |x,Z]. For the interval x, magnitude and migni- 
tude are defined respectively as, |x| := max{|z| : « © x} = max{|z|,|Z|} and 
(x) := min{|z|: «2 € x} = min{|z|,|Z|}. Magnitude and mignitude of interval 
matrix A are defined componentwise, and denoted by corresponding notations 
as defined for intervals. For a given interval matrix A = (A;;) € IR””, we 
denote |A| := (|A];;) € R””, and the comparison matrix of A is represented 
by (A), which has entries (A);; = (Ai) and (A);; = —|Aj,|, for i # 7. Note 
that both |A| and (A) are real matrices. Next we provide some properties 
of the interval matrices, and define various classes of interval matrices under 
consideration. 


Definition 2.1. [3, 10, 11] An interval matrix A € IR”” is said to be regular 
if every A € A is nonsingular. For a regular A, the inverse A~' is defined as 


A7':=O{A1:Ae A} 


where UO := [inf ©, sup 4] denotes the hull of ©, which is the tightest enclosure 
for X. It is to be noted that the smallest interval matrix A~‘ includes the set 
{A-+: Ae A}. 


Definition 2.2. [3] For any real intervals x = [x, 7], y = [y, y], interval addition, 
subtraction and multiplication are defined as 


(i) xt+y=l|z+y, T+9] 
(ii) x-y=|[z—-9, F—y| 


(iii) The interval multiplication xy is displayed in the following table: 


* y 20 y 30 y <0 
x >0 | (xy, Ty] [zy, Ty] [zy, xy] 
x30 | [2y, ry] | [min{ry, Ty}, max{xy, Ty}] | [Fy, ry] 
x<0| |zy, zy [x¥, xy] (zy, xy] 


Definition 2.3. [3] If A,B ¢ IR”, addition and subtraction for interval 
matrices are defined as 


(i) A+B=O{A+B: Ac A, BEB} 


(ii) A-B=O{A-B: Ac A, BeB} 


If A = [A, A] and B = [B, B], then 


A+B=[A+B, A+B] and A—-B=[A-B, A-B] 
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Definition 2.4. [3] If A ¢ IR”” and B € IR”?, then AB € IR”? is defined 
as 


AB=C{AB: Ac A, BEB} 


If A = (Ajj) and B => (B;;) 3 then (AB) ix => > Ai; Bye 
j=l 


Definition 2.5. [3, 14] Let A € IR”” and 0 ¢ A,; for all i. If the comparison 
matrix (A) of A is strictly diagonally dominant,that is, if for all 7, (Ai) > 
>> |A,;| then A is known to be an interval strictly diagonally dominant (SDD) 


Ft 
matrix. 


Definition 2.6. [1, 3] A real matrix A € R”” is called an L-matriz if it has 
positive diagonal entries and nonpositive off-diagonal entries. An interval matrix 
A = [A, A] is an interval L-matriz if each A € A is an L-matrix, equivalently, 
if A,, > 0 for alli and Aj; < 0, for i 4 j. 


Definition 2.7. [1] A matrix A € R”” is said to be a Z-matrix if A has 
nonpositive off-diagonal entries. If a Z-matrix A can be written as A = al — B, 
where a > p(B), the spectral radius of B, then A is called an M-matriz. Instead 
of nonsingular M-matrix we write M-matrix for convenience. A Z-matriz A 
becomes an M-matriz if and only if there exists a u > 0 such that Au > 0. 


We now state the characterization of M-matrices. 


Theorem 2.8. [1] Let A € R”” be a Z-matrix. Then following equivalent 
conditions hold: 


(i) A is an M-matrix. 
(ii) A“2 >0. 
(iii) There exists u > 0 such that Au > 0. 


Definition 2.9. [3] An interval M-matriz is a square interval matrix A € IR”” 
such that Aj, < 0, that is, every element in Aj;y, is nonpositive, for all i # k 
and Au > 0 for some real wu > 0. 


Definition 2.10. [3] An interval H-matric A € IR™” is an interval matrix 
whose comparison matrix (A) is an M-matrix. Equivalently, we say that A is 
an interval H-matrix if and only if (A)u > 0 for some u > 0. 


Definition 2.11. [1] A splitting of a realm xn matrix A is defined as A= M-N, 
with nonsingular MW. A splitting A = M — N of the matrix A is said to be 


(i) regular if M~!>0 and N > 0. 
(ii) weak regular if M~' > 0 and M~!N > 0. 


(iii) M-splitting if M is a M-matrix and N > 0. 
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Definition 2.12. A splitting of a square interval matrix A € IIR”” is defined 
as A= M-—N, with regular M. 


Next we state few basic results on matrices, that are required to establish 
our results in the subsequent sections. 


Proposition 1. [8, 23] If A,B € R””, and |A| < B, then p(A) < p(B). 


Theorem 2.13. [1] Let A be an M-matrix and let A = M —N bea regular or 
weak regular splitting of A, then p(M~1N) <1. 


Theorem 2.14. [27] Let M-splitting of Abe A= M—N. Then p(M~!N) <1 
if and only if A is a nonsingular M-matrix. 


Theorem 2.15. [1, 13, 23] Let A be a nonnegative matrix. Then 
(i) If @€ R and Az > az, for some positive z € R”, then p(A) >a. 
(ii) If Ax < ax for some x > (4)0 , then p(A) < a. 


Theorem 2.16. [23] If A is nonnegative matrix, then p(A) is an eigenvalue of 
A and there is a nonnegative nonzero vector x such that Ax = p(A)x. 


For convenience we have provided some well-known results on interval ma- 
trices that will be used to check the convergence of the mentioned methods in 
next sections of this paper. 


Theorem 2.17. [3] Let A,B € IR”. Then following conditions hold: 


(i) If A is an M-matrix and B C A, then B is an M-matrix. Each A € A in 
particular, is an M-matrix. 


(ii) A =[A, A] is an M-matrix if and only if A and A are M-matrices. 


(iii) Every M-matrix A = [A, A] is regular with A7' = (aA, A-4 > 0 and 
JAH = (A) 


Theorem 2.18. [14] For an interval matrix A we have 


(i) if A is interval triangular (lower/upper) matrix, then A is an interval 
f-matrix. 


(ii) if A is an interval H-matrix, then |A~'| < (A)~!. Equality holds if A is 
an interval M-matrix. 


Proposition 2. [3] For A,B € IR”” and C € IR”, the properties listed 
below hold: 


(i) (A) = (A), for some Ac A. 
(ii) |AB| < |A||B| 


(iii) (A+B) > (A) —|BI. 
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(iv) |A] — |B] < |A +B] <|A|-+ [BI 


(v) |AC| > (A)|C]. 


Theorem 2.19. [14] Let C,D € IR”” satisfy p(|C]|D|) < 1. Then for any 
g € IR”, the following statements hold: 


(i) The equation x = C(Dx + g) has a unique solution x € IR” 
(ii) For any initial vector x° € IR”, the iteration 
x(*+1) — C(Dx™) +g), k=0,1,... 


converges to the solution x of the equation x = C(Dx + g). 


3 Generalized Interval Jacobi method 


In this section, we propose a generalization of the interval Jacobi method for 
solving interval linear system similar to that of generalized Jacobi method intro- 
duced by Salkuyeh [5] and Saha et al. [22] for solving linear systems of matrix 
equations. Furthermore, we study the convergence properties of the proposed 
method for solving interval linear system with the coefficient matrix as either 
an interval SDD matrix, an interval M-matrix or an interval H-matrix. 

In Section 2 the splitting of A for interval Jacobi method for solving (1) is 
given in equation (2) as A= M-—N with M=D, N=E+F. 


We now propose generalized interval Jacobi (GIJ) method for solving interval 
linear system similar to (3) and (4), which was introduced by Salkuyeh [4] for 
general matrices. 

Let A = [a;;,@j] be a square interval matrix of order n. Consider an interval 


band matrix T,,, = [t,;,t;;] of 2m + 1 bandwidth, which is characterized as 


t..—f Gl, ifli—slem 
i 0, elsewhere 
For 1 <m < n, interval matrix A is decomposed as A = T,, — Em — Fim, 
with strict lower part -E,, and strict upper part -F,,, of A. The interval matrices 
Tm, Em and F,, are expressed as follows 
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(an, Gil ... [21,m+15@1,m+1] 0 
Tn =z [ami Qm+1,1 [an—mns An—m,n ’ 

0 lGeaset= as || [ares eal 

O.... 0 
—[Qm42,1; Gm+2,1| 
En = - ) 
—[Gn,1,G,1] see —[@n—m—1,n, n—m—Ln 
0 —|@1.m+42,G.m42| .6 > (A412, M7] 
F,, = (5) 

0 ed a eae enter ee 


Definition 3.1. Let T,,, E,, and F,,, be the interval matrices specified in (5). 
For any 1 < m <n decompose A as 


A=Tmn—Em— Fm (6) 
which is corresponding to splitting 


with M,, = T,, and N,, = E, + Fm. Then generalized interval Jacobi (GIJ) 
method to solve (1) is defined as, 


x) — M7} (Nix +b) (8) 


For GIJ method L = T;,'(Em + Fyn) is the iteration interval matrix. By 
decomposing T,,, = D+R,,, A can also be written as 


A=D+Rn—Em—Fm (9) 


Remark 3.2. From (6), we can decompose (A) as 


(A) = (Tm) as [En | — [Fin > (D) [Rin |E,,| [Fin (10) 
and is associated with the splitting 


(A) = (Mn) _ [Nm| (11) 


with M, (Min) = (Tm) = (D) — |R,,| and N, = INin| = [Em| + |Fm|- 
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Notation. Throughout the paper following notations are used: 


Rm = (Rij), Em = (Bij), Fm = (Fis) 


~ n Ay n Ze n 
= VIR), B= VIB], Fi= D0 [Fil 
j= j=l get 
ji GAt jAi 


3.1 Convergence analysis of GIJ method 


In this section we discuss the convergence criterion of GIJ method for solving 
interval linear system (1) with various classes of coefficient interval matrices. In 
particular we show that the GIJ method is convergent for interval SDD matrices, 
interval M-matrices and interval H-matrices using the idea of interval splitting 
as well as the various characterizations of interval M- and interval H-matrices. 

Throughout the section we consider the splitting of A defined in (7) and 
(10). More specifically, we write M,, := Ty, and N, := En, + Fm. It is 
known that GIJ method converges if p(|M;,!||Nm|) < 1 due to Theorem 2.19. 
Since computing the i ee of interval matrix is NP-hard, so we use the matrix 
Lm = (Mm)~!|Nm| = M,N, to check the convergence of GIJ method. The 
following theorem prgvides a relation between the spectral radius of the iteration 
matrix Lm = [Mz!|[Nm| with Lm = (Mm)~|Nm| = My tN. 


Theorem 3.3. Let Lm = |Mz!||Nm| and Lm = (Mm)~!|Nm| = M,!N\. If 
M,,, is an interval H-matrix (or interval M-matrix) then the tigen results 
hold 


(i) Le < ix (equality holds if M,,, is an interval M-matrix) 


(ii) p(Zm) < p(Em)- 


Lm = |Mz4||Nin| < (Min)? [Nin] = Lm 


(ii) It follows from (i) and from Proposition 1. 


Remark 3.4. The above theorem shows that if p(Lm) <1, then GIJ converges. 
This idea has been used to check the convergence of GIJ method in case M,,, is 
an interval H-(or M-) matrix. 


Remark 3.5. [3, 29] Interval SDD matrices are a special case of interval H- 
matrices, that is, interval SDD matrices A = (a;;) that satisfy for all 7, (Aj;) > 
>> |A,,|, are H-matrices. 

At 

_ Following theorem gives an upper bound for the spectral radius of the matrix 
Ly», of GIJ method to solve linear interval equations with interval SDD matrix 
as coefficient interval matrix. 
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Proof. Suppose that A is an eigenvalue of the matrix ae satisfying 


|A| > max oF = aK , forall l<i<n (12) 
© (Dai) — Do [Ray 
ei 
which implies that 
|A(Dis)| = |A\(Dis) > Bi + Fi + [ALS © [Ray (13) 


j=l 
Ai 
Now det(AI — Lm) = 0 implies det((T)~!) det(C) = 0 where C, = 
MTm) — |Em| — |Fm|, which again implies that det(C1) = 0. This is a con- 
tradiction to the fact that C; is SDD and hence nonsingular. Thus, 


= E,.+F 
< eat ee, 


Following results show the convergence of GIJ for interval SDD matrices. 


Theorem 3.7. For interval SDD matrix A, GIJ method (8) converges for any 
initial guess. 


Proof. Let A be an interval SDD matrix. Decompose A as in (6). As A isa 
SDD matrix, so is the matrix M,,, that is 


(Dii) > S> |Rij| 
j#t 


Then M,, is an interval SDD matrix and hence an H-matrix due to the Re- 
mark 3.5. 


Suppose A is an eigenvalue of Ly, and |A| > 1. Then we have that 


det(AI — Lm) = 0 = det(A(Mm) — [Nm|) = 0 
=> det(A(D) a \|Rm| = INm|) =0 


1 
m| — <|Nml ) = 
7 ) 0 


+ det ((D) -IR 
= dee (0) RSS|) 20 


10 
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This shows that the matrix Q = ((D) — |Rm| — $|Em|— ¢|Fm|) is singular. 
As |A| > 1, that is, a] < 1 and hence A is SDD implies that Q is SDD, a 
contradiction to the fact that Q is singular. Thus p(Lm) < 1 and the result 
holds for interval SDD matrix. 


Next two theorems provide the convergence criteria of GIJ method for two 
important classes under consideration, namely, the classes of interval 1/-matrices 
and interval H-matrices. 


Theorem 3.8. GIJ method converges for interval M-matrix A, for any m <n. 


Proof. Let A be an interval M-matrix of order n. Then by Theorem 2.17 (iii), 
(A)~! > 0. Since (A) is a Z-matrix, Theorem 2.8 implies that (A) is an 
M-matrix. Let (A) = M, — N, be the splitting of (A) defined in (11). As 
(A) is M-matrix, there exists u > 0 such that (A)u > 0 which implies that 
(M,,)u > 0, that is, M,u > 0. Thus M, is an M-matrix, by Theorem 2.8. 
Also, N, > 0. Therefore, (A) = M, — N, is regular splitting, and hence by 
Theorem 2.13, p(Lm) <1. It is obvious that M,» is an interval M-matrix and 
hence Remark 3.4 implies that GIJ converges, for any initial guess. 


Theorem 3.9. GIJ method for solving interval linear system converges for 
interval H-matrix A. 


Proof. Let A be an interval H-matrix, so that the matrix (A) is an M-matrix. 


Then as shown in Theorem 3.8, it can be proved that p(L,,) < 1, which implies 
that GIJ method converges for interval H-matrix. 


4 Generalized interval Gauss-Seidel method 


The interval Gauss-Seidel method for solving system of interval linear equations 
was introduced by Neumaier [3] and Moore [25]. In [4, 22], authors considered 
generalized Gauss-Seidel method (a particular case of AOR method) and dis- 
cussed convergence properties thoroughly for various classes of matrices, like, 
SDD, SPD, M-matrices, [-matrices and for H-matrices as the coefficient matri- 
ces of the linear system. Using the similar approach we now propose generalized 
version of interval Gauss-Seidel (GIGS) method for solving interval linear sys- 
tems. It is shown in [22] that generalized Gauss-Seidel may not converge for 
SPD and for L-matrices. Since general matrices are particular case of interval 
matrices, so this section is emphasised on checking the convergence of gener- 
alized interval Gauss-Seidel (GIGS) method, only for interval SDD matrices, 
interval M-matrices and for interval H-matrices. We now begin with defining 
iteration steps for generalized interval Gauss-Seidel method. 


Definition 4.1. Consider the decomposition of A, defined in equation (7) and 
the splitting 
A=Mn-Nm (14) 


11 
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where M,,, = Tm — Em and Nm = Fm. Then the iteration step for GIGS 
method to solve the interval linear system (1), is defined as, 


x41) = MT! (Nx +b) (15) 


Further decompose (A) same as in (10) and consider the associated splitting 
(11) where 


M, = (Mm) = (Tm) —|Em|, Ni = [Nml = |F ml (16) 


Now we emphasize on the convergence of GIGS method for interval SDD- 
matrices, interval matrices H-matrices and for interval M-matrices. 


4.1 Convergence analysis of GIGS method 


Convergence analysis of GIGS method is similar to that of GIJ method discussed 
in Section 3. For interval Gauss-Seidel method the splitting of A is considered 
as A= M-—N with M=D-—E and N = F and the iteration matrix is given 
by M7!N. If G:= |M71||N| and C := (M)~!|N], then from Theorem 2.19, it 
is known that interval Gauss-Seidel method converges if p(G) < 1. 

Following two results are immediate consequences of Theorem 2.18 and hence 


the proofs are skipped. 
Theorem 4.2. If M is interval H-matrix then the following results hold 


Oe zC. 


(ii) p(G) < p(C) (equality holds if M is an interval M-matrix). 


Theorem 4.3. Consider the splitting as given in equation (14) and (16). Let 
G =|M,,~*|+|Nm| and Cm = (Mm)~"!|Nm| = Myp'Ni. If Mmm is an interval 
H-matrix (or interval M-matrix) then the following results hold: 


(i) G< Cm (equality holds if M,, is an interval M-matrix). 


(ii) p(G) < p(Cm). 


Remark 4.4. From the above results, it is obvious that if p(Cm) <1 (with Cp = 
C), then GIGS method converges, which will be used to prove the convergence 
of GIGS method in the succeeding results. 


All through this section, we stick to the following notations: 
) 

) 

(iii) G:=|Mm—"|-[Nml, with Mm = Tim — Em and Nm = Fin 
) Cm = (Min) "|Nm| = My! Ni 


12 
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We begin our results with the following theorem that presents a spectral bound 
of C, and hence for G. 


Theorem 4.5. Let A be an interval SDD matrix. Suppose C,, = (Tm — 

E;)~'|Fm|. Let Ri, E;,F; be defined same as in Notation 3, and, let (T); = 
= = F, 

(D;;) — R;. If (T); > Ei, Vi € N then p(C,) < max {| ————~ ], where 


(ny = 45 2g a) 


Proof. Let X be an eigenvalue C;,. Choose x 4 0 € R” such that 
Cma=drAc => (Tn- Em)" |Fm|z =\x 
= (A(Tm) — A[Em|— |Fm|)x = 0 


1 
= |(D) - [Rel = [Bl - 51Frl] 2=0 


Therefore the matrix Q = (D) — |Rim| — |Em| — <|Fim| is singular, which 
implies Q is not SDD. Hence there exists an i € N such that 


After simplification we get 


|A| < max = om 


which implies that 


Note that above theorem provides a spectral upper bound of C, and hence of 
the iteration matrix G of the GIGS method. 


Lemma 4.6. If A = T,, — E,, — F,, be an interval SDD-matrix, then M,,, = 
Tm — Em is an interval H-matrix. 


Proof. As A is an interval SDD matrix, the comparison matrix (A) of A satisfies 
(Ai) > >> |A,;|, for all «. Then 


j#t 
(Au) >> |Agl=> S> l|Aglt+ So [Ag 
ji oe i>jtm 


which shows that M,, is an interval SDD matrix, hence an interval H-matrix 
by Remark 3.5. 
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Theorem 4.7. GIGS method given in (2) converges for interval SDD matrix 
A, for any initial guess. 


Proof. Let A be an interval SDD matrix. Consider the splitting of A as men- 
tioned in equation (14). Then M,, = T,, — E, is an interval H-matrix by 
Lemma 4.6. Thus it suffices to show p(C,,) < 1. 

Suppose that \ is an eigenvalue of C,,, and |A| > 1. Take Q = (D) —|R,,| — 
IEm| — ¢|Fm|. Now iM < 1 and A is SDD imply that Q is SDD. Again as 
shown in Theorem 4.5, we can prove that det(Q) = 0, which contradicts the 
fact that Q is SDD. Hence p(C,,) < 1 and thus the result holds for interval SDD 


matrix. 


The successive two theorems analyze the convergence of GIGS method for 
interval M-matrices. 


Theorem 4.8. GIGS method for solving (1) converges for interval M-matrix 
A. 


Proof. Let A be an interval M-matrix, then (A) is an M-matrix by Theo- 
rem 2.17(iii). Consider the decomposition of A and (A) respectively, defined in 
(6) and (10). As A=M,, —N,,, is interval M-matrix, there exists v > 0 such 
that Av > 0 which signifies that M,,,v > 0, because N,,, > 0. Hence M,,, is an 
interval M-matrix. We need to show p(G) < 1. 

Since (A) = M, — Ni, where M, and N, mentioned in equation (16), is an 
M-matrix, we can choose u > 0 such that (A)u > 0 which leads to Mju > 0 
that shows Mj, is an M-matrix. By Definition 2.11, (A) = M, — N; is an M- 
splitting with nonsingular M4), so Theorem 2.14 gives p(Cy,) < 1. Also using 


Theorem 4.3 for interval M-matrix M,,, we have p(G) = p(C,,). Thus we get 
A(G) = p(Cm) <1. 


Theorem 4.9. Let A be an interval M-matrix. Then p(Cm) < p(C), for any 
m> 1. 


Proof. By Lemma 4.6, C = (M)~1|N| is a nonnegative matrix and hence by 
Perron-Frobenius Theorem p(C) is an eigenvalue of C and there is an « > (4)0 
such that Cx = Az, that is, \(M)a = |N|z. 


Let us write |E| = |E,,| + |R%| and |F| = |F,,| + |R%|. We now have that 
MMm)® = A((D) — |Em|) x 
= d((D)- |B +|R2|) 2 
MM) x + \|RE |x 
IN|x = |F\a 
= ((Pml + |Rinl) 2 > [Fmle = [Nmla 


IV 
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As (M,,)~+ > 0, so we have that Ax > (M,,)~*|Nm|x and hence by Theo- 
rem 2.15 we get 


p(Cm) = 0 ((Min)~"|Nmnl) <= p(C). 


Note that Theorem 4.9 leads to the fact that if interval GS method converges, 
then GIGS method converges for any choice of bandwidth m. 

Next theorem is for special case of interval M-matrices, which provides a 
comparison of spectral radii of iterative matrices of GIGS for different band- 
width. A similar result for AOR method for linear system was presented by 
Salkuyeh [5]. 


Theorem 4.10. Let A be an interval M-matrix. If C, = (M;)~!|N,|, then 
for any m > p, p(Cm) < p(Cp)- 


Proof. As A is interval M-matrix and so is (M,), so C, is nonnegative matrix. 
Thus by Perron-Frobenius theorem we can choose an eigenvector « > (4)0 
associated with the eigenvalue A = p(C,), so that Cpx = Az, that is, (|Np| — 
A(M,))x = 0. 

If we write T, =D +R, and T,, =D+ Rm, then 


|A] = |D| + |Rim| — [Em] — [Fm] = |D] + [Rp] — [Ep] — [Fo| 


which implies that R+ L+U =0, where R = |R,,|—|R,|, L = |E,|— |E,| and 
U =|F,| — |Fm|. Since m > p, so we must have R <0, L>0 and U > 0. We 
now have that 


Cma— AL = (Min)? (IN| = A(Mm)) x 
= (Mm)~* ([Fm| — A(D) + A|Rin| + AlEm|) © 
= (M,,)~* (\Fp| —U — A(D) +AR+A|Rp| + AJEp| — AL) ¢ 
(Min)~* (INp| — A(Mp)) & — (Min)~* (U + AL — AR) & 


=(M,,) 7 (+All ARS 
< 0 


Hence C,,7 < Ax and hence p(C;,) < A = p(C,p) by Theorem 2.15. 
Following example validates the above two theorems. 


Example 4.11. Consider the interval M-matrix 


4 [1,0] [-1,0] [| 
_ | [-1,0 5) [—1, 0] 
A=T (1,0) [1,0] 4 
[-1,0] [-1,0] [-1,0] 
Then we have that p(C’) = 0.4640, p(C1) = 0.2749 < Land p(C2) =0.1111 < 1 
that is p(C2) < p(C1) < p(C) < 1 which shows that the above results hold. 


’ 


% 
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We conclude the section by checking the convergence property of GIGS 
method for interval linear system with coefficient matrix as interval H-matrices. 


Theorem 4.12. GIGS method converges for interval H-matrices. 


Proof. Let A be an interval H-matrix, then (A) is an M-matrix. It suffices to 
prove p(G) < 1, where G = |M,,~*|- [Nml- 

As (A) = M, — Ni, with M, and N, are defined in (16), is an M/-matrix, 
so as shown in Theorem 4.8, we can find u > 0 such that Mju > 0. Thus 
(A) = M, — N, is regular splitting with M;* > 0 and N; > 0. Hence by 
Theorem 2.13, p(M;'N1) < 1. Since M,, is an interval H-matrix, we have 
p(G) < p(Cm) due to Theorem 4.3. Thus we get p(G) < p(Cm) < 1_ by 
Remark 3.4. Hence GIGS method converges for any initial guess. 


However, for interval L-matrices GIGS and GIJ methods may not converge. 
For simplicity we consider examples of interval [-matrix with constant entries 
to see the convergence behavior of both the methods for interval L-matrices. 


Example 4.13. Consider the interval L-matrix (with constant entries) 


2 -3 —-6 
A=, -3 1 -4 
-4 -5 38 


If m = 1 then for GIGS method we get p(G) = 1.0459 > 1 and for GIJ method 


we get p(L,) = 2.0725 > 1. Thus it shows GIGS method and GIJ method do 
not converge for A. 


Example 4.14. Consider the interval L-matrix (with constant entries) 


1 -1 -1 

A={-3 2 -3 

—2 -1 2 

If m = 1 then GIGS method gives p(G) = 0.6364 < 1 but GIJ method gives 

p(Lm) = 1. In this case GIGS converges but GIJ method doesn’t converge for 
A 


5 Numerical Illustration 


In this section numerical examples are considered to compare the convergence 
of generalized interval Jacobi method and generalized interval Gauss-Seidel 
method. In particular, examples are considered with coefficient matrix A as an 
interval SDD matrix, interval M-matrix, and an interval H-matrix. The compu- 
tations are carried out in MATLAB(2021b) with the interval toolbox INTLAB 
v12 [28] and on a PC-Intel(R) Core(TM) i7-5700U CPU @1.80 GHz, 8 GB RAM. 
The computations are rounding to four digits and the stopping criteria is chosen 


16 


360 Jahnabi Chakravarty 345-365 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 3, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


as ||qdist(x*+, x(*))|| < 10-°, where qdist(x, y) := max{|x — y|, |Z — |} repre- 
sents a measure of distance between the intervals x = [x,Z] and y = [y,y], and 
in case x, y € IR”, then qdist(x, y) = [qdist(x1,y1),...,qdist(xn,yn)| € R”, 
where x; represents the i-th entry of the interval vector x. 

We now furnish examples for various classes of interval coefficient matrices, 
and provide comparisons of our proposed methods with IJ and IGS methods , 
in terms of no. of iterations, time (in seconds) and rz, = ||(qdist(x“), x)|], where 
x is the enclosure obtained by using verifylss. 


Example 5.1. Consider the interval linear system (1) with the coefficient in- 
terval matrix as interval strictly diagonally dominant matrix mentioned in Neu- 
maier book [3] . 


and 


Then the function verifylss from the package INTLAB produces the enclosure 
x = ([—1.2282, 1.2282], [—1.3423, 1.3423], [—0.1599, 1.4932])” 


Taking the initial guess as xp = ({0, 3], [0,3], [0,3])”, generalized interval Jacobi 
converges after 13 iterations and yields the enclosure 


Xa = ([—1.2106, 1.2106], [—1.3158, 1.3158], [—0.1404, 1.4737])7 


whereas the generalized interval Gauss-Seidel converges after 1 iteration and 
produces the enclosure 


Xcics = ([—1.2398, 1.2398], [—1.3481, 1.3481], [-0.1714, 1.5048])" 
Table 1 compares GIJ and GIGS methods (taking m = 1) with IJ and IGS 


methods (with m = 0) with the initial guess taken as xo = ((0, 3], [0,3], [0,3])”. 
Iterative method | No. of iterations iT time in second 
GIJ 13 0.0372 0.0225 
GIGS 1 0.0173 0.0147 
IJ 35 0.0372 0.0437 
IGS 24 0.0372 0.0237 


Table 1: Numerical result for the interval SDD-matrix with m = 1 


From the above table we can see that the generalized interval Jacobi method 
gives the tightest solution set enclosure. 


17 


361 Jahnabi Chakravarty 345-365 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 3, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


Example 5.2. Consider the interval linear system (1) with the coefficient in- 
terval M-matrix 


ee (eee (ees 
and 
1.2 
b:= 1.5 
5 


then the verifylss function yields the enclosure 
x = ({[—0.2935, 1.6658], (0.0677, 1.7258], (0.5795, 2.0115])7 


Taking initial guess as xo = ({—1, 2], 1, [2,3])7, generalized interval Jacobi con- 
verges after 16 iterations and provides the enclosure 


Xa1y = ([—0.2935, 1.6658], (0.0677, 1.7258], (0.5795, 2.0115])7 


whereas generalized interval Gauss-Seidel converges after 9 iterations and gives 
the enclosure 


Xcras = ([—0.2936, 1.6658], (0.0676, 1.7259], [0.5795, 2.0116])" 


Table 2 provides a comparison of GIJ and GIGS methods (taking m = 1) 
with IJ and IGS methods (with m = 0) with the initial guess taken as x9 = 
(lsd; 2], 1, [2, 3])”. 


Iterative method 


No. of iterations r time in seconds 
GIJ 16 3.23 x 1075 0.0272 
GIGS 9 1.25 x 1074 0.0211 
IJ 30 2.38 x 1075 0.0443 
IGS 18 2.46 x 1075 0.0236 


Table 2: Numerical result for the interval M-matrix with m = 1 


This shows that in case of interval M-matrices, generalized interval Jacobi 
method gives the tightest enclosure of the solution set. 


Example 5.3. Consider the interval linear system (1) with the following coef- 
ficient interval H-matrix 


and 
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(0.1, 0.5] 
[—0.3, —0.1] 
(0.3, 0.4] 
Then the function verifylss from the package INTLAB generates the enclosure 


x = ([—0.2425, 0.3967], [—0.3567, 0.2375], [—0.1857, 0.3734])7 


b:= 


Taking the initial guess as xo = (1,5,4)”, generalized interval Jacobi converges 
after 15 iteartions and yields the enclosure 


Xc1y = ([—0.2426, 0.3968], [—0.3567, 0.2375], [—0.1857, 0.3734])” 


whereas the generalized interval Gauss-Seidel converges after 9 iterations and 
produces the enclosure 


Xcics = ([—0.2425, 0.3967], [—0.3567, 0.2374], [—0.1857, 0.3734])* 


We now produce a comparison in Table 3 of GIJ and GIGS methods (taking 
m = 1) with IJ and IGS methods (with m = 0) with the initial guess taken as 


xg (1,5, 4)": 
Iterative method | No. of iterations r time in seconds 
GIJ 15 3.96 x 107° 0.0247 
GIGS 9 9.73 x 10-6 0.0209 
IJ 45 1.11 x 1075 0.0475 
IGS 24 1.27 x 1075 0.0294 


Table 3: Numerical result for the interval H-matrix with m = 1 


For this example the most tightest enclosure of solution set provided by the 
generalized interval Gauss-Seidel method. 


6 Conclusion 


In this paper, we proposed a generalized interval Jacobi (GIJ) method and 
generalized interval Gauss-Seidel method (GIGS). These methods are gener- 
alization of interval Jacobi and interval Gauss-Seidel methods, discussed by 
Neumaier [3, 25] to solve interval linear system. The GIJ and GIGS methods 
are proposed similar to that introduced by Salkuyeh in [4], by generalizing the 
diagonal interval matrix to a band interval matrix. We proved that both the 
proposed methods converge for interval SDD matrix, interval M-matrix, and 
for interval H-matrix. Further we found that for interval 1/-matrices, GIGS 
method converges for any choice of bandwidth m if interval GS method con- 
verges. At last we consider numerical examples to observe that GIJ gives a 
tighter enclosure for interval M- coefficient matrices, whereas GIGS provides a 
tighter enclosure of the solution set for interval H-matrices. This leads to the 
open problem that the same can be concluded in general. 
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Abstract 


The Extended Jacobi Elliptic Function Technique (EJET) is a powerful 
technique for finding the solutions for traveling waves form coming from 
Non-Linear Waveguides (NLWs). As a result, solitary and shock-wave 
profiles are obtained simultaneously with corresponding amplitudes and 
speeds by this method for three types of nonlinear wave equations. A 
class of nonlinear wave equations of particular interest in mathematical 
physics have been used to investigate the legality and credibility of this 
technique. A short script is considered a symbolic software package that 
calculates traveling wave solutions in exact form. 

Key words: Extended Jacobi Elliptic Function Technique; Traveling 
Waves; solitary and shock-wave profiles; Symbolic Software 
Mathematics Subject Classification(2010): 35M10, 65Z05. 


1 Introduction 


Nonlinearity is a mesmerizing component of nature, with nonlinear wave phe- 
nomena appearing in one way or another in nearly all scientific and engineering 
fields such as physics (Plasma and Fluid), Ocean Engineering, Chemical Dy- 
namics, Geochemistry and mathematical biology (Population Dynamics) [[1]- 
[5]| .The nonlinear equations appear in different scenarios in daily real-life sit- 
uations and very difficult to solve it. [[6]-[8]]. Manny method are used to find 
the solutions (solitary and shock-wave solution) of nonlinear wave phenomena 
like Tanh-Coth Method [[5],[9]], Expansion method [[10]-[13]] the decomposition 
method with Integral transformation [[14]-[16]] and so on. 

The development of the present paper is as follows. In Section 2, we have outline 
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of EJET for solving NLW. In Section-3 (Application 3.1), we apply this Tech- 
nique to the second order nonlinear partial differential equations (SONLPDE). 
And also applied in Section 4 (Application 3.2) K.G. equation and In Section 
5 (Application 3.3) Population Dynamics equation. In section 6 discussion and 
numerical Sketch and in section 6 result and conclusions. 


2 Outline of Extended Jacobi Elliptic Function 
Technique 
We now present a brief strategy of the technique. Given non-linear wave equa- 
tion 
R (V, Ve, Va; Vit, Vea) =0 (2.1) 
can be converted to an ordinary differential equation (ODE) 

P (v,0',0",0"..) =0 (2.2) 
upon using a wave variable z = a (a — ct)where a and c are wave number and 
wave speed respectively. Introducing a new independent variable 

u(x,t) = v (a(x — ct)) = v(z) 


By the Jacobi elliptic function expansion method, v (z) can be expressed as a 
finite series in the form of Jacobi elliptic functions|[[10],[17]-[18]] , 


u(z) = >> A(b(z))' (2.3) 
i=0 
is prepared and its highest degree is O {7 (z)} =n. where 
y= (z) 
satisfies the eq.(2.1) the following auxiliary equation: 
a) 
a, Ve) =) = ky p4(z) +qy? (z) +r (2.4) 
Where « = +1 and p, q andr are constants. It holds for w (z) as 
oa ' 
FW) = 0" = awe) +avle) 
on v / 
53 V2) =H" = (Cpd*(z) +4) V2) 
o4 yw 
pei (YZ) =U (2) = 24p??(z) + 20p gb*(z) + (12pr + 4°) V(2) 
fala we j 
5 YA)=V" (2) = (120p74h"(z) + 60p qb?(z) + 12pr + q?) w'(z) 


(2.5) 
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we present many closed solutions for eq.(2.4) . In fact, these solutions as 
w(z) = Jacobi elliptic functions, can be casted to hypothesis for more solu- 
tions eq.(2.1).sn (€) = sn (&,m), dn (€) = dn (€, m)and cn (€) = cn (€, m)are the 
Jacobi elliptic function with modulus m, where 0 < m < 1. These functions are 
considerable the resulting formulas: 


) = mt ds (¢) = HS, sa(é) = AO 
sn! (€) = SH) = en (€) dn (€),dn! (€) = 44) — men (€) sn (8), 
) = AG) — dn (é) sn (€) 


when m — 1 ; These functions convert to hyperbolic functions as follows: 


sn (§) — tanh (€), {en (€) , dn (€)} — sech (€), 
{sc (€) , sd (€)} — sinh (€),{ed (€), de()} > 1 
{ds (£) , cs (§)} — cos ech (€),{me (€) ,nd (£)} — cosh (£),{ms (€)} — coth (€) 


when m — 0 These functions convert to trigonometric functions as follows: 


{sn (€) , sd (£)} — sin (€), {en (€) ,ed (€)} — cos (g), 
{sc ()} — tan (€),{dn(€), nd(€)} > 1 
{ns (€) , ds (£)} + Cosec (£),{cs (£)} + cot (€){ne () ,de(g)} — Sec (€) 


Its balancing the highest order derivative term and the nonlinear term and find 
the value of n in eq. (2.3). 


3 Application -3.1 


We consider the second order nonlinear partial differential equations with combi- 
nation Kortewegde Vries (KdV) Equation and BenjaminBonaMahony equation 
(BBM) Equation of two famous and fundamental nonlinear wave equations. 
This is as 

0: + 00g + 005+ 0°02 ae —COre1 =0 (3.1) 


Where @ = 0(x,t) unknow wave function with space variable x and time vari- 
able t. a, b and ¢ are arbitrary real constant. If a = 0,c = 0 then eq. (3.1) 
is Kortewegde Vries (KdV) Equation, this is one of the most famous non-linear 
wave equations, it was derived in fluid mechanics to describe shallow water 
waves in a rectangular channel [[1],[28]]. If b = 0 then eq. (3.1) is Benjamin- 
BonaMahony equation (BBM) Equation, also called regularized long-wave equa- 
tion (RLWE), this serves as an approximate model in studying the dynamics of 
small-amplitude surface water waves propagating unidirectionally [[1]]. Suppose 
that the travelling wave solutions for eq. (3.1) are of the forms as follows 


6 (a, t) = 0(z) = 0 (k(a — ut) 
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where k and w area constant, put in eq. (3.1) then 


k(a—w) 0 +kO6' +k (22 + 2w) 0” =0 


Integral one time, take constant zero 
kK? no Diagn 2 ! 
k(a—w) 0+ 56 +k (0 +c?w) 6" =0 (3.2) 


Balancing 6” with 6? in eq. (3.2) gives 2n =n +2 ie.,n = 2, then 
2 


8 (z) = > Ail (z))’ =Ao + AY (z) + Ad (W(z))? = Ao FH ALY + ABV? 


1=0 
6" (z) =" $.2ro {W244} 
Put these values in eq. (3.2) with eq. (2.5) 
(a —w) (Ao + Arp + Az ¥?) 
) . (AG + APU? +3 Y? + WAAL W + Ar Az WF + Do Az VW?) 


+k? (6? + c?w) {2A2R + Arqy t+ 2oqy? + Wy? (2Arp + 2A2q) + W*6Anp} = 0 

(3.3) 

equating all terms with the powers in w , and setting each of the obtained 

coefficients for w~ to zero, yields the following set of algebraic equations for 
Xo, A1, A2,k,w, a,b andc 


we: dok (a—w) + 20 + ado rk (0? + 2w) =0 
wr: Aik (a—w) + 40% +d, gk? (+ ew) =0 
We: dak (a —w) + MOTH) | oy, ok8 (2 + Aw) =0 
wp: 2A2A1 + Kk? (b? + cw) (2A1p + 2A2q) = 0 
wt: AZ + GAgpk? (b? + cw) = 0 


One obtains solution 
k? b2+c2w +(a—w 
ro = ( 2b ¢ : \y = k? (b? + c*w) /—12p¢q 


2 = —6k3 (b? + c*w) D 


then 
k? (b? + c?w) q+ (a—w) 
k 
+ {k? (0? + Cw) V-2pa} v(z) 
— {6k? (0? + cw) p} ((z))* 
We choose p q and r from [[17],[18]], such that 
Solution -1_p : m?; q: — (1 + m?) then w(z) = sn(z) thus 
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6(2) = lee eee) {x (0? +4 cw) 12m? (1 + m?) \ sn(z) — 
{6k (b? + c?w) m?} (sn(z) 7 


Solution -2 p : —m?, q: (2m? - 1) , then w(z) = cn(z) thus 


A(z) = Oye {x (b? + cw) 12m? (2m? — 1) } cn(z) 


+ {649 (0 + us) m?} (en(2))? 


2 2 2 
Solution -3 p : —} ge (4) Pe oes (= ) , then U(z) = men(z) + 
dn(z) thus 


= k? (0? +c7w) (14m?) +2(a—w) 
A(z) = Qk 
fe (0? + c?w) 4/3 (Atm) \ (men(z) + dn(z)) 


f{eeest (men(z) + dn(z))? 


Solution -4 p : ue , GQ: (") , then W(z) = sn(z) +icn(z) thus 


k?(b? +e?w)(m? 2)+2(a w 


+4 k? (6? + cw) 4/3m? (2=2") \ {sn(z) ticn(z)} 


fees) (sn(z) £ien(z))? 


4 Application -3.2 


We consider nonlinear KleinGordon (NKG) [[19]-[20]]. The Klein-Gordon equa- 
tions play a significant role in solid state physics, plasma physics, nonlinear 
optics and quantum field theory 


912 — Onn +O + BIO\"0 =0 (4.1) 
the travelling wave solutions for Eq. (4.1) are of the forms as follows: 
6 (x,t) = 0 (z) eb 2-9) = 6 (k(x — wt) ef 2-9) 
where k and w area constant, put in eq. (2.1) then 
(kw? — k?) 0” + {77 (w? — 1) +1} 6+ 86° =0 (4.2) 


Balancing 6” with 6° in eq. (4.2) gives 3n =n +2 ie.,n = 1, then 


1 


6 (z) = Aah (z))* =Ao + ALY (z) =A + ALY 


1=0 
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Put these values in eq. (4.2) 
O" (z) =A." 


Using eq. (2.5) and equating all terms with the powers in w , and setting each 
of the obtained coefficients for ~ to zero, yields set of algebraic equations for 
Xo, A1k,wandy, 

One obtains solution 

k? (w?-1)qt{¥? (w?—1)+1} 


r= 3B ’ Aj=- 


Then 


22 2(y2_ D(gee: 
9 (2) = [Bee Pee 5 {y/ TI a be) 


We choose p, q and r from [[17],[18]], such that 
Solution -2.1p : m?, q: — (1 + m?) , then w(z) = sn(z) thus 


i {7? (@? = 1) +1 — k? &? - 1) +m?) 
O(z) = 


36 


fe {\ ahs — me sn (k(x — wt)) 


Solution -2.2 p : —m?, q: Ow - 1) , then v(z) = cn(z) thus 


i he? (w? — 1) Qm? —1) + 2-1) + 
38 


{\| za sa cn (k(x — wt)) 


Solution -2.3 p : =") , Q: (23) , , then b(z) = —@_. thus 


1+ sn(z) 


oily (wat) 


cil (wet) 


A(z) = 


k? (w? — 1) (1 +m?) +22? -1) + 
66 


EET Way | (_en tha ~ oth 
+ {\ 4B (< eat) 


Solution -2.4p : ™ , q: (7) , then w(z) = sn(z) +%cn(z) thus 


ei(y (wx-t)) 


O(z) = 


4 


66 


2k? (w? — 1) m2 
{| 4p (sn(z) +icn(z)) 


/ {292 (w? = 1) +1} +? (w? = 1) (m? - 2) 


cil (wet) 


6 (2) 
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5 Application -3.3 
We consider Fisher equation 
6, = 01 Oxx + 626 (1 — 8) (5.1) 


introduced by Fisher [[21]] to describe the propagation of a virile mutant in an 
infinitely long habitat. It also represents a model equation for the evolution of 
a neutron population in a nuclear reactor [[{22]-[23]] and a prototype model for 
a spreading flame [[24]-[25]]. The travelling wave solutions for Eq. (5.1) are of 
the forms as follows: 


6 (a, t) = 0 (z) = 0 (k(a — ut) 
where k and area constant, put in eq. (5.1) then 
kw6! + k?5, 0" + 520 — 626? =0 (5.2) 


Balancing 6” with 6? in eq. (5.2) gives 2n =n +2 ie.,n = 2, then 


2 


A(z) = dl (z))* =Ao + Arb (z) + Aa (wb (z))? = Ao + ALY + Avy? 
0" (z) =A" +2 {p' 2 +yy"} 


Put these values in eq. (5.2) 


(hws +52) (Ao+ b+ rod?) +H: (Ard +2d0 {yl + yw") 
69 (o AW do?) =0 (5.3) 


Using eq. (2.5) and collecting the coefficients of the same power w" (z)(w’(z))” 
(j =0,17=0,1,2,3,4...) and setting each of the attained coefficients to be zero 
we have a set of over determined algebraic equations for Ao, A1, A2, k,w, 61 and d2. 
One obtains solution 


__ 4k?5,q4+6 4k? 6p 
Ni ge kA ee OMe 


Then 


251 q+5: 25 25 
8 (2) = Agee + Sept O(2) + “aa? v*(2) 


We choose p q and r from [{17]-[18]], such that 
Solution -3.1 p : m?, q: — (1 + m?) , then w(z) = sn(z) thus 
= 52—4k? 51 (1+m?) 


6 (z) a agri sn(z) 4 gio sn2(z) 


Solution -3.2 p : —m?, q: (2m? - 1) , then w(z) = cn(z) thus 


2 ae: 
@ (2) = Ct _ aim? on(z) — MES? on 2(2) 
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Solution -3.3p : (4) , @: (3) , , then w(z) = msn(z)+i dn(z)thus 


A(z) = els ele = mon {m sn(z) £idn(z)}+ kon {msn(z) £idn(z)}” 


Solution -3.4p : 1, q: (2—4m?), , then y(z)= 2) thus 


8k?51(1-2m?)+62 4426, sn(z)dn(z) _ 4k?5, J sn(z)dn(z) . 
9(z) = 252 as a cn(z) : ia f cn(z) } 


6 Discussion and Numerical Sketch 


It should be noted that, although many exact solutions are obtained in this 
work, it has been proved that some solutions in applications 3.1, 3.2 and 3.3 are 
equivalent to the solution of in the literature. like solution for 2.1 of application 
3.2 [[26]] and solution for 3.2 of application 3.3 [[27]]. 


Figure 1: Travelling waves solution for 2 of 3.1 are plotted: bright solitary waves 
m—>1 


Figure 2: Soliton solution for 2.1 of 3.2 are plotted: solitary waves,m —> 1 
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t 
(a) Shape ofin 3D (b) Shape of in 2D 


Figure 3: Soliton solution for 3.1 of 3.3 are plotted: solitary waves,m — 1 


7 Result and Conclusions 


The Extended Jacobi Elliptic Function Technique has been successfully applied 
to obtain exact solution for three nonlinear wave equations. Moreover, the 
soliton-like solutions and trigonometric-function solutions have been also ob- 
tained as limiting cases on Jacobi Elliptic Function as m > 1 and m —> 0.All 
solutions were verified by Maple package program and fig. (1), fig. (2) and 
fig. (3) are also new solitary wave solution for eq. (6), eq. (9) and eq. (11) 
respectively. 

The main advantage of this method over other methods is that it provides 
exact solutions for all types, including Jacobian-elliptic functions. Finally, it 
is pertinent to mention that the proposed method is also a straightforward, 
short, promising and powerful method for other nonlinear evolution equations 
in mathematical physics. The algorithm of the method is very applicative and 
influential to investigate many solutions. 
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This paper introduces the latest procedure for explaining certain types 
of fractional wave equations using the variation iteration method (VIM) and 
Laplace transform. The Laplace variation iteration method is a type of semi- 
analytical technique applied to both linear and non-linear equations wit- 
hout requiring linearization, discretization, or perturbation. It is not a time- 
consuming method and converses the solution rapidly with the exact and less 
error solution. This approach is delineated and then explained through se- 
veral example cases. The outcomes demonstrate that this alternate strategy 
yields reliable outcomes and the results are displayed graphically. 


1 Introduction 


Mathematics, engineering, and sciences are full of amazing phenomena that 
can be precisely described by using mathematical techniques from fractional 
calculus, such as the perception of fractional order derivatives and integrals 
[6,14,15,19]. Differential equations of fractional order [25,26,27,28] have be- 
en gaining a lot of attention newly owing to the precise understanding of 
nonlinear phenomena. 
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The Wave equations are the linear partial differential equations of the 
second order. This equation describes the waves, which are a common part 
of classic physics. These include water waves, sound waves, and light waves. 
Over the last few years, there has been a new application of wave-like models 
to physical problems. These models can be used in different fields [2,12,16,17]. 
Due to the importance of wave-like equations, many researchers |2,20,21] have 
considered solutions to these equations. For the current issue, we take into 
consideration the following fractional wave equations with variable 


2 2 O2 


re Orv Orv v 
ele = F(a! 2) a5 + Gy 2) aa + A(x! y', 2!) ay ) 
l<a<2 
with the initial conditions 
wey 20) Weak); tle 52.0) =n 2 ) (2) 


An analytical approach that is more powerful than the traditional variational 
technique is called the “Variational iteration method” (VIM). It was initial- 
ly recommended by He [8]. The “Laplace variational iteration method” is a 
combination of the “Laplace transform” and “variational iteration method.” 
Applications of VIM to fractional differential equations are slow to conver- 
ge, mainly because they directly use the Lagrange multipliers of ordinary 
differential equations (ODEs) [23]. Wu and Baleanu [24] pointed out that it 
can be difficult to apply integrals by parts of the Riemann-Liouville (RL) 
integral resulting from the constructed correction function. To overcome this 
shortcoming, they proposed to identify generalized Lagrange multipliers via 
the Laplace transform. This method has been utilized by many authors to 
solve several difficulties [1,3,7]. The novelty of this work lies in applying the 
“Laplace variational iteration method” (LVIM) for solving heat equations of 
fractional order. 


2 Preliminaries 


Definition 1 The Caputo derivative of arbitrary order [4] of function v(x,t) 
is presented as 
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1 t 
Deu (a,t) = ——— ] (t-6)"*tu™ ( 2,6 ) db = I *D™ ul v,t ); 
vat) = pe f ear o™ (0,5 )d5 = Dl vt) 
m—-l<px< mme N, 
(3) 
where £ and J shows the Riemann- Liouville integral operator of fra- 


ctional order [19], a > 0 


1 t 
Jeu(ayt) = ay f (t= 8)" tele, 8)d5 im —1 <p SmmeN (4) 


Definition 2 The Laplace Transform [18,19] of f(t), t > 0 is defined as 


t 
Lf) =F) = f eer at (6) 
0 
Definition 3 The Laplace transform of D?v(x,t) is explained as [18,19] 


m—1 
L[Dev(z, t)| = Liu(a,t)] — 4 v"(z,0)s*" 1;m-l<a<mmeN (6) 


n=0 


Definition 4 The Mittag-Leffler function is explained as [18] 


a wad (7) 
d=) rant (8) 


3 Variational Iteration Method 


He [10] established a method VIM for solving problems. This is a common 
technique used to evaluate solutions for linear and non-linear problems. I[llu- 
strate the VIM model, we take into consideration the subsequent non-linear 
equation with given constraints: 


Po(a,t) + Qu(a,t) = f(a, t) (9) 


3 
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where 'v’ is the unknown function, ‘P’, ‘Q’ are linear and nonlinear operators, 
and f is the source term. The correction functional for (7) is given as follows: 


tna(st) = telat) 4 / MPoalé,t) + Qualé,t)— f(t) (10) 


where A is a general Lagrange multiplier that can be identified optimally 
via the variation theory. The subscript n indicates the nth approximation 
and wu, is considered as a restricted variation du, = 0. 


3.1 Laplace Variational Iteration Method (LVIM) 


To demonstrate the elementary purpose of (LVIM), deliberate a general fra- 
ctional non-linear nonhomogeneous partial differential equation through the 
primary situations of the type 


D?vu(a,t) + Po(z,t) + Qv(z,t) = f(z,t);m-l<a<mmeN (11) 


CAC 0H hee a= 0,1, 2,3. = 1 (12) 


where D? is the Caputo derivative. P and Q are linear and nonlinear opera- 
tors, respectively, and f is the source term. By applying Laplace transform 
pertaining to t, on both sides of (9), we get 


m—1 
1 1 1 
Liv =o urledye™ aa — Lf (x, t)] - gal[Po(z,t) + Qv(z, t)] 
n=0 
(13) 
taking inverse Laplace transform on equation (13) 
-1 l = a-—l—n,,n i 
u(2,t)=L"|—) os OC es0 ) ph Fat || 
°  n=0 (14) 
1 
1 | La [Po(2.t) +Qu( x,t) 
by differentiating (14), concerning t, we get 
du(a,t) 90 i ic 1 
= — a- My n x.0 eae t = 
< a | SF 2,0) FLU (ast) 
i (15) 


re a ai yeu i] 


4 
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The correction functional for (15) 


maa at) = on 2t)+ f Ne ee 
On ed ea eee 1 
ze ze: vu" ( oy heur(ntil|}- (16) 


I [Po (ne) +Qu(n2 fae 


The general Lagrange multiplier for (16) can be identified optimally via 
variation theory to get 


14+ (A) =0 (17) 

From (17), we get 
A=-1 (18) 
Substituting A = —1 into (16), then the iterative formula for n = 0, 1, 2, 


. ., as follows: 


4A ab Su nt) | Paces ) - 2 fe Fo» 


go ta +L (at y-24 [A [Pe( ne) +Qu(ne i we 
( 


Begin with the early iteration 


vo(z,t) = v(x, 0) + tu, (z, 0) (20) 
As a limit of the subsequent approximations, the exact answer is provided 
Un(z,t),n = 0,1, 2,.. .; alternatively in other words 
u(x,t) = lim v,(z, t) (21) 
N—->0o 


3.2 Applications of LVIM for Solving fractional wave-like equa- 
tions 


381 Deepika Jain 377-399 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 3, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


Problem 1 Deliberate the succeeding 1-D fractional wave-like 


equation: 
, L020 
D u(a, t) = 5° 5,53 l<a < 2 (22) 
initial condition: 
vo(2, y,0) = 0, v(x, 0) = 2? (23) 


taking the Laplace transformation on (22) and result specified by equation 
(23) we obtain 


L[v( r,t )] == ag Say ] (24) 


applying inverse Laplace transformation to the Equation (24), we have 


1 oO” 
v(a,t)=a24+e2°t+L! sae | (25) 
differentiating Equation (25) concerning t, we have 
OU. eo Ol 3 eee 
SS —L™ |——a°L |—, 26 
mT Be Poa Ox od 
the correction functional for \ = —1 is offered by 
TOU wee. p> sOvntiar [1 5 ous, 
osa( at) = mast) f es ae ee inet! (Se) de 
(27) 
the initial iteration 
vo(z,0) = a+ xt (28) 
using the equation in equation (26), we have 
v(x, t) = v(x, 0) = x + at (29) 
; fori 
t)=axr+a4't4 30 
04 (2, ) t t t T(a + 2) ( ) 
‘ j fort 5 pot 
t)h=x+a4't4 3l 
rs a Tiat+2) |” TQa+2) ce) 
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therefore it is expected that the general term in the successive approxi- 


mation 


v4 (tt) = 04 


fori 


p2orl 
| 


T(a+2) | 


T(2a + 2) 


assumed that the solution was in closed form by 


v(z,t) = lim v_(a,t) = 2 + 27tEyo(t®) 


noo 


sll 


(32) 


(33) 


where Ey9(t®) is the Mittag- Laffler Function defined in equation (6) letting 


a = 2 then 


v(a,t) == a2+a27t+ 


Numerical and Graphical discussion 
In this part we found a record for numerical explanation of equation (31) 
and plot some graphs for a = 0.25, 0.5, 0.75, 1. 


sinht 


Table 1: The values of u(x,t) for a = 0.25 


(34) 


a = 0.25 
t X=1 X=3 X=5 X=7 A= 
0 2 12 30 56 90 
2 22.907618 | 50.042141 | 135.672615 || 263.118327 || 432.379275 
4 13.010819 | 111.097371 | 305.270476 || 595.530113 | 981.876342 
6 21.343969 | 186.09572 | 513.599243 | 1003.854451) 1656.861548 
8 30.896476 | 272.068286 | 752.411907 | 1471.927338] 2430.614579 
10 41.483595 | 367.352360 | 1017.089089)| 1990.696185]| 3288.171245 

Table 2: The values of u(x,t) for a = 0.50 

a = 0.50 
t bal X=3 X=5 X=7 X=9 
0 2 12 30 56 90 
2 49.149229 | 58.14922947) 133.192304 || 258.256916 |) 424.343065 
4 16.018022 | 138.162200 | 380.450555 || 742.883089 || 1225.459800 
6 31.055812 | 273.502315 | 756.3895319 | 1479.734827) 2443.520836 
8 51.021537 | 453.193835 | 1255.538432)| 2458.055328]) 4060.744521 
10 75.788321 | 676.094894 | 1874.708039] 3671.627756|| 6066.854046 

e 
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Table 3:The values of u(x,t) for a = 0.75 


a = 0.75 
t X=! X=3 X=5 X=7 X=9 
0 2 ie 30 56 90 
2 5.239601 41.156416 | 110.990046 | 214.740490 || 352.407748 
4 19.958726 | 173.628535 | 478.968154 || 935.977582 || 1544.656820 
6 57.104733 | 507.942604 | 1407.618347)| 2756.131960) 4553.483443 
8 129.591614 | 1160.324531) 3219.790365)| 6307.989114}| 10424.92078 
10 251.599886 | 2258.398981) 6269.997168)| 12286.39445] 20307.59083 
Table 4:The values of u(x,t) for a = 1 
a=1.0 
t X=1 X=3 X=5 LT X=9 
0 2 12 30 56 90 
2 5.33 42 113.33 219.33 360 
4 20.66 180 496.66 970.66 1602 
6 56 498 1380 2702 4464 
8 119.33 1068 2963.33 5805.33 9594 
10 218.66 1962 5446.66 10672.66 17640 


The solution is graphically presented in Figures 1,2,3, 


fractional orders of a 


Figure | 
a=0.25 


Figur 1: The behaviour of v(#,t) w.r.t. x and t for a = 0.25 
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Figure 2 
a=0.5 


Figur 2: The behaviour of u(x,t) w.r.t. x and t for a = 0.50 


Figure 3 
a=0.75 


Figur 3: The behaviour of u(x,t) w.r.t. x and t for a = 0.75 
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Fifure 4 
a=! 


Figur 4: The behaviour of u(a,t) w.r.t x and t for a = 1 


Problem 2 Deliberate the succeeding 2-D fractional wave-like 


equation: 
. 1,,0°v | ,0"u 
Det) = 5 le aga TY gp Ses? (35) 
initial condition: 
vo(z, y, 0) = 2*, u:(a, y,0) = y* (36) 


taking the Laplace transformation on (34) and using the result specified by 
(35), we achieve, 


omy omy 
(so oer 1 a 37 
oant)=attyt+i | oole rere al] er) 
apply inverse Laplace transform we have 
a ce 40 . 90 t 
— = —L L \x*—, —; 38 
oO Oe lo [« ant 4 Oy? (38) 
the correction functional for \ = —1 is given as follows 
10 
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t 
OVER Ue 
Dei r,Y,t ) = Un( zyt)- f ) ys 
0 
39 
Oo ah 1 5005: OUR SY) 
— Liz + Y de 
Oe 125° Ox? Oy? 
the initial iteration 
Vo(@, Y; 0) = a Tv yt (40) 
using the equation in equation (38), we have 
vp(a,y,t) =a*+y4t (41) 
a , tet , eH 
t) = ty t 4 42 
n(z,y,t)= 2° +y Mati)! Rat) (42) 
fot fort $2 p20 1 
t) =a +y't4 ty" + x ty 
VAD Ut) UES aed PY Teo) Tee)! Be) 
(43) 
assumed that the solution was in closed form by 
v(z,y,t) = lim v,(z, y,t) = 2*EQ(t®) + y*Eao(t®) (44) 
nN—- Oo 


where E,9(t) is the Mittag- Laffler Function defined in equation (6) letting 


a = 2 then 


v(x, y, t) == x*cosht + y*sinht 


Numerical and Graphical discussion 
In this part we found a record for numerical explanation of equation (42) 

and plot some graphs for a = 0.25, 0.5, 0.75, 1. 
Table 5: The values of v(x, y,t) for a = 0.25 


(45) 


a = 0.25 

t xd x=3 X=5 ove X=9 
0 16 81 625 2401 6561 
2 10.723461 | 322.384991 | 2448.587477|| 9388.799277]| 25645.15124 
4 13.010819 | 111.097371 | 305.270476 |} 595.530113 || 981.876342 
6 30.834622 | 470.086827 | 3457.001819] 13208.40076]| 36049.51540 
8 42.943473 | 524.703270 | 3814.269888] 14553.73738]) 39709.24682 
10 56.013753 =| 578.426352 | 4130.832026]) 15728.39172|| 42893.84687 

11 
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Table 6:The values of v(x, y,t) for a = 0.50 


a = 0.50 
t X=1 X=3 X=5 X=7 X=9 
0 16 81 625 2401 6561 
2 10.723461 | 378.384991 | 2878.483393] 11040.56935)| 30158.96889 
4 25.274780 | 605.815447 | 4553.491981) 17441.49478] 47629.60945 
6 44.819765 | 825.936021 | 6137.526560)| 23478.30743]| 64096.35272 
8 69.213075 | 1044.536135) 7676.732939)| 29328.90486] 80045.70396 
10 98.356569 | 1263.816429) 9188.943467|| 35062.15232) 95666.06497 
Table 7:The values of u(x, y,t) for a = 0.75 
a=0.75 
t X=1 X=3 X=5 X=7 X=9 
0 16 81 625 2401 6561 
2 9.535236 406.142637 | 3103.072959) 11907.75724)| 32531.34205 
4 23.880947 | 831.523787 | 6323.495098)| 24253.16615] 66250.59382 
6 44.109711 | 1342.276394) 10169.80983) 38989.11017] 106493.7576 
8 70.420350 =| 1926.202514) 14545.52123] 55743.88528]| 152244.5578 
10 103.057275 | 2575.614244| 19389.00163) 74279.76634|| 202852.7288 
Table 8:The values of u(x, y,t) for a = 1 
a= 1.0 
t X=1 X=3 X=5 X=7 X=9 
0 16 81 625 2401 6561 
2 10.33 410.33 3130.33 12010.33 32810.33 
4 39.66 1075.66 8147.66 31235.66 85315.66 
6 85 2085 15685 60085 164085 
8 166.33 3446.33 25750.33 98566.33 269126.33 
10 287.66 5167.66 38351.66 146687.66 || 400447.66 


The solution is graphically presented in Figures 5,6,7, 


fractional orders of a 
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Figure 6 
a=0.5 


Figur 6: The behaviour of v(z, y, t) w.r.t. x and t for a = 0.50 
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Figure 7 
a=0.75 


Figur 7: The behaviour of v(x, y,t) w.r.t. x and t for a = 0.75 


Figure 8 
a=! 


Figur 8: The behaviour of v(x, y,t) w.r.t.x and t for a= 1 
Problem 3 Deliberate the succeeding 3-D fractional wave-like 
equation: 


0?u i ,07v 
Ox? @ Oy? 


1 
D?u(2,y,z,t) = DIY +245 x 
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initial condition: 
v(x, Y, Z,0) = 0, u(x, y, 2,0) =a? +y? — 2? (47) 


taking the laplace transform of equation (45) and result obtained by equation 
(46) we obtain 


Dae eee 
_ 1 
L[o( #,y,2,¢)]=——4— + Si +y+2)- 
8 so (48) 
ih | 50°70. . 5070 | 
x tz 
2° Ox? H Oy? 02 
apply inverse Laplace transform we have 
t@ 
a AES ea? 
afi SE 500. 4 OU. 5070 ee 
L gl |e aoe rt ae te a 
2s Ox Oy Oz 
differentiating Equation (48) regarding t, we have 
OV 2 2 ON clef SD fe G0 ae 0S aa | 
4) pa 1 ; OU a ZOU. OU 
_ x + Z 
at 25° |" O22 7 ay * a2 
the correction functional for \ = —1 is given as follows 


t 
OU gE 28 
Un+1 (x,y, 2,2) = Un (a,y2t)- f [eee (a? + y? — 27) - 
0 


a-1 2 2 2 
Diep 5 ON, OE oO =e ee 290°Un 90 Un 9 Un 
(x rY TZ ) Tat 1) oe {2 ; =e E ry Tz de 


S Ox? Oy? Az? 
(51) 
the initial iteration 
t@ 
Se ae a ele ae ea 


then, we have 
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t 
0 1Y,%, € 
n(a.anat) = vol ayet)— f | BE ED (a2 4 yt 2) 
0 


OE 
a-1 
% 4 Beg. voy LOE 2 5 pa ae 
tetera aya ae [tae te alia 
(53) 
vi(2,y,2z,t)=t(2?+y—2)4+ (+742) T CES + (x? + y? — 27) 
fori | ss, 2 5 $20 
hea ere +2") Read 
(54) 


Ov, (2, y, 2,€ 
vo( 2, y,2,t ) = v1( Diy, 231) -[ Pats, : PAGED Ap pha 
0 


ee ee a 4) 1 20, OU, 9 Puy 
(x ry erect rat E sh |x" Dx ry rz . de 
( 


Oy? 02? 
55) 
to 
= a ee a ee eee 
we yet lane +y Zz) T Gs ry oe ema 
ee ee ee ee i he ee ae 
peor 


T(2a+42) | ae T(3a +1) 


assumed that the solution was in closed form by 


where EF, (t*) and E,,2(t®) are the Mittag-Laffer Function defined in equa- 
tions (7) and (8) letting a = 2 then 


v(s;y,2,4) = (@ 4a +26 = @ +a +2’) (58) 
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In this part we found a record for numerical explanation of equation (51) 


Table 9:The values of u(x, y, z,t) for a = 0.25 


and plot some graphs for different values of a = 0.25, 0.5, 0.75, 1. 


a = 0.25 
t X=1 X=3 X=5 X=7 X=9 
0 0 0 0 0 0 
2 8.513426 60.620834 | 164.835650 |} 321.157875 || 529.587508 
4 13.992796 | 109.935171 | 301.819920 || 589.647043 || 973.416542 
6 20.636626 | 169.729635 | 467.915654 || 915.194682 || 36049.51540 
8 28.188647 | 237.697827 | 656.716187 || 1285.243727|| 2123.280446 
10 36.506662 | 312.559961 | 864.666558 || 1692.826455]| 27107.03965 

Table 10:The values of u(x, y, z,t) for a = 0.50 

a = 0.50 
t X=1 X=3 X=5 KS% X=9 
0 0 0 0 0 0 
2 9.127692 66.149229 180.192304 | 351.256916 || 579.343065 
4 21.018022 | 173.162200 | 477.450555 || 933.883089 || 1542.459800 
6 38.05581275) 326.502315 | 903.395319 || 23478.30743]| 64096.35272 
8 60.021537 | 524.193835 | 1452.538432)| 2845.055328)| 4701.744521 
10 86.788321 765.094894 | 2121.708039)|| 4156.62775 || 6869.854046 

Table 11 The values of v(x, y, z,t) for a = 0.75 

a = 0.75 
t X=1 X=3 X=5 X=7 x=9 
0 0 0 0 0 0 
2 8.793468 63.1412156 | 171.836710 || 334.879951 || 552.2770940 
4 23.663151 196.968364 | 543.578790 | 1063.494429) 1756.71528 
6 49.835450 | 432.519053 | 1197.886259) 2345.937068]| 3876.671480 
8 89.129443 | 786.164995 | 2180.236099)| 4271.342754|| 7059.484963 
10 143.116946 | 1272.052519) 3529.923663] 6916.730379]| 903.395319 
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Table 12:The values of u(z,y,z,t) for a = 1 


a=1.0 
t X=1 X=3 X=5 X=7 X=9 
0 0 0 0 0 0 
2 8.3333 59 160.33 312.33 515 
4 25.33 215 593.66 1161.66 1919 
6 63 551 1527 2991 4943 
8 128.33 1139 3160.33 6192.33 10235 
10 229.66 2051 5693.66 11157.66 18443 


The solution is graphically presented in Figures 9,10,11, and 12 for various 
fractional orders of a 


Figure 9 
a=0.25 


Figur 9: The behaviour of v(z, y, z,t) w.r.t. x and t for a = 0.25 
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Figure 10 
a=0.5 


Figur 10: The behaviour of u(x, y, z,t) w.r.t. x and t for a = 0.50 


Figur 11: The behaviour of v(x, y, z,t) w.r.t. x and t for a = 0.75 
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Figure 12 
a=! 


Figur 12: The behaviour of u(z, y, z,t) w.r.t. x and t fora =1 


4 Conclusion: 


We review the Laplace variational iteration method to show why it works 
well for obtaining approximate analytical solutions of nonlinear equations 
governing nonlinear phenomena. In the conferred document, the “Laplace 
Variational Iteration Method” is productively executed for the fractional wave 
equation, wherever we put in the fractional derivative in form of Caputo 
sense. The analytical, consequent, and comprehensive outcomes have been 
specified in expressions of a power series that come together to the exact 
solutions. The graphical consequences of the analysis are also manifested. In 
the future authors and scholars may use this paper for reference purposes and 
different values for parameters may be used for the graphical presentation so 
that the related phenomena may well be understood. 
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Abstract 


The current manuscript’s goal is to determine the Boros integral with 
three parameters, which comprises of the multiplication of the incomplete 
I-function and a family of polynomials. Some interesting corollaries are 
provided as a specific case of our primary findings. 


Keywords: Incomplete Gamma function, Incomplete J-function, Mellin-Barnes 
integrals contour, Boros integral, Generalized family of polynomials. 
MSC 2010: 33B20, 33C05, 33C60, 33E12. 


1 Introduction and Preliminaries 


Due to new hurdles in applied science and technology in the present period, the 
popularity of special functions is growing by the day. Special functions have 
been used widely in the varity of fields of fluid problems, biological problems, 
communication and other probelms of physics (see [1, 6-9, 13, 16, 21-24]). How- 
ever, it has been noted that there are many issues in the fields of astrophysics 
and heat conduction for which the answers provided by the most prominent 
groups of special functions are insufficient. In this instance, the illustration 
makes use of the definition of incomplete gamma functions and its generalisa- 
tions. So, The investigation of incomplete hypergeometric functions, incomplete 
H-functions, and incomplete H-functions has been made possible by the use of 
incomplete type of gamma functions. For more details, one can see [2,3] about 
incomplete functions and their recent applications. 


*Corresponding author 
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Jangid et al. [10] recently introduced a new category of incomplete J- func- 
. m,n Cym,n 5 oe 5 . eee . 
tions 717","(y) and © I}","(y), which is the generalization of Rathie’s J-function 
[18] and it is described as: 


Fa 8); (fay 60i Fa), SosSp5 Fo) 
ym n = mn (fi,s13 1 ’ 9825 ’ »\J po Spr¥ p 
pa) 2 » (91, 01; G1),°*> + (Gas Oq3 Ga) 


(1,513 Fa 2 t), (5,553 Fy) 2, o 1 . 
(Gin 08) 3 os | =s/ o(r,t) y” dr, (A) 


Tym,n _ Tym,n CSissikFi 2 Ps (Faiea Fo) Sei i 75) 
Tra (W) = Tova » (91, 01; G1),°** 1 (Gas O43 Ga) 


WeeEAGlT ci hats 1 
See (fissisFi +t), (fps Fi)2n | 1 (r,t) y’ d 2 
‘ (43,053 95)1,4 aif, Riya, 2) 


Vy £0, where 


G1 Aiton, OY TL Co; esr} T= fy + 


o(r,t) = : : 
TL —s) TL P—95 + er) 
(3) 
and 
(P= fits, OF Tay - on) }% TLIO — fy + any} 
®(r,t) = = g=2 


2 


Hl @U-sn} Tl WA—9) tary} 


j=nt+l j=m+1 
(4) 
where, 7(.,t) and I(.,t) are the lower and upper incomplete gamma functions 
described in (6) and (7). 
The incomplete I-functions 7[7";,"(y) and PI7""(y) exist V t > 0 in accordance 
with Rathie’s parameters and contour mentioned in [18] with, 


A> 0, larg(y)| < AS, 
where 


m q n Pp 
A= S799 07 — DD Gyan + Fy se — DD Fy 


j=l j/=m4+1 j=l j/=n41 
For F; = 1, the following relation is satisfied by the incomplete J-functions: 


TT (y) + Ry) = Ley" (y), (5) 
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for the well known Rathie’s [-function [18]. Some additional properties regard- 
ing the incomplete J- function can be found in [4]. 

The incomplete gamma functions 7(r,t) and I'(r,t) are described in the 
following way: 


and 
I(r,t) = af eo du; (t 20; R(r)>0 when t=0), (7) 
t 


recognized as the lower and upper incomplete gamma functions respectively. 
The following relation is satisfied by the incomplete gamma functions. 


y(r,t) +T (r,t) =T(r), (R(r) > 0). (8) 


A general class of polynomials was studied by the Srivastava [19,20], defined in 
the following way: 


A! (Vor 
Sy[é] = S- eae (9) 
R=0 : 


where U € Zt and Ay, are real or complex numbers arbitrary constant. The 
notations [k] indicates the Floor function and (x), denote the Pochhammer 
symbol described by: 


T(« + p) 


(K)o =1 and (kK), = Tt) 


(ue C), 


in the form of the Gamma function. 


Lemma 1. Let b > 0,c > 0,a > —Vbc and P > 4, we have the integral 


depending upon the three parameters, see Boros and Molls [5, 14]. 


[oe P P 
[ Linx aan xe be BIP= a) (10) 
4 2 P-1/2? 
Gs aU Peet 2P+1/2 /b a + be] 


where B(m, n) denotes the Beta function. Equation (10) can also be expressed 


in the following way, by using the relation B(m,n) = ae, 
Clete’ mites © 
9 [bh4+2ah2 +c ~ T(P) Vb2P+2 (a+ Voc)P-2 | 


Concerning the proof, see Boros and Moll [5] and Quershi et al. [17]. 
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Hundreds of special functions have been employed in applied mathematics 
and computing sciences for many centuries due to their outstanding features 
and wide range of applications. The application of image formulas involving 
one or more variable special functions under various definite integrals is crucial 
from the perspective of the usefulness of these consequences in the evaluation 
of generalised integrals, applied physics, and many engineering areas. A va- 
riety of improper integrals involving incomplete I-functions and the family of 
polynomials have been examined in this study, primarily motivated by various 
applications of these findings. A significant amount of additional findings can 
be constructed as special instances from our main results because of the unified 
character of our results. 


2 Main Results 


2 
For X = apeoape: the following is the outcomes: 


Theorem 1. For c > 0,b > 0,a > —Vbc, P > 4 then we have the following 


result: 

3 P 
Gee ) Tyrer aan = aoe 

: eal, 
pats i a(e+v)) 
aay © : Fy: t) (32-P. e; 1) (£5,533 Fy 2 

ly ,nt+i1 2 + Vbe e (fi, s13 1 a) aa) 9XI II >I“ J) 4,P . 

x “Tp, a+ |YP(@ 3 (1— P, e; 1), (95, 073 95)1, 4 


Proof. The LHS of equation (12) is: 


i> fe h? a 
= —____| "ym, n(xey)dh. 1 
i: (sirxaanexe) pg (X° y)dh os) 


Replace the incomplete J- function Te) by (2), we get: 
/ er 1 
G= i xP | ®(r,t) (X°y)" dhdr, (14) 
0 271i J ¢ 


where (r,t) is given by (4). 
Interchange the integration order in the above equation gives: 


(PO = ftir} TPG ~ esr )}% TCG — f+ gir) 


= a a 
nee Tl (Uj -anF TL (A - 95 + ayr)}% 


j=nt+l j=mt+1 


x | Por dnd: (15) 
0 
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Now with the help of Lemma 1, evaluate the integral, we get: 


ee T(P+er—24 
I ROT dh Ve) = (16) 
0 T(P +er)Vb2Pter+3 a+ Vbe)P+er—2 
Put (16) in (15), we get: 
G! Jr 1 


“sibeweg) 


(PO = ftir) PUD (P+ er 3)} TE (a, — esr} TL fy + 


I 


ll {l(f; — 957) }72 Il {T(1 — 9; + ojr)}% {0 (P + er)} 


jg=nt+l jg=mt+1 
x y"[2(a + Vbc)]~°" dr. (17 


Now convert equation (17) in incomplete J- function to obtain the desired result. 


Theorem 2. For b > 0,c > 0,a > —Vbc, P > sthen we have the following 
result: 


oo h2 Ee ehiteed 7 Vr 
(apna) Pe arr os a 


(fi, S13 F1 : t), (3 = P5 €, 1) » (55553 F7)2,p 
(k= e; 5 Os7095 G3 Jie : 


SOLA Gace planer ia + vbe)|~¢ 


(18) 
Theorem 2 is proved in the same way as theorem 1 with the same conditions. 


Theorem 3. For b > 0,c > 0,a > —Vbc, P > $ and the coefficient Ayr 


are real or complex arbitrary constants and U € Z* then we have the following 


result: 
a h2 P - Sneek: 
: (aera) SY [wX] TI" (X°y)dh = 
a i oe VIER fo ft ia = 
avo [a(a+vbe)) ° ao Bla + ve) 


(fis G4 ot) (3 —P-R, €, 1) »(F55593 F352, p 
(EP kt é, 1), (95> 073 G3)1, ¢ 


(19) 
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Proof. The LHS of (19) is: 


[o-e) h2 P ig 
° I (in + 2ah? + :) Sy [wx] © Iphy"(X* y) (20) 
Replace the Srivastava Polynomial S{/[¢] and incomplete I- function TI. ene) 
by (9) and (2) respectively, we get: 


0° [V/U] ye 1 
= P = Ris e,,\r 
G= | xPS* a Avr (wX)F 5 a ®(r,t) (X°y)" dhdr, (21) 
R=0 
where (r,t) is given by (4). 
Interchange the integration order in the above equation gives: 


i (P= fi +srr,d}* [L(G — yr) }% TLIO — fy + jr) 
> (—V)ur 4 we / ea oes 
om R! Wet Qri J ¢ 


Il Ui -sn}* TL (O—95 + ayn} 


g=ntl j=m+1 
xy" x | Se anaes (22) 
0 
Now with the help of Lemma 1, evaluate the integral, we get: 


©, T(P+R al 
| XPtRter dp = Ja ( + mE 5) 4 (23) 
0 T(P+R+er)Vb2Pt+R+ert+3 (a + Vbc)P+Rter—3 


Put (23) in (22), we get: 


vi SY) 


1 1 
ATER Ay awe 


avb [2 (a+ vie)]"* ° a RI Plat Voo)® * Bri 


j= 


(O-fAtand Pur (P+ R+er—3)} Tle — en) TCO +n) 


E I {Pf — 67) 379 l {T(1 — gj + or) } 9 {0 (P+ R+er)} 


j=nt+l1 j=mt+1 


x y" [2(a + Vbe)]~ dr. (24) 


Now convert equation (24) in incomplete J- function to obtain the desired result. 


Theorem 4. For b > 0,c > 0,a > —Vbc, P > $ and the coefficient Ayr 


are real or complex arbitrary constants and U € Z* then we have the following 
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result: 
co h2 P 
————— U XxX YM Nn xe he 
[ (oars) De ae 
[V/U] 
Ve x S- Sis a a 
P-4 ! ; = 

2v/b [2 (a+ vbc)| =e [2(a + vbc)] 


Warcrral : t), (3 —P-R, e, 1) (F535 553 Fa )2, p 
(PB, e, 1),(933. 073 Gy )1y@ 


eer Leaner ia + vbc)|~¢ 


(25) 


Theorem (4) is proved in the same way as theorem (3) with the same con- 
ditions. 
Remark: If we set U = 1, Avo = 1 and Ayr =0V R#€0 in theorem 3 and 4 
then the result is same as that of theorem 1 and 2. 


3 Special Case 


In this section, as a particular instance of Theorem 3 and Theorem 4, we estab- 
lish the Boros integral for the multiplication of Srivastava polynomial with the 
incomplete J- function and the incomplete H- function. Further, some special 
value will be given to Srivastava polynomial in order to get the outcomes in 
the form of Hermite and Laguerre polynomials. If we provide the parameter 
of particular features, we get the following special cases to delineate the use of 
fundamental outcomes. 

(i) Incomplete J- function: If we set G; = 1 for 1 < j < m in (2) and making 
use of the connection, that is (see [11]) 


Fiscis Fr POE i FG ose 
(951 053.1)1, ms (951 073 Gi )m-+1, ¢ 


= = i: Ar, ty” ar, (26) 
where, 
(P= f+ sir,d)}* TL P(g - esr) TLILG - fy + gn 
Ar, t) = = = pO) 


fl WU -sn} I] W—9) + ayn} 


g=ntl j=m+1 
in (19) and (25), then we obtain the corollaries as follows: 


Corollary 1. For b > 0,c > 0,a > —Vbc, P > $ and the coefficient Ayr 
are real or complex arbitrary constants and U € Z* then we have the following 
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result: 
ce h2 P . Se aed 
i (sireoane xe) SY [wx] PI y"(X° y)dh = 
vn Jy \ ca a oe 
2vb [2 (a F vbe) | BOE page [2(a + Vbc)]® 


(f1.63F1 28), (2 — PR, 6; 1), (655553 F3)2,p 
(l1—P—R, e; 1), (95, 03; 1)1, my (95; 053 Gi )m-41, ¢ 
(28) 


x naa 20+ vin 


Corollary 2. For b > 0,c > 0,a > —Vbce, P > $ and the coefficient Ay.r 
are real or complex arbitrary constants and U € Z* then we have the following 


result: 
: = ee 
I ae) Sy [wx] Tpg"(X* y)dh = 
a ~ x a (Vyur 4) aw? 1 
avo [a(a+vbe)) ° ao Bla + ve) 


opm ed iat Via) 


hissy Fr : t), (3 —P-R, e; 1) »(F55553 F)2, p 
(1 =P =A, e, WAC ere Lins (97, 073 Gj m+, q 
(29) 


(ii) Incomplete H- function: If we set F; = 1 forn+1< j <p 
and G; = 1 for 1 < j < m in (2) and making use of the connection, that is 


(see [12], [15]) 
M,N, m,n Giri gee Grrigceicd re ee ere yp torre we: 
T = 
pa Y) Bit : | (95> 093 1)1, ms (95s 073 G5 )m-+1, 4 | 
= nm, nr y (fips Fa : t), (Ss oa) ae ’ CPS neice 
ve (95505) 4,95 (OOTP) rade 
1 af T 
= 5 f Bethy" ar (30) 
where, 
{(Pl— fa tart} TT P(g — or) TLE - fp tan) 
(r,t) = . a re GH 
I] Tifj-sr) IT {A— 95 + ar)}% 
g=nt+l j=m+1 


in (19) and (25), then we obtain the corollaries as follows. 
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Corollary 3. For b > 0,c > 0,a > —Vbc, P > $ and the coefficient Ay.r 


are real or complex arbitrary constants and U € Z* then we have the following 


(1 —P-R, e€, 15 Gs O72 ices 


(F351 553 Fy )a,n. (F55593 nti, p 
(95, 03393) m41,¢ 


result: 
[oe) h? iP 
U pm, n e 
[ Costes Pye Tae ae 
V/U 
= va VE! (—V)ur R 1 
= pay ey AR Joa 
ovo [2 (a+ voc)| rao iPla=r vibe) 
nm, n / —e 1371: t),(2-P-R,e, 1), 
“ De y[2(a + vbe)| | (fs aia (3 ) 


(32) 


Corollary 4. For b > 0,c > 0,a > —Vbc, P > ; and the coefficient Ayr 


are real or complex arbitrary constants and U € Z* then we have the following 


result: 
oo h?2 P ‘ ea : 
| (arrears) Sy [wX] Apry?(X* y)dh 
= va : tas) 27 a ae 
2Vb [2 (a ab be) a iy [2(a + Vbc)]® 


(f1,0;F1 : t), (2 -P-R,e, 1), 


—m,n+1 —e 
x Yp+1, qt+l [2% te Vobc)] (1 —~P R, e, 1), (9;, 0; eas 


(F559 Fi)2,n1 (F559) Untap | (33) 
(95, 05393) m4, ¢ 


(iii) Hermite Polynomial: If we set Ay, p = (—1)” and U = 2 in (9) then 
S?[t] 3 VP Ay (=) and making use of the connection, that is (see [20]): 


[V/2] 


Ay(t) = Ss" ( 
R=0 


nV! 
"RAV — 2B) 


ens (34) 


in (19) and (25), then we obtain the corollaries as follows. 


Corollary 5. Forb > 0, c¢>0,a>—Vbc and P > $ then we have the following 
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result: 


if Gace) (Xw)? Hy (<=) TTprg (X° y)dh = 
2vb|[2(a+vie)} ao MW 2K) [ala + Voc] 


(fissig a it), (3 —P-R, €, 1) »(f55593 F352, p 


eal Mi hake 2(a + Vbe)~e 
peat |9[2(a + Vb0)] (=P = Ree og 


(35) 
Corollary 6. Forb > 0, c>0, a> —Vbe and P > 5 then we have the following 
result: 
cs h? _ v 1 
Xw)? Hy | —— ) 71" (X y)dh = 
[ (im + 2ah? =) ye (sx) pg (X°9) 


co epeyt. & 1 


25 [2 (a+ vée) |" * “ £4 RV =2R)!" * pla + Veo” 


(FigSigr : t), (2 =P — hy ¢; 1) (£5,593 F5)2,p 


x Wm tT ly[2(a + Vbe)]~° 
pth g i ena (P= Re), (4.0): 9))1.4 


36) 
(iv) Laguerre Polynomial: If we set Ay, r = ae lathe and U =1in 
(9) then Si, [t] > LM (4) and making use of the connection, that is (see [20]). 
4 
V+a\(-t)® 
LY(t) = 37 
10=D(y a) ae ) 


R=0 
in (19) and (25), then we obtain the corollaries as follows. 


Corollary 7. Forb > 0,c¢>0,a>—Vbc and P > $ then we have the following 
result: 


oe h2 P 
i TEES} LO [wx] Pr, "(X* y)dh = 
vi eee a 
2vb [2 (a+ vie) |""* ; u (vz) R! [2(a + Vbc)|® 


(fi, 513 Fi :t),(3 —P-R, e, 1) HiSA Tales 
=P, é, 1), (95> 073 94)1, ¢ 


aed Peeee [2% + Vbc)|~° 


(38) 
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Corollary 8. Forb > 0,c¢>0,a>—Vbc and P > $ then we have the following 
result: 


oa h2 P 
| (aera) LO [wX] 11,"(X* y)dh = 
vr v V+a (—w)# 1 
2Vb [2 (a + voc) ] : d, (va) RL 2(a + Vbo)|® 


Gee seea : t), (3-P-R, e, 1) CisSas 7 lem 
iP =k, €, 1), (95; Qi; Gi)1, 4 


7pm a ia + Vb 


(39) 


Remark: If we set U = 1, Ayo = 1 and Ayr =0V RF 0 for the the first 
four corollaries (Corollary 1- Corollary 4) then it becomes the special case for 
Theorem 1 and 2. 


4 Concluding Remarks 


In this article, we obtain the Boros integral with three parameter for the incom- 
plete J- function which is the extension of the J- function investigated by Jangid 
et al. [10] and we also study Boros integral for the product of incomplete J- func- 
tion and Srivastava Polynomial. As the incomplete J- function generalize varity 
of incomplete functions like: J- function, Meijer G- function, hypergeometric 
function, H-function, J- function and many other functions. 

Also, Srivastava Polynomial generalize various other polynomial like: Her- 
mite polynomial, Jacobi polynomial, Laguerre polynomial, Gegenbauer polyno- 
mial, Legendre polynomial, Tchebycheff polynomial, Gould-Hopper Polynomial 
and several other polynomials. Our main findings are therefore important and 
can be used to count the many Boros integral forms associated with various 
special functions and polynomials. 
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Abstract 


The present paper discusses a two-state retrial queueing system with 
catastrophe. If a customer on arrival finds the server free then it is served 
immediately. Such customer is known as primary customer. Moreover, if 
the server is busy then the customer joins virtual queue and retries for 
service after a random amount of time. This customer is called a sec- 
ondary customer. Primary and secondary customers both follow Poisson 
processes. Inter arrival times and service times both follow exponential 
distribution. Catastrophe occurs on a busy server and its occurrence fol- 
lows a Poisson process. Catastrophe causes the failure of server and so 
the server is sent for repair after occurrence of catastrophe. The repair 
times are also exponentially distributed. Time dependent probabilities for 
exact number of arrivals in the system and departures from the system 
when the server is idle or busy are obtained by using recursive approach. 
The probability of server being under repair is also obtained. Verifica- 
tion of results is done. Numerical results are generated and represented 
graphically to study the effect of various parameters. 


Keywords: Retrial, Arrivals, Departures, Catastrophe, Repair. 


1 Introduction 


In many real life situations it has been observed that a customer does not get 
the service instantly on arrival. So he tries again for the service after a random 
period of time which is popularly known as retrial. The queueing systems with 
these repeated attempts have been used in many fields such as telecommuni- 
cation, computer networks, data transmission, etc. Analysis of such systems 
developed a new class of queueing systems which is known as retrial queueing 
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systems. Retrial queue is a model of the system with finite capacity where if 
the arrival finds a free server, it is served immediately. However, if the server is 
not free, the customer leaves the service area and joins the virtual queue known 
as orbit. Thereafter it retries from the orbit after a random amount of time to 
get service. 

Call centers serve as a basic example to retrial systems where call agent is 

the server and a person who is calling is the customer. If a customer is able to 
connect the call agent immediately after making a call, he is answered else he 
has to repeat the call. 
[6] is the early work done on retrial queues. [16] discussed some important sin- 
gle server retrial queuing models and represented analytic results. analyzed 
the single server retrial queue with finite number of sources and established 
customer’s arrival distribution, busy period and waiting time process. An ex- 
planation of the retrial queueing system is shown in the following diagram: 


Secondary Arrivals 


Primary Arrivals Is Server free? 


|v 


Service Area 


Figure 1. Basic Structure of a Retrial Queueing System 


was the first who introduced the concept of two-state in ‘Some New Re- 
sults for the M/M/1 Queue’. In this paper they obtained a closed form solution 
for the probability that exactly 7 arrivals and 7 services occur over a time inter- 
val of length ¢. [14] studied the two-state single server retrial queuing model in 
which the time dependent probabilities of exact number of arrivals and depar- 
tures in the system are obtained when the server is free or busy. developed 
‘A two-state retrial queueing model with feedback having two identical parallel 
servers’ in which transient solution is obtained for the retrial queueing model. 
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In recent years many researchers have shown interest towards the concept of 
catastrophe. Catastrophe is a sudden, unexpected failure in a machine, com- 
puter network, electronic system, communication system, etc. Catastrophe oc- 
curs at random, deletes all the customers present in the system and inactivates 
the service facilities for a short period of time. Catastrophe resets the system 
from current state to zero state at random time intervals. Catastrophe may 
come from outside the system or from another service station. Retrial queueing 
system with catastrophe can be seen in call centers, computer networks and 
in telecommunication networks. In population dynamics, catastrophe can be 
considered as the natural disasters such as floods, storms, etc. On the other 
hand in the queueing models, catastrophe makes the system empty and causes 
server’s breakdown. 

For example: In call centers with the occurrence of catastrophic events like 
power failure, virus attacks will result in loss of all the calls present at that time 
and breakdown of the network. 

[8], [5] are the works done on Catastrophe occurring in a simple Markovian 
queue. [i1] discussed the asymptotic behavior of the probability of server being 
free. [12] worked on M/M/1 queuing system with catastrophes. Transient solu- 
tion is obtained for system with server failure and non-zero repair time. 
Furthermore, the server is sent for repair immediately when the failure occurs. 
After getting repaired, the server comes back to its working position and the 
system becomes ready to serve new customers. [4] proposed M/M/oo queueing 
system with catastrophe and repairable servers. 

Following diagram shows the basic structure of retrial queueing system with 
catastrophe. 
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Secondary Arrivals 


Primary Arrivals Is Server free? 


Server breakdown 


Figure 2. Basic Structure of a Retrial Queue With Catastrophe. 


[1] studied the transient behaviour of two-processor heterogeneous system 
with catastrophes, server failures and repairs. studied a fractional M/M/1 
queue with catastrophe. [3] obtained transient solution of markovin queues with 
catastrophe having infinite servers. 

The transient solutions are used to study the dynamic behaviour of a system. 
They are useful to study the characteristics of a system on different time points. 
Therefore, transient analysis of queueing systems is extremely important from 
theoretical and practical perspective. 

In this paper, we derive two-state time-dependent probabilities for exact num- 
ber of arrivals to the system and departures from the system by time t when the 
server is idle or busy for a single server retrial queueing system. The factor two- 
state makes the results well-quantified as in the case of [13]. Also we obtain the 
probability of server being under repair when the server fails due to catastrophic 
events at random time intervals. Besides these theoretical solutions, we present 
some numerical results graphically to study the effect of various parameters and 
the behaviour of probabilities with respect to average service times. 

The paper has been organized in the following sections: 
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In section 2 the complete mathematical description of the model is defined. 
Also, the difference-differential equations are derived in this section. Solution of 
the model is given in section 3 in which we obtained the transient state proba- 
bilities and the probability of server being under repair. In section 4 verification 
of results is done. The numerical results are obtained and represented graphi- 
cally in section 5. In section 6 the busy period probabilities of system and the 
server are obtained numerically and presented graphically. Section 7 discusses 
the conclusion and in section 8 acknowledgment is given. Finally the references 
are listed. 


2 Model Description 


In this paper, we are considering a two-state single server retrial queueing system 
with catastrophe. In this system, customers arrive according to Poisson process. 
If on arrival customer finds the server busy, he joins the orbit and retries from the 
orbit. These retrials are considered to be secondary arrivals. Catastrophe occurs 
according to Poisson process. We are assuming in our model that catastrophe 
occurs only when the system is non-empty and when the server is busy. It has 
no effect on the system when the system is empty. Catastrophe makes system 
empty and also causes server’s breakdown by deleting all the customers present 
in the system. Once the system becomes empty or when the server breaks down, 
it is sent for repair immediately. Further, it is assumed that during the repair 
time no arrival can take place. The detailed description of the model is given 
as follows: 


e Arrival Process: The primary customers arrive at the system according to 
Poisson process with mean arrival rate i. 


e Retrial Process: The secondary customers arrive at the system according 
to Poisson process with mean retrial rate @. 


e Service Process: The service times are exponentially distributed with pa- 
rameter [U. 


e Catastrophe: Catastrophe follow Poisson process with mean rate €. 


e Repair: The repair time is exponentially distributed with parameter T. 


Also, the primary and secondary arrivals, inter-arrival times, service times, de- 
partures and catastrophes are mutually independent. 


Laplace transformation f(s) of f(t) is given by: 


f(s) =[° e-**f(t)dt; Re(s) > 0 
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The Laplace inverse of 


Th mr,—l et t i-1 
Q(r) ae d Q(p) si 
Vp = i k 
P(p) =). (my — DTD)! * ap (Fa PREIS Ry Beeler iz. 
where 
P(p) = (p— ay)" (p — ag)? ee (p — ap)” 
Q(p) is a polynomial of degree < m1 + mg + M3 +... +mn—-1 


If L“*{f(s)} = F(t) and L~*{g(s)} = G(t) then 
L~1{f(s)g(s)} = [ Fw G(t-—u)du=F*G 
F'*«G is called the convolution of F' and G. 
2.1 The Two-Dimensional State Model 


2.1.1 Notations 


P;,j,0(t) = Probability that there are exactly 7 number of arrivals in the system 
and j number of departures from the system by time ¢ and the server is free. 


P,,;,1(t) = Probability that there are exactly i arrivals, 7 departures from the 
system by time ¢ and the server is busy. 


Q(t)=Probability that the server is under repair by time tf. 


P,,;(t) = Probability that there are exactly i arrivals in the system and j de- 
partures from the system by time t. 


Pi5t)=Pij0Q) + Pigit) Vig i279; 
and Pig it) =0, 1 < 9; Pot) =0, <7; 


Initially 
Po,0,0(0) = 1; Pi3,0(0) =0, Pi,3,1(0) =0, 1,7 40; Q(0) = 0; 
2.1.2 The Difference-Differential equations governing the system are: 


d 


ore j0(t) = (A+ (¢— 9)0)Pigj,0(t) + wPi,j-1,1(4) i>j>0 (1) 
<P 0,0(t ) = —XPp,0,0(t) + TQ(t) (2) 
£ Pigal j=-Atp+OPR gi) + APH igo) + APRA gO —b214)4+ 
(i — 7)OFij,0(t) ay cea (3) 
6 
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d [oe) Co 
Hoe) = -TAW) + o2 » Py5,1(t) (4) 
where 
1 wheni-1l=j 
oi-1,5 = : 
0 otherwise 


Using the Laplace transformation f(s) of f(t) given by 


f(s) -[ e-*' f(t)dt, Re(s) > 0 


in the equations (1)-(4) along with the initial conditions, we have 


(s +A+ (a _— j)0)P,,;,0(s) = wPi 5-1,1(8) 11> j >0 (5) 
(stAt pt )Pi51(8) = AP_-1,3,0(8) + APi-1,3,1(8)(1 — 6:-1,5)+ 
(i — j)OP;,;,0(s) 1>j7 20 (6) 
(s + A)Po0,0(s) = 1+ rQ(s) (7) 
(s+ 7)Q(s) = ey S- Pe3a(8) (8) 
i=1 j=0 
where 
fe os 1 when i-—1=j 
oe lig) otherwise 


3 Solution of the Problem 


Solving equations (5)-(8) recursively, we have 


= T = 
Po.o,0(s) = aS wae 32s) (9) 
= r ’ 1 Ts 
i.0,1(8) (sxe) (5 0) Be 
(10) 
= m r : 1 Ts . 
P, = el 
i20(8) s+A+(i—190 (ates) (ta) ve 
(11) 
: ‘ oe 6 
Pi = Tatas SSeS > 2 
(8) ealteserer K 10(8) + apne : mo) : 
(12) 
Pacis) a eee Oe es re ame 
4,i-— [> Ee Pe = abe a Ep Se 4 BLS LA 
i—1,1\$ ee 1,i-1,0\5 st+A+n+é i—-1,0\ 5 
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7 ii i—j+1 " i—j—-k+1 - 
Aso) = Fez » (Seatpee) HOP ns-n0l0)4 
d ae 
—___—_— P; 5 Spd 
(=) ae 11(6) ned 
(14) 
where 
1 ifk=1 
ké . fuk 
Ny = bP ane ifk=2toi-j 
ké 
———_—_—_—- ifk=i-j+l1 
rae wane 1 ~—gt 


7 t—j dN i-j-—k , d t—j—1 , 
Pig. (8) (=) nel )Prens0l9) (ss P541,1,1(8) 
k 


=1 


t29+2,j21 


(15) 
where 
1 ifk=1 
ké 
: 1 + — WH ifk=2toi-j-l 
ia) eee eed 
k0 

Sa ee ifk=i-j 

stA+pté eI 
O22 See (16) 

s+Tt +4 pee 
t=1 7=0 
Taking the Inverse Laplace transform of equations (9) — (16), we have 
Poo,o(t) =e + re’ « Q(t) (17) 
1 ig = A 
Pogalis xe™| re =| Ree 
0,1 ) (wu + €) d rl (utr 
i-1 
1 # 1 
—(u+€)t : 
me AGE elo i> 
fees QF aia (6) 

(18) 
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Piro(t) = pe AFE—Y%E & Py a(t) i>l 


e7 (H+E)t 
+E 


ok Pi i-1,0(t) a>1 


1 
Py so(t) = pre F +é * Pi_1i-1,0(t) + poe 


| 1 e7 (H+é)t 
M+& pts 


Pyi-1a(t) = Ae7 OtHts)t y Py i—1,0(t) + Be AtFHTE)E y Py i-1,0(#) i> 


i-j-1 


1 t” 1 
ae i- (A+(i-g)O)t} (et € tt eee eee = i 
Pot) uN er FF FHA ore d rl (w+ a * P;5-1,0(t) 


i-j—k yp 1 


1 t 
—A+(-7)0 i—j-k+1 —(u+§)t 
+e Der Fe i €)i-5- R41 € , rl (ut + €)i-s—k-r $1 


ixj 


7 oe 1 
# Pcp ig io) te OT ROS Re | 


i-j—-k+1 |, l 


tak t =(A+(i-9)0 
nae y Ora | «Pan ayaolt) beer ey 


1 e7 (H+8)t 
M+€& pt+é 
j- 


* Pij—to0(t \+ pat se- (A+(i—J) 0)t 


pi- 5-2 a a 

Piga(t) = I a cree rar + Piya go(t) +e OTH Ot 3 Mote 
(i — j — 2)! = 

i-j-l 


* Ping a(t) be OtHtO! S$” Konyi-s-* 
k=2 


ti-j-k 


G—j—)! 


pi-d-k-1 
ee ees P34, 5,0(t 

G=F= hI) * Prk o(t)+ 
fi-5-2 

Esa 

t2j+2,j21 

(23) 


ge" SS Pi a(t) (24) 


i=1 j=0 


(i- joe AtHt st ~ P,,;,0(t) 4 di-d-le-Atet+é)t ~ Pyaija(t) 
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4 Verification of Results 


e Summing equations (9)-(16) over i and J we get, 


co a _ _ a 1 
>>: [Paso(s) + Fi3,1(8)] + Q(s) = — 
i=0 j=0 

and hence 


So So [Pigo(t) + Piga()) + Q) =1 


ll 
fon) 


at j=0 


which is the verification of our results. 


Define U,,,.(t)= Probability that there are n customers in the orbit at time 
t. The server is idle when / = 0 and server is busy when | = 1. 
When the server is idle, it is represented as U,, o(t): 


Uno(t) = ys Pj4n,j,0(4) 
j=0 


where n is the number of customers in the orbit, which can be calculated 
by using the following formula: 

n=(number of arrivals - number of departures). 

When the server is busy, it is represented as U,,1(t): 


Cra => Praga sa) 
j=0 


In this case: 

n= (number of arrivals - number of departures - 1). 

Using the above definitions in (1)-(4) and let € = 0, 7 = 0 the equations 
in statistical equilibrium are: 


(A +78) Uno = Una n>O0 


(A + [) Un = M(Tn,0 + Un-1,1) + (n + 1)6 Um+1),0 n>2 


which coincides with the results (1.5) and (1.6) of [9] 


5 Numerical Solution and Graphical Represen- 
tation 


The Numerical results are generated using MATLAB programming for the case 
p (2) 0.5, 7 (2) 0.6, 7 = (z)=04, — (<)=03. In following 
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tables, we observe some significant probabilities at various time instants whose 
sum approaches to 1. 


Table I. At time t =1 


t | Pooo | Piso | Pei | P22, | P3100 | P3.20 | £330 | Paro | P20 | Pioar | Peo. 
1 | 0.6118 | 0.1029 | 0.0117 | 0.0043 | 0.0012 | 0.0007 | 0.0001 | 0.0001 | 0.0001 | 0.1702 | 0.0335 
Poi | Po. | Pai. | Sum 
0.0153 | 0.0049 | 0.0032 | 0.96 
Table II. At time t =5 
t | Pooo | Pio | P21,0 | Pe.2,.0 | Pai | P20 | Paso | Pao | Ps,1,0 | Ps,2,0 
5 | 0.1769 | 0.1584 | 0.0205 | 0.099 | 0.0009 | 0.0058 | 0.0128 | 0.0096 | 0.0004 | 0.0024 
P53.0 | 25,40 | P55 | Prior | Peo. | Poza | P3o1 | Paya | P3221 | Pao1 
0.0063 | 0.0073 | 0.0032 | 0.0546 | 0.0174 | 0.0553 | 0.0057 | 0.0258 | 0.0332 | 0.0019 
Paia | Paga | Pasa | Ps. | Psa. | P52. | P53 | Psa Q(t) Sum 
0.0098 | 0.0182 | 0.0118 | 0.0008 | 0.0047 | 0.0104 | 0.0105 | 0.0041 | 0.1663 | 0.934 
Table III. At time t =15 
t | Pooo | Piso | Pe10 | Pe.20 | P3a0 | P3.20 | Ps3.0 | Psa,0 | Ps.20 | Ps.3,0 | 
15 | 0.1544 | 0.0866 | 0.0109 | 0.0575 | 0.002 | 0.011 | 0.0433 | 0.0001 | 0.0006 | 0.0025 | 
Ps.40 | Ps5,0 | Peso | Pe6o | Pr,3,0 | Prao | P75, | Preo | Pr70 | Pros 
0.0086 | 0.0271 | 0.0079 | 0.0186 | 0.0002 | 0.0008 | 0.0024 | 0.0061 | 0.0108 | 0.043 
Poor | Para | P30. | Pai | Psa. | Poor | Para | Paa1. | Pasa | Peon 
0.0119 | 0.0277 | 0.0033 | 0.012 | 0.0199 | 0.0009 | 0.0043 | 0.0104 | 0.0157 | 0.0001 
Perr | Peer | Pea.) Pear | Posa | Pao. | Pear. | Pasa | Pse. | Paz Q(t) | 
0.0005 | 0.0016 | 0.004 | 0.0078 | 0.0102 | 0.0003 | 0.0026 | 0.0056 | 0.0095 | 0.0102 | 0.1914 | 
11 
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The probabilities against time are represented graphically in the following 


figures. 
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Po. | Psa. | P51 | 2531 | Psa. | Praia | P41 | Presa | Pre. Sum 
0.0003 | 0.0014 | 0.0042 | 0.0089 | 0.0129 | 0.0016 | 0.0037 | 0.0065 | 0.0073 | 0.8911 

Table IV. At time t =25 
t | Pooo | Piz | Pe20 | P3,3,0 | Pa4ao |} P55, | Peeo | P77. | Psso0 | Pia | P50, 
25 | 0.1391 | 0.0798 | 0.0525 | 0.0369 | 0.027 | 0.0204 | 0.0158 | 0.0125 | 0.1515 | 0.0389 | 0.0002 
Pr51 | Pre. | Pear | P53. | 25,40 | Pro | Pres | Psa. | Para | Pes. 
0.0048 | 0.0059 | 0.0061 | 0.0077 | 0.007 | 0.0044 | 0.0017 | 0.0099 | 0.004 | 0.0076 
Pray | Para | Pai | Psa. | Peso | Poor | P32. | Pos. Q(t) Sum 
0.0029 | 0.0257 | 0.0095 | 0.0039 | 0.0056 | 0.0109 | 0.0181 | 0.0034 | 0.1694 | 0.8831 

Table V. At time t =40 
t | Peeo | Pr,7,.0 | Ps5,5,0 | Psa | P320 | Preo | Paao | Pes. | Praia | Pras | P61 
40 | 0.0131 | 0.0101 | 0.0171 | 0.0059 | 0.0085 | 0.0037 | 0.0227 | 0.0064 | 0.0011 | 0.0024 | 0.0049 
Poo | Piso | Pia | Pear | Paya. | Pasa | Pa. | 2531 | Psa | Pr51 | P21,0 
0.1153 | 0.0661 | 0.0323 | 0.0213 | 0.0093 | 0.0111 | 0.0079 | 0.0064 | 0.0083 | 0.0024 | 0.0083 
Pr20 | Peao | P3,3,0 Q(t) P3i0 | Pa3.0 | Ps.2,.0 | Ps,3.0 | Ps.s0 | Peo. | P3,0,1 
0.0436 | 0.0017 | 0.0309 | 0.1406 | 0.0015 | 0.0073 | 0.0005 | 0.0019 | 0.295 | 0.0.009 | 0.0025 
P3911 P4.0,1 Pai Sum 
0.0151 | 0.0.0007 | 0.0033 | 0.9382 
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Figure 3. Probabilities Py10, P12,0, P13,0 and P44, against average service 


times 


In figure 3, the probabilities P4109, P4,2,0, P4,3,0 and P4,4,9 are plotted against 
time t for the given case. It is observed that all the probabilities increase initially 
and then decrease. Also it can be seen that the probabilities attain higher values 


for greater number of departures. 


T T 


0 T T T T T T T T T T 
0 3 6 9 12 15 18 21 24 27 30 33 36 3 


t(average service times) > 


T 


Figure 4. Effect of change in ¢’ on the probability Q(t) 


In figure 4, we study the effect of change in €’ (catastrophe rate per unit 
service time) on the probability Q(t)(probability of server being under repair). 
From the graph it can be seen that whenever the catastrophe rate per unit 
service time increases, the probability Q(t) also increases which is as desired. 
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Figure 5. Effect of change in 7 on the probability Q(t) 


In figure 5, the effect of change in 7’ (repair rate per unit service time) on the 
probability Q(t) is studied. From the graph it is clearly visible that whenever 
the repair rate per unit service time increases, the probability Q(t) decreases. 


6 Busy Period Probabilities 


In this section we discuss the busy period probabilities of the server and the 


system. 
The Probability of busy server is given by: 


P(Server is busy) = eo Pi 5,1 (t) (25) 
i>j>0 


The Probability of busy system is given by: 


P(System is busy ) = S- (P5010) + Pisa) + Q(t) (26) 


i>j>0 


6.1. Numerical and Graphical Representation of Busy Pe- 
riod Probabilities 

The numerical results are obtained using MATLAB programming and following 

[2]. The Probabilities of system busy and server busy are obtained for different 

values of p keeping other parameters constant and are presented in the table 

given below. 
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Table VI. Probabilities of System Busy and Server Busy 


Probability(System Busy) Probability(Server Busy) 
t | p=0.5 | p=0.7 | p=0.9 | p=0.5 | p=0.7 | p=0.9 
0 0 0 0 0 0 0 
1 | 0.2788 | 0.369 | 0.4485 | 0.2286 | 0.2967 | 0.3546 
2 | 0.3858 | 0.5009 | 0.5956 | 0.2626 | 0.3298 | 0.3827 
3 | 0.4432 | 0.5683 | 0.6651 | 0.2678 | 0.3315 | 0.3785 
4 | 0.4779 | 0.6067 | 0.7017 | 0.2689 | 0.3286 | 0.3685 
5 | 0.5005 | 0.6311 | 0.724 | 0.2684 | 0.3226 | 0.3544 
6 | 0.5171 | 0.6494 | 0.7405 | 0.2662 | 0.3137 | 0.338 
7 | 0.5314 | 0.6654 | 0.7545 | 0.2622 | 0.3026 | 0.3208 
8 | 0.5453 | 0.6804 | 0.7671 | 0.2565 | 0.2902 | 0.3042 
9 | 0.5594 | 0.6949 | 0.7786 | 0.2495 | 0.2773 | 0.2885 
10 | 0.5741 | 0.7086 | 0.7891 | 0.2416 | 0.2645 | 0.2741 


The probabilities of system busy and server busy are also represented graph- 


ically. 


Prob abilities> 


p=0.5, n=0.6, '=0.4, #'=0.3 


= 
a aaa 
errr 


MOTT es. 
0.2 ff eee 
014 Wet etetesceres 
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0 3 6 9 1215182124 27 30 33 36 39 


t(average service timrs) > 


0.5 5 | —— System busy 
| 
0.4 tf —— Server busy 


Figure 6. Probabilities of system busy and server busy against average service 


times 


In Figure 6, the probabilities of system busy and server busy are plotted 
against time t for the case p = 0.7, 7 = 0.6, 7 =0.4, € =0.3. It is clear from 
the graph that probability of system busy is higher than probability of server 
busy. The probability of system busy increases rapidly with the increase in 
time. However, the probability of server busy increases first and then decreases 
gradually with time. 
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7 Conclusion 


In this paper, we studied a two-state single server retrial queueing system with 
catastrophe. The catastrophes have significant impact on businesses, computer 
networks, etc. It is very important to manage the risk of catastrophe for the 
smooth functioning of the system. Moreover, the two-dimensional state queue- 
ing model has been proven to be a viable tool for understanding and quantifying 
factors. The proposed method is highly applicable in modeling many practical 
situations like in submitting any application online, ticket booking services us- 
ing telephone facility, withdrawing cash at an ATM, manufacturing sectors, call 
centers, etc. In this paper, the transient state probabilities and the probabil- 
ity of server being under repair are obtained. Numerical results and graphical 
representations are also given. 
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Abstract 


The best allocation of limited resources to activities with the aim of accomplishing the 
desired goal, such as maximization of profit or minimization of cost, is the focus of linear 
programming. The relationships between activities in linear programming models satisfy 
the proportionality and additivity requirements since they are linear interactions. This 
feature of linear programming is extended to the tourism industry which is one of the 
major industries in the global economy with respect to invested capital and earnings of 
foreign currencies. In todays era of design thinking, automation, and met averse, there 
is a very close margin between solutions to similar real-world problems. This is where 
the need and demand for fuzzy and imprecise linear programming arises. The member- 
ship functions provide the model developer the freedom to grade the imprecision as per 
his/her preference, thereby enabling a unique solution for each problem. While consid- 
ering the tourism problem a number of factors like natural resources, people, history, 
culture, security, accommodation, entertainment, political stability, cost of services, tour 
operator, tour information, and advertisement play an important role in enhancing the 
sector to a large extent. Combined and classified they come under the following cate- 
gories like leisure tourism, therapeutic/spa tourism, conference tourism, political tourism, 
sports/recreational tourism, cultural tourism, social tourism, conference tourism, recre- 
ational tourism, sports tourism, religious tourism, health tourism, etc. Each of these 
sectors requires careful investment on the part of the Government and other stake holders 
for development purpose. i.e. only a proper marketing mix will ensure a better return 
for the state. Taking this aspect into consideration the authors decided to introduce a 
hypothetical LP maximization model for the tourism industry in North East. Cost and 
space allocation are the constraints in the model. Among the various categories, three 
tourism forms (heritage, eco-tourism, and pilgrimage tourism) are considered which are 
used to optimize the allocation of the States marketing budget in tourism in such a way 
that the appropriate sector provides the greatest likelihood of producing the strongest re- 
turn on investment. The maximization of profit has been done using various methods, like 
Werner’s, Verdegay’s, and Zimmermans. The authors have concluded the results based on 
the sensitivity analysis that has been done in the process of maximizing profit along with 
a maximal satisfaction level. 
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Keywords: Tourism, fuzzy linear programming, optimization, decision making 


1 Introduction 


The travel, tourism, and hospitality sector in India have the potential to promote grass- 
roots sustainable development and promote economic expansion. Over 39.3 million jobs 
were created in the sector in 2013, which also brought USD 18.13 billion to foreign currency 
profits and INR 2.178 lakh crore to India’s GDP. However, India only accounts for 0.64% 
of global tourist visits, despite having enormous potential. According to Public and Social 
Policies Management (PSPM), YES BANK, December 2014, India is likely the only nation 
that offers a variety of tourism options. These include beach tourism (India has the longest 
coastline in the East), spiritual tourism, Ayurveda and other types of Indian medicine, 
heritage tourism, Eco-tourism, mountain tourism, forest tourism, and adventure tourism. 
On the basis of their occurrence and the results of engaging in tourism, Professors Ber- 
necker and Kaspar(183) list some more categories of tourism as follows: leisure tourism, 
therapeutic/spa tourism, conference tourism, political tourism, and sports/recreational 
tourism. The following additional categories of tourism can also be created depending on 
the preferences and expectations of the travellers: nature tourism, cultural tourism, so- 
cial tourism, conference tourism, leisure tourism, sports tourism, religious tourism, health 
tourism, etc. [Paylos, 2013]. The tourism industry plays a crucial role in the expansion of 
other vital industries with high growth and employment potential, including those in the 
healthcare, infrastructure, and education sectors, as well as the alignment of macroeco- 
nomic policies with issues of regional development. Important initiatives like the e-Visa, 
the opening of new airports and rail stations, infrastructure, insurance, and real estate 
sectors have created viable impetus, essential for continuing critical mass momentum and 
investment in the under-leveraged inbound segment given the rapid evolution of global 
travel dynamics. When seen from the perspective of tourism, the North East is certainly 
a wonderland. For international visitors seeking peace and quiet, the waterfalls, forests, 
rhinoceroses, colorful birds, nature paths, the sun sinking over the mountains, lush tea 
gardens, and golf courses with helipads are travelers. The aesthetics and vibrant festivals 
that take place all year long will be a bonus harvest for them. This massive influx of 
visitors has profound commercial ramifications in addition to spiritual ones. Following 
significant government initiatives, a variety of product offers, a growing economy, rising 
levels of disposable income, and a rise in international tourist inflow, East and North 
East India have seen an unprecedented 27% gain in foreign tourist inflow. The enormous 
potential of this resource-rich region is still largely unrealized due to issues with its law 
and order, poor infrastructure and connection, unemployment, and slow economic growth, 
among other things. 


2 Literature Review 


As part of a larger development planning process for changing the area’s tourist develop- 
ment, the authors of [5] offer a formulation for linear programming and a vector analysis 
that assess the available tourism forms in the Dirfis area in Greece. The purpose of the 
article is to examine how three different types of tourismconference, ecotourism, and pil- 
erimagecontribute to the local tourism industry in light of the available resources. The 
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authors [6] provide a strategic plan that can aid in the growth of sustainable tourism 
in popular tourist spots. The A7SWOT (AHP-SWOT) hybrid method was developed by 
combining the AHP and the SWOT (Strengths, Weaknesses, Opportunities, and Threats) 
analysis (Analytic Hierarchy Process). The AHP approach was used to prioritise these 
aspects after a SWOT analysis was conducted to identify the key strategic factors. The 
researchers [9] investigated the potential applications of LP in the hotel sector. A straight- 
forward optimization problem was attempted to be graphically solved in a hotel’s F&B 
production division, and an ideal solution was obtained. In [11], concepts of revenue opti- 
mization are explained with regard to the tourism and hotel industries. Also, deterministic 
linear programming models of airlines and hotels are presented, and the solution is pro- 
posed through a genetic algorithm. Again in [7], a linear programming model is presented 
as a means to support the formulation of tourist policy in the case of the West Frisian 
Islands. A model is constructed that calculates the maximum employment effect that can 
be reached by different levels of government and shows the optimal combination of policy 
tools in order to achieve this maximum. The researchers discuss the quality of the tourism 
industry and the programming for its development in Iran in [12]. Based on a case study of 
all elements of Iran’s tourism industry system, this study employs a unified assessment of 
the industry’s quality. SWOT analysis aided in determining the weaknesses and threats, 
aiming to raise the quality of the indicators. In addition, linear programming from the 
standpoint of internal and external relations with the national economy has been applied. 
In [17], the levels of sustainable tourism and environmental sustainability were practically 
measured in different cities of Kerman Province using a composite indicator, a linear pro- 
gramming model, the Delphi method, and the questionnaire technique. The results of 
this study showed that the tourism opportunities were not used appropriately in these 
cities and tourist destinations, and those environmental aspects had very bad situations 
compared to social and economic aspects. In other words, environmental health had the 
lowest level of sustainability. The researchers in [19] discussed the concept of over-tourism. 
It aims to provide more clarity with regard to what tourism entails by placing the concept 
in a historical context and presenting results from a qualitative investigation among 80 
stakeholders in 13 European cities. Seven over-tourism myths are identified that may in- 
hibit a well-rounded understanding of the concept. The researchers in [8] created a model 
to investigate tourist preferences that used ten attributes of tourist destinations. Fuzzy 
set theory [2] was adopted as the main analysis method to find the tourists preferences. 
In [10], a numerical method for solving fuzzy linear programming problems with fuzzy 
decision variables is proposed. The purpose of this work is to derive the analytic formula 
of error estimation regarding the approximate optimal solution. In [3], fuzzy set theory 
is used as a case study in the e-commerce industry for the city of Shiraz. An electronic 
system in the form of a website is developed, which tourists can use to find appropriate ac- 
commodation by inputting data related to their interests and needs. In light of the above 
literature, the present study is an attempt in this direction to analyze the contribution of 
different forms of tourism to the overall revenue of the government. Once proper sectors 
are identified by the authority, proper investment could be made for their further develop- 
ment. Using fuzzy linear programming, the problem is formulated and solved using fuzzy 
programming techniques. In recent literature very few formulations of single objective 
linear programming problem under fuzzy environment and application in tourism. The 
novelty is to improve the quality of policy decisions via optimization approach and allow 
decision-makers to tap the great tourism resource potentials like geographical, climate, 
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natural attractions, cultural, and ancient heritages. Basically how we will profit from 
tourism in a remote area via theoretical and then practical ways.The study concludes that 
the tourist will have approximately 99% satisfaction if parameters are changed from 5% 
to 20%.This will have very less impact on net profit earned through tourism. 


3 Preliminaries 


Let X denotes a universal set. Then a fuzzy (Zadeh(1965)) subset A of X is defined by its 
membership function j14 : X — [0,1] which assign to each element x in X a real number 
414 in the interval [0,1],where the value of w4 at x represents the grade of membership of 
x in A. The nearer the values of 4 is unity, the higher the grade of membership of «x in 


A. 


3.1 Fuzzy Number 


Fuzzy Number [22] is a fuzzy set A on R must possess at least the following three properties 
that A must be a normal fuzzy set; must be a closed interval for every a4 must be a closed 
interval for every a € (0,1]; The support of A,0+4 must be bounded. 


4 Linear Programming framework for the Tourism Devel- 
opment Problem 


4.1 Model Developments 


It is assumed that the State wants to develop a particular area and therefore a proper 
investment plan has to be decided upon. Based on the available tourist resources, the gov- 
ernment or the various stakeholders must design its development policy [5]. For demon- 
strating the management of the tourism scenario in the state the following assumptions 
are made: 

Decision Variable: 


e Number of Heritage and culture sites infrastructures x1 

e Number of eco-tourism sites infrastructures x9 

e Number of infrastructures at pilgrimage locations 73 
Profits per sector are: 

e Heritage and culture Tourism: 6 monetary units Eco Tourism: 4mu 

e Pilgrimage Tourism: 3mu 

e The goal of the state is to maximize revenue i.e. maximize : 621 + 4% + 3x3 

e The region that can be used to build the ” logistics” infrastructure is 50000m2. 
Constraints: 


e The prerequisites for each category are as follows: 
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e Heritage and Culture Tourism: 800 Tw. 
e Eco-Tourism: 600 Ty. 
e Pilgrimage Tourism: 500 Tp. 


The overall cost of property 39;s maintenance should not be more than the mu. The real 
cost for each category is: Heritage and culture sites: Tourism: 10mu Eco Eco-tourism 
Tourism: 8mu Pilgrimage Tourism: 3mu The model can thus be developed now as it has 
been simplified to a simple linear programming problem. The model can help maximize 
profit from ecotourism, pilgrimage tourism, and, conference tourism while optimally using 
important limited resources like land area. The companys objective maximize its gain, 
1.e., 
Maximize Z 62, + 4% + 3x3 
subject to 8x; + 6%2 + 5x3 < 500 
10x, + 8%2 + 3273 < 360 


X1,%2,7%3 > 0 


(1) 


Two slack variables 74 and x5 are introductions for the maximization of the following 
linear programming problem: 


f(21,%2,23,04,%5) = 62, + 4a + 3243 + Org + Ors 


where 82; + 6%2 + 543 + 44 + Ox5 = 500 
10x21, + 8%2 + 3273 + 0x4 + 45 = 360 
xj, > 0 i= 1,2,3,4,5. 


Using the simplex algorithm, profit maximization occurs when x; = 11.5 (i.e. when 
there are 11 heritage and culture sites), X2 = 0 (i.e. there are no place for eco-tourism) 
and X3 = 81.5 (i.e 81 pilgrimage areas). Max Z = 313.5. Heritage venues won’t help 
maximize profits, thus they are consequently not thought to be relevant. While certainty, 
reliability and precision are frequently illusory concepts in real-world applications, linear 
programming models represent real-world situations with some sets of parameters that are 
determined by experts and decision makers. As a result, experts and decision-makers are 
often unable to determine the precise value of parameters or may not be able to precisely 
specify the objective functions or constraints. The use of fuzzy linear programming has 
the advantage that the decision-maker can model the issue in accordance with the current 
state of knowledge because it is typically impractical to describe the restrictions and the 
goal function in precise terms. Many real-world problems find their solution in traditional 
theory. In original LPP, coefficients and right-hand sides must be well defined. The use 
of deterministic and stochastic models to model real-world situations necessitates a lot of 
data processing. In todays era of design thinking, automation and met averse, these is 
very close margin between solutions of similar real-world problems. Thus the need and 
demand of fuzzy and imprecise linear programming arises here. Some model parameters 
can only be approximated roughly in the event of genuine problems. While imprecise input 
is substituted by average data in classical models, fuzzy models allow decision makers to 
model their subjective imaginations as exactly as they can explain them. Therefore, the 
classical LP are not applicable, instead, the Fuzzy Linear Programming [1, 13] is used to 
model such situations. By introducing fuzziness to LP, such problems can be overcome. 
When a decision must be made in a fuzzy environment, LP may be modified in one of the 
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three ways listed below. The objective function should not be maximised, to start. In other 
words, a level of aspiration that cannot be clearly defined as optimal must be reached. 
Second, the limitations might be ambiguous. The < sign might not have a traditional 
definition or be used in a strictly mathematical sense, but there might be some room for 
error. When the limitations represent aspirational levels that are not well defined, this 
can occur. Last but not least, data may be inaccurate due to a lack of precision or some 
ambiguity in the data collection technique. 


4.2 DECISION MAKING IN A FUZZY SCENARIO [18] 


Decision making under fuzzy context is the confluence of fuzzy constraints and fuzzy 
objective functions . The distinction between constraint and goal function vanishes as 
a fuzzy environment attains ultimate symmetry. Zimmermann (1978) was the first to 
categorize fuzzy mathematical programming into symmetric and non-symmetric models. 
Subsequently, it has also been classified by Leung (1998) into four categories: - crisp objec- 
tive and fuzzy constraints, fuzzy objective and crisp constraints, fuzzy objective and fuzzy 
constraints and robust programming. Linear programming can also be classified as fol- 
lows: i. Linear programming problem with uncertain resources ii. A nonsymmetric model 
by Verdegay iii. Werner’s methodology iv. Zimmermann’s Model v. Chana’s Methodol- 
ogy: A Nonsymmetric Model [4]. In this paper we have considered the objective function, 
constraints and both constraints and objective fuzzy.The approaches of Werner, Verdegay 
and Zimmermann depict fuzziness in the model in objectives and constraints. 


4.2.1 Werners Method [16] 


Werner proposed that the objective function is taken to be fuzzy as the total fuzzy re- 
sources or fuzzy inequality constraints. Tolerances given by p; are fuzzy and given. The 
construction of membership function po for objective function is as: 


1 ifex > Z! 
_jJ 1-(Z!-e2) . 
[0 (x) Zi gz ii Ly << Oe i 
0 ifZo < cx 


where Z,; and Zp are the values obtained after maximization and minimization of the 
single objective function. 
A symmetric model is as 


Max a 
subject to po(x) >a (2) 
w(x) >a, Vi,ae€ [0,1] andx>0 


4.2.2 Chanas [2] & Verdegays Approach [15, 14] 


In the Verdegays approach for non-symmetric model, the constraint is fuzzy while the 
objective function is not fuzzy. This means that the value of constraint is between 0 and 1 
while the objective function has crisp value. The model can be understood as equivalent 
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parametric programming: 


Maximize cx 
subject to (Ax); <b+(l—a)pi Vi,a€ [0,1] and x >0 


where p is tolerance parameter and 6 is basic value. 


4.2.3 Solution of Zimmermann [21, 20] 


By the Zimmermanns approach,the linear programming problem is solved by adding the 
objective function cx as a fuzzy goal to the constraints. It is not certain that Zimmermann 
method (ZM) will give the ” best” option when this new LP has alternate optimal solutions 
(AOS). There are two possibilities: cx might have distinct bounded values for the AOS or 
it could be unbounded. But since most of the AOS may have same solution, it’s possible 
that we don’t offer the best possible solution to the decision maker (DM) unless we check 
the value of cx for all AOS; it’s possible that cx is unbounded yet ZM presents a bounded 
solution as the best. Zimmermans Approach for solving the fuzzy LPP takes into account 
a direct relation between a and 6. Further, it takes the variance of tolerance parameter 
and the graph for same can be obtained. 


Let a = 1 — @ then equaion becomes 


Min @ 
subject to ca > bo — 6 po (4) 
(Ax); < bi +0 pi, Vi,4 € [0,1] andx>0 


The above formulated LPP is solved using Verdegay’s and Werner approach. 


5 PROBLEM WITH VARYING TOLERANCES AND GRAPH- 
ICAL INTERPRETATIONS USING WERNERS METHOD 


MaxZ 62, + 429 + 323 
subject to 821 + 6%2 + 3x3 < 500 
1021 + 8x2 + 3273 < 360 


£1, 22,23 2 0 


(5) 


we get, 
Z = 313.81 zy, = 11.54 x2 = 0.00 v3 = 81.54 
Tolerance set at P; = 5% 
MaxZ 62; + 429 + 3x3 
subject to 82; + 6x2 + 3x3 < 500 + 500 
10x21 + 8% + 3x3 < 360 + 180 


£1,X2,23 > 0 


1 ifgi(x) < 500 
wi(z)= 2 1 iat) = 500) £500 < gi(x) < 525 
0 if gi(x) > 525 
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1 ifgo(x) < 360 
jig(z) = & 1 gels) — 300) eg £360 < go(x) < 378 
0 if go(x) > 378 


Table showing the tolerance level set at 5% 


7 Ly 2 x3 Z 

O | 11.54 | 0.00 | 81.54 | 313.85 
0.1 | 11.60 | 0.00 | 81.95 | 315.42 
0.2 | 11.65 | 0.00 | 82.35 | 316.98 
0.3 | 11.71 | 0.00 | 82.76 | 318.55 
0.4 | 11.77 | 0.00 | 83.17 | 320.12 
0.5 | 11.83 | 0.00 | 83.58 | 321.69 
0.6 | 13.42 | 0.00 | 81.52 | 325.11 
0.7 | 11.94 | 0.00 | 84.39 | 324.83 
0.8 | 12.00 | 0.00 | 84.80 | 326.40 
0.9 | 12.06 | 0.00 | 85.21 | 327.97 
1.0 | 12.12 | 0.00 | 85.62 | 329.54 


Figure 1: Theta versus z at 5% tolerance parameter. 
Tolerance set at P; = 10%, P; = 50, P2 = 36 


MaxZ 62; + 429 + 323 
subject to 82; + 6x2 + 3x3 < 500 + 500 
10x, + 8x2 + 3x3 < 360 + 360 
L1, 22,23 > 0 
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7] Ly Ho) £3 Z 

O | 11.54 | 0.00 | 81.54 | 313.85 
0.1 | 11.65 | 0.00 | 82.35 | 316.98 
0.2 | 11.77 | 0.00 | 83.17 | 320.12 
0.3 | 11.88 | 0.00 | 83.98 | 323.26 
0.4 | 12.00 | 0.00 | 84.80 | 326.40 
0.5 | 14.97 | 0.00 | 76.10 | 318.12 
0.6 | 12.23 | 0.00 | 86.43 | 332.68 
0.7 | 12.35 | 0.00 | 87.25 | 335.82 
0.8 | 12.46 | 0.00 | 88.06 | 338.95 
0.9 | 12.58 | 0.00 | 88.88 | 342.09 
1.0 | 12.69 | 0.00 | 89.69 | 345.23 


Table 1: Table showing the tolerance level set at 5% 


Figure 2: Theta versus z at 10% tolerance parameter. 


The next tolerance level is set at P; = 15%, Py = 75, Pp = 54 


MaxZ 621 + 429 + 3x3 
subject to 82; + 6x2 + 3x3 < 500 + 750 
10x; + 82% + 3x3 < 360 + 540 
ty; ta, a3 > 0 


6 Ly © x3 Z 

O | 11.54 | 0.00 | 81.54 | 313.85 
0.1 | 11.71 | 0.00 | 82.76 | 318.55 
0.2 | 71.31 | 0.00 | 251.95 | 323.26 
0.3 | 12.06 | 0.00 | 85.21 | 327.97 
0.4 | 12.23 | 0.00 | 86.43 | 332.62 
0.5 | 12.40 | 0.00 | 87.65 | 337.38 
0.6 | 12.58 | 0.00 | 88.88 | 342.09 
0.7 | 12.75 | 0.00 | 90.10 | 346.80 
0.8 | 12.92 | 0.00 | 91.32 | 351.51 
0.9 | 13.10 | 0.00 | 92.55 | 356.22 
1.0 | 14.13 | 0.00 | 90.88 | 357.46 
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Table 2: Table showing the tolerance level set at 15% 


Figure 3: Theta versus z at 15% tolerance parameter. 


The next tolerance level is set at P; = 20%, P, = 100, P2 = 72 


MaxZ 621 + 429 + 323 


subject to 821 + 6x2 + 3x3 < 500 + 1000 
1021 + 8% + 3x3 < 360 + 720 


U1, %2,%3 > 0 


7 LY Hop) 


v3 


Z 


0 | 0.00 | 0.00 


0.00 


0.00 


0.1 | 11.77 | 0.00 


83.17 


320.12 


0.2 | 12.00 | 0.00 


84.80 


326.40 


0.3 | 12.23 | 0.00 


84.43 


332.68 


0.4 | 12.46 | 0.00 


88.06 


338.95 


0.5 | 12.92 | 0.00 


89.69 


345.23 


0.6 | 12.58 | 0.00 


81.52 


301.51 


0.7 | 13.15 | 0.00 


92.95 


397.78 


0.8 | 13.38 | 0.00 


94.58 


364.06 


0.9 | 13.62 | 0.00 


96.22 


370.34 


1.0 | 13.85 | 0.00 


97.85 


376.62 


Table 3: Table showing the tolerance level set at 20% 


5.1 Zimmermann Approach [13] 


The formulation is that both the objective function and constraints are fuzzy: 


Min 0 
subject to cx > bo — Apo 


10 
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Figure 4: Theta versus z at 20% tolerance parameter. 


The value of @ € [0,1] and non -negativity condition x > 0. 
We obtain the formulation for our problem as 


Min 06 

subject to 621, + 13x29 + 10x73 + 2024 + 2525 + 21.250 > 21.25 
1521 + 329 + 543 + 624 +1025 + 150 > 15 
t+ 329 + 243+ 544+275+40>4 
1521 + 3x9 + 5x3 + 624 + 10%5 — 0.750 < 15 
1+ 3x49 + 2434+ 544 +45 —-0.20< 4 
t5 — 0.1250 < 0.25 
ty +29 +234+2%4+ 25 —0.500 <1 


On solving the above formulation we obtain the table values as: 


7 Ly x9 r3 a=1-86 Zz 

0 11.54 0 81.54 1 313.85 
0.1 11.6 0 81.95 0.9 315.42 
0.2 11.65 0 82.35 0.8 316.98 
0.3 11.71 0 82.76 0.7 318.55 
0.4 11.77 0 83.17 0.6 320.12 
0.5 11.83 0 83.58 0.5 321.69 
0.6 13.42 0 81.52 0.4 325.11 
0.7 11.94 0 84.39 0.3 324.83 
0.8 12.00 0 84.80 0.2 326.4 
0.9 12.06 0 85.21 0.1 327.97 
1.0 12.12 0 85.62 0 329.54 


Table 4: Values obtained by Zimmermanns method 


6 RESULTS AND DISCUSSIONS 


As the value of p increases, the consistency of all other parameters increases. At 20% 
tolerance parameter, the satisfaction level is 100% & the value of Z = 376.62. At 15% 


11 
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Figure 5: Solution by Zimmermanns approach and values for various tolerance parameters. 


tolerance parameter the satisfaction level is 100% & the value of Z = 357.46. At 10% 
tolerance parameter the satisfaction level is 100% & the value of Z = 345.23. At 5% 
tolerance parameter the satisfaction level is 100% & the value of Z = 329.54. The decision 
maker can alter some circumstances whenever he wants to alter the original model and 
end the solution procedure whenever he is satisfied. 


7 Conclusion 


A simple linear programming model for revenue optimization of tourism industry is pre- 
sented in this paper. Henceforth fuzziness is incorporated and their solution obtained 
through fuzzy linear programming approach. Fuzziness can help to offer a more natural 
description of uncertain data which depicts the real world phenomenon. Many real-world 
problems can be solved using general approaches for linear programming, but due to hu- 
man nature, fuzziness and imprecision make a significant difference to these difficulties. 
Taking into account the vagueness, Fuzzy Linear Mathematical Programming is able to 
solve more problems with incremented levels of exactness. They are the mathematical 
tools which have immense potential for handling uncertainty inherent in real time data. 
Werners method and Verdegays method do not allow the freedom to solve for desired goal 
and objective like Zimmermann and Chanas does. In the case study that has been carried 
out, it can be understood that for various tolerance parameters, the maximum value of 
objective function changes. Hence, the value of tolerance which yields maximum results 
is selected. Thus the implementation of this approach can encourage tourism stakehold- 
ers such as national and local government, tourism businesses, and local communities to 
play a guiding role. This technique can improve the quality of policy decisions and al- 
low decision-makers to take advantage of the great tourism resource potential, including 
geographical, climate, natural attractions, cultural, and ancient heritages. The future 
scope lies in multiobjective approach to tourism problem with fuzzy linear and non linear 
membership functions for objectives, constraints or both. 
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A homotopy based computational scheme for 
local fractional Helmholtz and Laplace equations 


Jagdev Singh* Ritin Babu! Ved Prakash Dubey! Devendra Kumar*‘4 


December 31, 2022 


In this work, we investigate solutions for the local fractional Helmholtz and 
Laplace equations on Cantor set having importance in electrostatics, gravita- 
tion and fluid dynamics. To find exact solutions, the q-local fractional homo- 
topy analysis transform method (q-LFHATM) has been used. The numerical 
results computed with the aid of the applied scheme shows that it is an efficient 
and accurate tool to solve differential equations with local fractional derivatives. 


Keywords: Local fractional derivative operator; Partial differential equa- 
tions; Laplace equation; Helmholtz equation; g-local fractional homotopy anal- 
ysis transform method. 


1 Introduction 


The concept of local fractional calculus (LFC) has been used to model and 
analyze numerous fractal equations some of which are Fokker-Planck equation 
[1, 2], fractal wave equations [3], fractal-time dynamical systems [4, 5], the local 
fractional stress strain relations [6], the local fractional heat conduction model 
[7], local fractional Tricomi equation [8], local fractional Laplace equations [9], 
the Helmholtz equation associated with local fractional operator [10], fractal 
signals [11, 12], fractal Fourier analysis [13], Yang Fourier transform [14, 15, 
16], Yang-Laplace transform [15, 17], fractal vehicular traffic flow [18], local 
fractional modelling in growths of population [19], and Boussinesq equation 
containing local fractional operator [20], etc. Some recent outcomes of different 
authors on local fractional methods involving local fractional integral transforms 
can be seen in a series of articles [21, 22, 23]. 
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This work presents a very useful scheme known as the q-local fractional ho- 
motopy analysis transform method (q-LFHATM), which is a combination of 
g-HAM and the local fractional Laplace transform (LFLT). The proposed gq- 
LFHATM is implemented to analyze the local fractional Helmholtz and Laplace 
equations. The merger of g-HAM and LFLT resulted in lesser C.P.U time 
(RAM-1 GB or more and Processor 2.65 GHz or more) while solving fractional- 
order nonlinear problems. The ability of the proposed method to achieve the 
series solution of local fractional Helmholtz and Laplace equations over a vast 
domain by picking approximate values for parameters is one of its advantages. 
El-Tavil & Huseen proposed the g-HAM [24, 25] which is a smooth generaliza- 
tion of the HAM. The HAM was first proposed and used by Liao [26, 27] to 
solve several problems found in engineering, science and finance. 

The rest of the article is organized as follows: Section 2 reports basic defini- 
tions and formulae of LFC and LFLT. Section 3, the working of g-LFHATM 
is explained. The g-LFHATM is utilized to derive the solutions of local frac- 
tional Helmholtz and Laplace equations under different fractal conditions in 
Section 4. Section 5 presents the glimpse of numerical simulation for fractal 
order p = In2/1n3. At the end, conclusion is reported in Section 6. 


2 Preliminaries 
Here, we provide certain important concepts of LFC and LFLT. 
Definition 2.1. If we have a relation [12, 28] 

|0 (t) — O(to) |< e*,0<a<l, (1) 
with |6 (t) — 6 (to)| <6, for e¢,a € R, then the function 6 (t) is said to be local 
fractional continuous (LFC) at t = to and is indicated by jim @ (t) = O(to). 

—>to 

Here, 0 (t) is called LFC on (a,b) and is expressed as 


6 (t) € Ca (a,b). (2) 
Definition 2.2. A function 6 (t) is a nondifferentiable function of exponenta 


(0<a<1) if it satisfies the Hélder function of the exponent a. Then for 
t,s € T, we have [12, 28] 


|0 (t) — A(s)| << Clt—s|*. (3) 
Definition 2.3. 6 (t) is said to be continuous of a, 0<a < 1, or @ continuous 
if there exists the following condition [12] |@ (t) — 0 (to) | < €%, 


9 (t) — 8 (to) = 0((t— to)"). (4) 
In view of (4), Eq. (1) presents the standard form of local fractional continuity. 
Definition 2.4. If 0(t) € C. (a,b), then local fractional derivative (LFD) of 
6 (t) of order a at x = xo is written as [12, 28]: 


d@ 
Oye aie Ag 
BNO Gea? WN ito Oe aye 
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where A“ (6 (t) — 6 (to)) = T (a + 1) (6 (¢) — 4 (to)). 
For any t € (a,b), we have 0) (t) = D?6 (t). The LFD of ma order is expressed 


as: 
m times 


OO OT 
prey = De D6 (4), 


whereas the local fractional partial derivative (LFPD) of ma order is expressed 


as: 
m times 


i 
OPPO Ey 2 O° co 
pee gi’ ote 
Definition 2.5. Let Tata) Jo 10 (t)| (dt)® < m < oo. Then the Yang-Laplace 
(YL) transform [29, 30] of 0 (t) is defined as: 


La {0(t)} = 62 (s) = rasa fl Eq (—s%t) 0 (t) (dt)*,0<a<1. (6) 


Here, the latter integral converges and s* € R®. 
Definition 2.6. The inverse of YL transform of 0 (t) is stated as 


uttiw 
x1 (BE (s)) = 0(0) = iow ff Ba (s°) 8b" (s) (ds) ,0<a <1, (7) 


—tw 


where s* = v® + i%w®; fractal imaginary unit i* and Re(s) =a > 0. 
Some useful formulae of LFLT [11, 12] are mentioned here: 


La {a0 (t) + bd (t)} = ad" (s) + bdY'* (5), (8) 
La {Ea (c*t*) 8 (t)} = OF" (8 —c), (9) 


se {9em) (o} = smagl.a (5) 


Sg NERDS 9b) (0) ear 0) 10) 
Le {Ea (t*)} = —— 11) 

La {sing (%#")} = aaa 12) 

Lo {t™} = resne) 13) 


Definition 2.7. The Mittag-Leffler function (MLF) is formulated as [12, 28] 


Ea) = 3° aa gma < eS! (14) 
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The following results hold true; 


Pe Oo e p2m+ la 
Sma )= Dat 1)" P+ Om + 1)e)’ 
sass es f2ma 
a ae aa 1) Tato? <%S) (15) 


Certain fundamental formulas and results used in the work are presented below: 


@& tra r (1 ate ma) t(m—la 


a Tae) oe) 
ag ed a) a A 
a ae — Ea (t ) ? (17) 
d* Ey (mt*) 2 
ag mE (mt*). (18) 


3 Working plan of qgq-LFHATM 


To elucidate the procedure of g-LFHATM, the following nonlinear local frac- 
tional partial differential equation (LFPDE) is investigated 


Bq (nk) + Ra e(n, &) + Noel) = h(n, 6), n-L<asn, (19) 


where Ly indicates the linear local fractional operator, Ry indicates the remain- 
ing local linear differential operator, Nq stands for the nonlinear differential 
operator and h(7,«) signifies the source term. 

Operating the LFLT on Eq. (19), we obtain 


Lo le(n, K)] ~~ s~%e(n, 0) ry g Peet) (n, 0) Se ga Poet Da) (n, 0) 


e121, [Rae Ry Nae, RAG OS 0. 20) 


We describe the nonlinear operator as: 


NUb(n, 63 1)] = La (b(n, #3 1)] — sb, 651) (0F) — sp) (n, 51) (OF) — + 
—steyC“D) (n, 3 1)(0F) + 8M Le [Rae(n, &) + Noe(n, x) — h(n, «)) 
(21) 
In Eq. (21), € [0, 1/n] and w(n, «; 1) is a real valued function of 7, « & 1. Now, 
the homotopy is framed as: 


(1 — nl) Lo [[b(n, #31) — €0(n, &)] = REN [e(n, «)]. (22) 
In Eq. (22), La stands for the LFLT operator, n > 1,1 € [0, 1/n] is an embedding 
variable, i # 0 stands for an auxiliary parameter, €9(7, «) denotes initial guess 
(IG) of e(n,«) and w(n, «;1) is an unidentified function. Clearly, for 1 = 0 and 
| = 4, the results obtained are 


W(n.6:0) =<oln8), Wns) =e(m4), (23) 
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respectively. Therefore, when | approaches from 0 to i w(n, &;1) changes from 
the IG eo(n, &) to solution e(7,«). Taylor series expansion of (1, «;1) provides 


b(n,631) = S° em(n,6)1™. (24) 
m=0 
where 1 amu 1) 
™(n, Kis 
Em(m R) = Iino. (25) 
m! ol™ 
For proper values of uo(x,t),n and h , the series (10) converges for | = +, then 
we obtain 
lo) 1 s 
e(n, 8) = >> Em(7,6)(—)". (26) 
m=0 
Now, the set of vectors is characterized as 
Can = {€0(7, k), €1(7),K),**", Em(n, K)}. (27) 
Next, the mth-order deformation equation is composed as 
Lo [Em(N; 6) — XmEm-1(N; &)] = hRm(Sm—1)- (28) 


Operating the inverse LFLT on Eq. (28), we obtain 

Em(1, K) = XmEm—1(1, 6) +h La" [Rm (ES m-1)]- (29) 
In Eq. (29), the value of %y(@p—1) and xz are presented below 
1 om * Nie(n, 630] 


Rimn(€ m_1) = (m _ 1)! alm li=0, (30) 
and 
0, m<l, 
Aa { n, m>ti. 31) 


4 Illustrative examples 


Example 4.1 Let us take the local fractional Helmholtz equation [10] as follows 


A 6(u,v) _ 2b(u,v) 


au2P av2P = p(u,v), 0< ps 1 (32) 
with initial-boundary conditions given as: 
0° 9(0, v) 
o(0,v) =90, ae Ep (v*). (33) 


Applying LFLT on Eq. (32), we obtain 
2 
2p ar o(0, v) ss as {7 ’olu, v) 


OuP 


Lp {o(u,v)} — s°6(0,0) — 8” 
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or 
Lp {o(u,v)} —s Ep (y?) +8 "Lp {a= = a(u,e)} =0. (34) 


The nonlinear operator is defined as 


OP b(n, K; 1) 


02Pu 


— O(n, 3 | ‘ 
(35) 


N[w(n, #3 1)] = Lp [W(n, 53 1))—8- 7° Bp (y’) +87? Lg { 
and so 

Rm (Gm—1 (u,v) — Ly {Om-1 (u, v)} 
0? bm—1 (u, v) 


Ov2P 


The mth-order deformation equation is built as 


= (1 =. Xn) 87°F, (v?) + as oe | 
nm 


dm—1 (U, 9) . (36) 


Lp {$m (u,¥) — Xmm-—t (t;0)} = hm (Gm—1 (45 v)) (37) 
Applying inverse LFLT on Eq. (37), we obtain 
bm (U,V) = Xmbm—1 (u,v) + REZ? {8 (Gm—1 (u, v)) \ ; (38) 
For m = 1, we have 


or (u,v) = x1¢0 (u,v) + AL," {st (40 (u,v)) } 


or 


p 
$1 (u,v) = hE, (v?) Wea (39) 
For m = 2, we have 
2 (u,v) = x21 (u,v) + ALG" {st (a: (u,v)) } ; 
or ‘ 
u 
oD) (u, v) => (n + h) hE, (v?) Td+p) (40) 
For m = 3, we have 
3 (u,v) = x32 (u,v) + ALG * {is (2 (u, v))} 
or se 
$3 (u,v) = —(n +h) hE, (v?) Cea (41) 
& so on. 
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Hence, the nondifferentiable solution is expressed as 
co 1 os 
6,2) = Yo bm(us2)(o)™. 
m=0 


b(u,v) = do(u, v) + oi (u, v) o2(u, v) | $3(u, v) 


n n? n? 
or 
(u,v) = - ne, (v’) rie | 4 (n +h) hE, (v*) rae 5 
uP 
- 5 [ine ayn Ey (0) | + (42) 
On letting A = —1 and n = 1, one can achieve the result 
uP 
o(u,v) = Tdtp (v?). (43) 


which is the solution of fractal problem (32). 
Example 4.2 Take the following local fractional Laplace equation [9] 


OP o(u,v) | OG(u, v) 


Du2e Bap 0,0<p<1, (44) 
with initial-boundary conditions given as: 
0° 9(0, v) 
a p 25 
0) (0; v) _ Ep (v ) } OuP a 0. (45) 


Applying LFLT on Eq. (44), we obtain 


_»,9°9(0,v) $s-¥L, { a? b(u, a} = 0, 


Ou? OP” 


Lp {o(u, v)} — 8 ?6(0,v) — 8 


or 


| —0. (46) 


Ly {p(u,v)} +8? Ep (y*) +8 *PL, { A20y 


The nonlinear operator is 


O02Pu 


Niablo,31)] = Ly b(n, w30)] + 8-PE (y*) + 8-2? Lg {es (47) 


and so 


Rin (Bn—1(ts0)) = Lp {bm—1(0t,0)} 


ean ttet)] (48) 


Xm s =) 
+ (1 = Aen Ss PE, (v?) + Ss ’Lp | Ay2P 
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The mth-order deformation equation is constituted as: 


Lp {bm (1,2) = Xmbm—1 (a, 2)} = ARm (Fm—1(u,v)) . (49) 
Operating the inverse LFLT, we obtain 
dm (u, v) a Xmom-1 (u, v) + AL;* {8m (Gm—1(u, »))} 7 (50) 
Taking m = 1,2,3,..., we get 
For m= 1 
p ure 
o1 (u, v) = hE, (v ) T(1+2p) (51) 
For m = 2 
nis = aa 
For m = 3 
ds (u,v) =— (n+ AP AE, (0?) 2 (n + AYRE, (v?) 
3 (u,v) =—(n ‘o (U TU +2p) n- p (V Ta +4) 
6p 
_ 43 p i 


& so on. 
Hence, the nondifferentiable solution is presented as 


hE id : h) hE sa WE, (ve) — 
(usr) = 2 [By (0) ] -S |ln +m) Ey (0) = PB, 0”) | 
1 2 uP 3 uP 
-— h)" RE, (v? 2 h) h* E, (v? f 
| a)? (0) a Bn +A) IPE, (0) + ES (0h) 
54) 
Setting # = —1 and n = 1, one can have 
ure use uP 
= E,(v’) ( -14 | ve), 
ole) no") ( Td+2p) Td+4p) ' FA +6p) ) 
It can be written as 
ee y2mP 
= EF, (v? 1)” ; 
one) wor (So ) ritran) 
The solution of Eq. (44) is constituted as 
(u,v) = Ep (v") cos, (u®) . (55) 
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Example 4.3 Finally, the following Laplace equation with LFD [9] is investi- 


gated 
aPo(u,v) | OPd(u,v) 
D2 ap SPS (56) 
with initial-boundary conditions given as: 
_ _ 9P9(0,v) _ p 
Q (0, v) 0, Que ¥ Ep (y ) ; (57) 


Applying LFLT on Eq. (56), we obtain 


o2 
Ly {Cu 0)} ~ 9 F000) ~ OEE 4 «Ae, | EON 0 


or 


Lp {6(u,v)} + 8-2°E, (y") +.8-7PL, {eet =0. (58) 


The nonlinear operator is constituted as 


O0?Pu 


Nilo, 63)] = Lp bbl, n3l)] + 8-2°B, (y?) + 82 Lp {oe (59) 


and so 


Fin (Bint (ts 0)) = Lp {m1 (0,0) } 


2p 
_ Xm) ,-20 p —2p O°? Om—1 (Us ¥) 
+ (1-42) s*B, (o") +8 £, | in (60) 
Next, we present the mth-order deformation equation as 
Lp {4m (tv) = XmGm—1 (us 0)} = Fm (m—1 (0) « (61) 
Applying the inverse LFLT, we obtain 
bm (ts 0) = XmGm—t (tt, ¥) + ALS * {Rm (Fm—1 (,)) } (62) 
Taking m = 1,2,3,..., we get 
For m = 1, we have 
uP 
=hE 63 
$1 (u,v) eT yp) ( ) 
For m = 2, we obtain 
h) RE, (0) — RE, (ve) 64 
2 (u,v) = (n +h) 0) Tarp t 0) Tap) (64) 
For m = 3, we find 
os (u,v) = (n+ BY AB, (v") 
3 (u,v) = (n p (U Ti+.) 
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2(n +h) RE, (v2) — rE, (v") — 65 
+2 (n +h) 0) Ta yap) f 0") Tay py’ (65) 
Hence, the nondifferentiable solution is 
= 1 m 
(u,v) = YF bm(u,v)(=)™, 
m=0 
or 
1 uP a uP uP 
as py py) py [ 
Hue) = 5 [MoO Bay] tae [2 +A Bay PEO (Tas) 
1 2 A uP 2 7 uw 3 ps ad 
tia [in+n) hE, (v Ti +p) +2(n+h) hE, (v Ta 3p) +h Ep (v ) T+ 5p) + 
(66) 
On using the values A = —1 and n = 1, we have 
we usP uPP 
— B (ye neat Yi 
(e0= 20 ea rn ha 
The solution of Eq. (56) in closed form is expressed as 
‘ ; oo yn y2m+l)e 
or 
(u,v) = Ep, (v") sin, (u’) . (67) 


5 Numerical simulation 


This section presents numerical outcomes for fractal problem given in Examples 
4.1-4.3 under fractal initial-boundary conditions. The 3D graphs for the local 
fractional Helmholtz and Laplace equations are demonstrated on the Cantor set 
for the fractal order p = In2/1n3 via MATLAB. The graphics authenticates that 
the achieved solutions for Examples 4.1-4.3 depend on the fractal order p of the 
LFD. The 3D graphical visuals show the fractal pattern of the nondifferentiable 
function ¢(u, v) in Examples 4.1-4.3. 


6 Conclusions 


In this work, the g-LFHATM is utilized to obtain the nondifferentiable solutions 
for the Helmholtz and Laplace equation in fractal media. The computed results 
establish the reliability and efficiency of the proposed technique and the applied 
method can be used to solve many other LFPDEs arising in fractal media. 
Finally, the computer simulations are also presented for fractal analysis of local 
fractional Helmholtz and Laplace models. 
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GE p = n2/n3 


Figure 1: 3D nature of (u,v) w.r.t. wu and v for Example 4.1 


Figure 2: 3D behavior of ¢ (u,v) w.r.t. uw and v for Example 4.2 
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(u,v) 


Figure 3: 3D pattern of ¢(u,v) w.r.t. u and v for Example 4.3 
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Abstract 


The main goal of this paper is to investigate the stability problems for 
the following quadratic functional equation 


fletytz)+flaty—z)+fla—-yt+z)+f(-aty+z) = 4f(a)+4f(y)+4f (2) 


on an unbounded restricted domain. As a consequence, we can apply the 
obtained results to obtain some asymptotic behaviors of that equation in 
normed spaces. Moreover, we introduce a new inequality that character- 
izes the inner product spaces. 


1 Introduction 


In 1940, Stanistaw Marcin Ulam proposed the following problem [25]: 


Let (G,,.) be a group and let (G2,*) be a metric group with 
the metric d(.,.).. Given a real number ¢ > 0, does there exist a 
real number 6 > 0 such that if a mapping h: G1; — G2 satisfies the 
inequality d(h(a.y), h(x) *h(y)) < 6 for all x, y € Gi, then there is a 
homomorphism H:G, > G2 with d(h(«), H(x)) < e for all x € Gy? 


This problem gave rise to what we now call Ulam’s stability of functional equa- 
tions. 

In a later year, an affirmative answer to the Ulam stability problem was 
given by D. H. Hyers for Banach spaces (see [13]). Several generalizations of 
this result are discussed. T. Aoki [5] for additive maps and by T.M. Rassias 
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[19] for linear maps considering an unbounded Cauchy difference. P. Gavruta 
[12] provided a further generalization of the Rassias’ theorem by using a general 
control function. During the last decades, the stability problems of several 
functional equations have been extensively investigated by a number of authors 
(see, [1, 19, 20, 21, 23]). 

Throughout the paper, let (G,+) be an Abelian group and Y be a linear 
space on the field K € {R, C}. 

Let us note that a mapping g:G — Y is called quadratic if q satisfies the 
well-known quadratic functional equation 


q(a+y) +q(%—y) = 2q(z) + 2q(y), 2, yEG. (1.1) 


Quadratic functional equation (1.1) was used by Jordan and von Neumann 
[14] to characterize inner product spaces. Several other functional equations 
are used for this characterization. Maurice Fréchet in [11] obtained a charac- 
terization of the inner product spaces among normed linear spaces by using the 
following functional equation 


Theorem 1.1. /11/ Let (X,||.||) be a normed linear space. Then X is an inner 
product space with respect to ||.|| if and only if 


2 2 2 2 2 2 2 
lay + zi File + yl +2 = lle + yl +e + 2+ lly + 21, ey, 2 © x. 


Motivated by this idea, we deal with the following functional equation: 


flat+yt2z)+faty—2z)+fe@-yta+f-rt+yt2) 
=4f(x) +4f(y) + 4f(2). (1-2) 


This equation was first introduced and solved by S. Jung [15]. In fact, he 
proved the following theorem 


Theorem 1.2 ({15], Theorem 2.1.). Let X and Y be vector spaces over fields of 
characteristic different from 2, respectively. If f: X — Y satisfies the functional 


equations 
fla+y) + f(a —y) = 2f (x) + 2f(y), (1.3) 
fie-y—2)+ f(a) + fy) + fl) = fe-y+fytz)+fle-—2) (1.4) 
and 


flaty+t2a4+faty—z)+fle-ytzt+f(-a+y+z) 
=Af(xz) +4fly)+4f(z), (1.5) 


then each of the equations (1.3), (1.4), and (1.5) is equivalent to the other. 
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Recently, EL-Fassi et al. [9] treated the Ulam-type stability of (1.2) in the 
class of functions from an Abelian group into a Banach space. The method 
used in [9, Theorem 4] based on a fixed point theorem [7, Theorem 1] and 
the argument presented is all on the whole set. This aspect of the domain is 
very important. However if we consider a subset of the domain which does not 
present all the possibilities when we have on the whole set, is the stability of 
the equation still valid? Many others studies this question about the stability 
on restricted domains of some functional equations (see [24, 22]). 

Inspired by the works of Hyers [13], Brzdek [8] and Park [17], and by a direct 
method, we investigate the stability of (1.2) on a restricted unbounded domain. 
Then, using these results, we study an asymptotic behavior of this functional 
equation. We also obtain a new criterion on characterization of inner product 
spaces by involving our functional equation. Before we state it, let us recall the 
definitions of quasi-norm and quasi-normed Abelian group. 

We recall some basic facts concerning quasi-norm and quasi-normed Abelian 


group. 


Definition 1.3. [4] Let (G,+) be an Abelian group. A function p:G — R is 
called a quasi-norm on G if: 


1. 0< p(x) < +00 for alla eG (positive definite); 
2. p(x) = p(—x) for alla eG (even); 
) 


3. p(x +y) < p(x) + p(y) for allz,yE€G  (subadditivity); 
0 


4. p(0) =0. 


If p(x) < +00 for all x € G we say that p is a finite quasi-norm. The pair (G, p) 
is called quasi-normed Abelian group if p is a quasi-norm on G. 


A triplet (G,+,6) is called metric Abelian group if (G,+) is an Abelian 
group and 6 is a translation invariant metric on G. This metric can be turned 
into a quasi-norm ||.||;:G — R, via ||z||; = 6(z,0) and the pair (G,||.||;) is a 
quasi-normed Abelian group. For a more detailed definition of such terminology, 
one can refer to [10, 18]. 

In this paper, assume that (G,+) be an Abelian group, Y be a linear space 
on the field K € {R,C}. For a given mapping f:G —> Y, we define the function 
Ayp:Gx Gx G—Y by 


Ay(@y,2):= fla ty tz) + fa@ty—2z)+fla-ytz) 
t f(-a+y +2) —4f(@) -—4fy) —4f(2), @y,2€ G. 


2 Stability in restricted domains 


In this section we study the stability problem of the functional equation (1.2). 
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Theorem 2.1. Let (G,+,5) be a metric Abelian group, ||.||5 be the induced 
quasi-norm of 5 and (Y,||.||) be @ Banach space. Let ¢ > 0, d > 0 be arbitrary 
real numbers. Suppose that f: G— Y is a function satisfies 


[Ar(@.yz)l<e, llaty+alls 2a. (2.1) 


Then, there exists a unique quadratic function Q: G— Y such that 


lQ(z)-f@l<s 3, «EG (2.2) 


Proof. Let f : G— Y be a function fulfilling (2.1). Taking = y = z in (2.1), 
we get 
f(x) —9f@)I| Se, [!salls > 4, 


witch implies 


I|f(8x)—-9f@)l Se, [lalls 2 4. 


Therefore, 
k=n 
f(3"**a) — f(3"™x) € 
| gn+1 gm as > Qkt+1” (2.3) 
k=m 


we os) 
for all natural numbers ; n > m, and ||z||; > d. Therefore, {igay is 
n=0 
a Cauchy sequence for each x € G with ||z||; > d. It is easily to infer that 
the sequence {ig is Cauchy in the whole G. As Y is Banach space, this 
n 


Cauchy sequence is convergent. We define Q: G— Y by 
“~~,  £e€G. (2.4) 


For x € G \ {0}, we choose N € N so large that for all n > N, ||3"2||; > d. 
By (2.4), we see that 


|Aq(e.y.2)|| =, lim 5|fGr2 +3"y +3"2) + fe + 3"y — 32) 
+ f(8"x — 3°y + 3"z) + f(—3"x + 3”y + 3"z) 
— A[f(3"2) + f(3"y) + £8") 


Hence, Q fulfills equation (1.2) for all « € G \ {0}. 
Since 
Q(0)= tim LO <9 


n>too gn 


the function Q fulfills equation (1.2) for all a € G. Since Q is a solution of 
(1.2), we infer that Q is a quadratic function in G. 
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Taking the limit as n + +00 and putting m = 0, we get from (2.3) 
€ 
Q(z) — f@Ils 3, Ilells 2 @. (2.5) 
Next, we extend (2.5) to the whole G. Let z € G and choose ||z||; > ||z||; +d 


such that |lylls > |lzlls + @ and |lx+ylls > |lzlls +4. Clearly, |lz + ylls = 4, 
lc + z||5 > d and |lx+y+2||; > d.Then by (2.5), we get 


Qcty+2)-fletyt2I< 53 
Qc+y-2)-flety-DI< 3 
Qe-yt2)-fe-yt als 3 
Q-#+yt2)-fl-etyt ais & 
~41Q(0) + 4f@ll SS 

~4Q(y) +44) < =. 


Adding these inequalities and applying (2.5) and (2.1), we get 


MQ(2) - 4F(OI Se+ S. 


Therefore 5 
€ 
lQ) -f@lls Z 
for z EG. 
It remains to prove the uniqueness of Q. Assume that Q’: G — Y is another 


quadratic function that satisfies inequality (2.2). Then we have 
Q(z) — Q"(a)I| < ]Q@) — f@)Il + IQ") — FI 


5 
Swe, 


Since Q and Q’ are quadratic, the last inequality implies that 


|Q(z) — Q"(x)|| = = |Q(3"x) — Q’(3"x)|| 
Bes ere xreEG,neN\ {Oo}. 


gr 4? 


Taking the limit as n —+ oo, we obtain Q(x) = Q’(x) for all x € G. This 
completes the proof. 
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3 Asymptotic behavior of the equation 


As a consequences, we can prove some corollaries concerning the asymptotic 
behaviors of the functional equation (1.2). 


Corollary 3.1. Let (G,+,6) be a metric Abelian group, ||.\|; be the induced 
quasi-norm of 6 and (Y,||.||) be @ normed space. If a mapping f : G7 Y 
satisfies 
limsup Af(z,y,z) =9, (3.1) 
|z+y+2||s3+00 


then f is a quadratic function on X. 


Proof. Let f : G — Y be a mapping satisfies (3.1). Then, there exists a 
sequence {d,,}°~_, of positive real numbers such that 


1 
IAs@wz)s—, lletytlls2 dn, n>. 


Let Y be the completion of Y. By Theorem 2.1, there exists a unique quadratic 
function Q, : G— Y solution of (1.2) and such that 


lQn(@)-F@IS 2, 2EG, n>1, (3.2) 


Let / and m be integers satisfying m > 1 > 0. From (3.2) we obtain 


5 5 
a Se : 
lQn(2)-f@IS Sz, cEG 
Hence, the uniqueness of @, implies that Q; = Qm holds for any l,m € N. 
Taking the limit as n —> oo in (3.2), we infer that f is quadratic. Then the 
result follows. 


Using Theorem 2.1, we obtain the results. 


Corollary 3.2. Let (G,+,6) be a metric Abelian group, ||.||; be the induced 
quasi-norm of 6 and (Y,||.||) be @ Banach space. Let w:G x G x G = [0, +00). 
Ifa mapping f: GY satisfies 


lim (x,y, z) = +00; 
\|z+y+z||5—7+00 
lim sup w(x, y, z) ||Az(z, y, 2)|| < OO, 


lIn+y+z||, +00 


(3.3) 


then f is a quadratic function on G. 


Proof. It follows from (3.3) that there exist constants s > 0 and R such that 


b(z,y,2) |Ar(@,y, 2) <R, |laty+2lls 2 s. 
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Since lim w(x, y, Z) = +00, then for an arbitrary ¢ > 0 there is M > 0 
\|z+y+z||5—7+00 


such that 


V(a,y,z) = ’ lz t+y+2||5 > M. 


ola 


Then, 
|As(z,y, 2) <e, lle+y+z2lls 2 max{s,M}. 


Let Y be the completion of Y. Using theorem 2.1, there exists a unique quadratic 
function Q: G— Y solution of (1.2) and such that 


Q(z) — f(a)|| < =, 2eG. 


Since ¢ is arbitrary, we infer that Q(x) = f(z) for alla EG. 


Corollary 3.3. Let (G,+,6) be a metric Abelian group, ||.||; be the induced 
quasi-norm of 6 and (Y,||.||) be a Banach space. Let p < 0 and A > 0 be 
arbitrary real numbers. If a mapping f: G— Y satisfies 


Then f is a quadratic function on G \ {0}. 


4 Application 


Several functional equations were used to characterize inner product spaces from 
normed spaces, for instance, see [14, 2, 6, 3, 16]. Quadratic functional equation 
was used to characterize inner product spaces by making use the parallelogram 
equality [14]: 
2 2 2 2 
Ila + yl" + [la — yl = 2 lal" + 2 IIyI". 
This characterization gave rise to what we now call Jordan-von Neumann char- 


acterization. Other characterization is given by Fréchet in [11], he proved that 
a normed space (X,||.||) is an inner product space if and only if 


2 2 2 2 2 
Ic + y + 2il" + [lal] + [yl + [lel = lle + ll 
+lz+2\?+lly+2l?, 2,y,2€X. 


Now, we can apply the functional equation (1.2) in a characterizations of 
inner product spaces. 
Let K be the field of real or complex numbers. Let (X, ||.||) be a normed space 
over K and Xo:= X \ {0}. Write 


2 2 2 2 
D(z,y,2) = lle ty +2 + |le+y— |" + |la-y + zi" + [|-@+y + ll 
2 2 2 

Alla" — 4|lyll° —4ll2l"- 
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Theorem 4.1. Let (X,||.||) be a normed space over K. Suppose that 
D(z,y,z)=0, 2,y,2 EX. 
Then X is an inner product space. 


Proof. Let X 4 {0} be a normed space over K such that 


lat yt2|? +\2+y—2ll? + lle-y+ 27+ |l-2+yt ll 
4 |x|? — 4 ||yl]? — 4 ||zl]? =0, (4.1) 


for x,y,z € X. Putting z = 0 in (4.1), we get 
2 2 2 2 2 2 
Ia + yl" + [le + yl + [le — ll + [-a + yl — 4 lle" — 4 lull = 0, 
for x,y € X, then the Jordan-von Neumann characterization holds 


lle + yll? + le — yl? = 2 Mall? + 2 Ml. 


Consequently, X is an inner product space. 


Theorem 4.2. Let (X,||.||) be a normed space over K. Suppose that 


D(x, y, 
up ea) es, aty+zeEXo, p<0, A>OD. 
L,Y, zEX Alla +y+t 2 
Then X is an inner product space. 


Proof. Write f(x) = ||x|| for « € X. From Corollary 3.3 we easily derive that f 
is a quadratic function, which yields the statement. 
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Abstract 


In this manuscript, we will use the new modified version of the Runge- 
Kutta method suitable for solving fuzzy two coupled systems of Nonlinear 
Ordinary Differential Equations (ODE). With the aid of a numerical exam- 
ple, we will demonstrate the accuracy of the RK — 4 coupled method for solv- 
ing these two coupled differential equations. To find the analytical solutions 
we use Laplace Adomian Decomposition Method since it is a semianalytical 
method used well in many existing studies on dynamical systems. In order 
to tell the accuracy, we use the error analysis technique. With the help of 
numerical simulations, we are able to show at what point of t, both x(t) and 
y(t) will interact in order to support the theory. 


Keywords: New theory of Numerical methods; Analytical Solution; Laplace Ado- 
mian Decomposition method; Runge-Kutta method; Two Coupled Differential Equa- 
tions. 


1 Introduction 


The equivalence relations to a set of the non-crisp data set called fuzzy sets or fuzzy 
data set obtained by partisioning the existing relation that will not fail to satisfy 
the oprations satisfied by the crisp data set. The subsequent of differentiation as 
well as integration of fuzzy defined equations, and the ever existing theorems on 
existence and with it the uniqueness of FDE solutions in those space of quotients of 
fuzzy numbers are presented by various existing studies. The unique solution to the 
FDE’s IVP will be well established if fuzzy normed f satisfies Lipschitz condition. 

Many recent studies also developed the fuzzy methods and they have been im- 
plemented in so many grounds, such as optimization of multi-objective problems 
with various decision criteria. The development of mathematics has reached a very 
high level and is still available today. 

The need of RK-4 method was very first arisen at the time of Euler methods 
to solve ODE numerically. Since it was clearly found very first time by the mathe- 
maticians Runge-Kutta, that the convergence of Euler method is only about O(h?) 
and error existence affects the coincidense of approximate solutions obtained by 
Euler with that of Exact solutions. O(h?) is not a good approximation order. So 
RK-4 methood was developed and found with O(h*) which provides the confidence 
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of least error and better approximation that coincdes to atleast four decimal places 
ie, O(h*) for solving linear ode. It also helped the researchers to get the bet- 
ter approximate solutions to that of few non-linear problems like non-linear hybrid 
differential equations. But for two coupled system of differential equations there 
are still a research going on many fields like mathematical modelling in poplation 
dynamics, epidemiology etc., 

There are few noticable works are done on nonlinear epidemic modells and RK- 
4 methods have also been used but it is also to be mentioned that those modells 
are not completely three coupled differential equations. After this modell has been 
developed and if got published we hope strongely that it could be applied to get 
the solutions of three ccoupled or four coupled DE on the epidemic modells epi- 
demic models. Also, The entire manuscript is brought up by the motivation of well 
established researches and some of the notable works are Allen, [1] gave his way 
of introduction mathematical biology. Abbasbandy extended a numerical method 
called Newtons method to deal with the nonlinear system of equations using modi- 
fied Adomian Decomposition Method (ADM) in [2]. In [3] Bukley et al., researched 
on fuzzy differential equations (FDEs). Kermack et al., [4] mathematically ana- 
lyzed theory of epidemics. Makinde et al., [5] applied ADM to a SIR epidemic 
model with uniform vaccination therapy. Farman [10] presented solution of SEIR 
epidemic model of meseales with non- integer time fractional derivatives by using 
LADM. Ongun [11], applied the LADM for solving a model for HIV infection of 
CDA4*T cells. Palese [12] analysed Variation of Influenza A, B, and C. Saberiad 
[15] applied of Homotopy Perturbation Method for solving Hybrid Fuzzy Differ- 
ential Equations. Pederson et al., [19] numerically solved hybrid fuzzy differential 
equation IVPs by a characterisation theorem. [20] Kandel et al., studied Fuzzy dy- 
namical systems and nature of their solutions. In [21], [22], Lakshmikantham et al., 
Impulsive hybrid systems and stability theory, Theory of fuzzy differential equations 
and inclusions. In [23] Seikkala, On the fuzzy initial value problem. [24] Sepah- 
vandzadeh et al., applied Variational Iteration method (VIM) for solving Hybrid 
Fuzzy Differential Equations. Also there are many researchers who are working 
on different types fuzzy differential equations in his research on hybrid systems, 
delay systems, epidemic models etc., in [13, 14], [16],[17, 18], [6, 7], [8, 9]. The 
manuscript consists of preliminaries in 2, fuzzy-two-coupled non-linear differential 
equations in 3, Analytical Solution, Semi Analytical Solution in 4, modified Fuzzy 
RK-4 Algorithm in 5, and finally conclusion in 6 


2 Preliminaries 


Let E' represents the set of functions q: 4 > [0,1] such that 


dy — 3, if y € (0.75, 1], 
q(y) =< —2y +3, if y € (1,1.5), (2.1) 
0, if y ¢ (0.75, 1.5). 


The r-level set of g in (2.1) can be wriiten as 
[g;r] = [0.75 +0.25r, 1.5 — 0.5r]. (2.2) 


We define 0 € E! as 0(y) = 1 if y= 0 and 0(y) = 0 if y 4 0 for future reference. 
From [23] of y: I > E' where I C & is an interval. If g(t) = [y(t;r), y(t;r)] for 

allt € IJ and r € [0,1], then 9 (t) = [y'(t;r), 9 (tr)], if y'(jr) € Et. 

Following IVP, - 


y(t) = g(t, y(t), yO) = yo, (2.3) 
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where g : [0,co) x & > & is continuous. We would like to interpret (2.3) us- 
ing the Seikkala’s derivative and yo € E'. Let jo = [y(0;r),9(0;r)] and g(t) = 
[y(tsr), w(t). 


2.1 Definitions and Basic Results 


This secion consits of important results considered from [25, 23, 3, 26] “Let G;,(#") 
represents the house of complete nonempty, compacted, convex collection of subsets 
of 2” . Sum and product in G;,(#%") are existing as usual. Let y be a point in Z” 
and B be a non-empty sub set of 2”. The distance D(y, B) from y to B is defined 
by 

D(y, B) = inf illy — oll} 


Let M and N be two nonempty bounded subsets of 4” . The Housdorff separation 
of M from N is defined by 


Di,(M,N) = sup {d(u, v)}, 
weM 


The Housdorff separation of N from M is defined by 


Dy (N, M) = sup{d(y, 1)}, 
vEN 


The distance of separation between M and N as understood by the Housdorff sense 


Dy(M,N = max { sup inf ||m—nl|, sup inf ||jm—n \, 
(M,N) sup inf lm nl}, sup inf, lm ~ n| 
where || - || is the traditional Euclidean norm ||.|| in #”. Then it is clear that 
(Fi(#"), D) becomes a complete metric space. 

A fuzzy subset of Z” is explained in terms of a membership arguments which 
coins to each point x € #", a grade of membership in the fuzzy set. Such a 
membership function g: Z” — I € [0,1] is used to denote the corresponding fuzzy 
set. 

To every r € (0,1), the r- level set [q]” of a fuzzy set u is the subset of values 
y € &" with memberships q(y) of r powers, that is [q]” = {y © #” : dy) = r}. 
The support [q]° of a fuzzy set is then defined as the closure of the union of all its 


level sets, that is, [g° = U [g¢]’. An inclusion result arrives spontaneously from 


ré€(0,1] 
the above definitions. 
Result 1 
To every 0< 11 < ro <1, [g]” € [a]™ C [a]°. 

Universally, some level sets usually be null in a ordinary fuzzy set. Particularly, 
the triviality arise when q(y) = 0 for all y € @”, though the support is null: q is 
null fuzzy set in this sense. Here we shall pay focus only to the normal fuzzy sets 
which satisfy. 

In view of Result 1. we have 

Result 2 

[q|" is a compact subset of #” for all r € I. 

Result 3 

“If u is fuzzy convex, then [q]" is convex for each r € I. 

Let J = [0,1] C R be as compact interval and let E” denote the set of all 
q: #” TI such that q satisfies the following conditions. 

(i) q is normal, that is, there exist an go € #” such that go = 1, 
(ii) q is fuzzy convex, 
(iii) g is upper semicontinuous, 
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(iv) [q]° = closure of {q € #” : q(x) > 0} is compact. 

Then, from (1) — (4), it follows that the r-level set [q]" € P.(Z') for allO<r <1. 
Ifg: 2" xB" > &” is a function, then using Zadeh’s extension principle we can 
extend g to E” x E” > E” by the equation" 


9(%1, 92)(z) = a ee), q2(y)}- (2.4) 


It is well known that[g(q1, ¢2)]" = g([qi]"; [g2]"), for all q1,q2 € E", O<r <1, and 
continuous function g. Further we have 


la +45) = (la]" + [a2]"), (2.5) 
[kq" = &fq]’, (2.6) 


where k € &. The real numbers can be embedded in E” by the rule c > ¢(t)”, 
where, 


an ={ : for t=c, 


elsewhere. 


3  Fuzzy-Two-Coupled Non-linear Differential Equa- 
tions 


For preliminary definitins of fuzzy differential equations authors are encouraged to 
go through [25, 26], [18], etc., Two Coupled differential Equations have wide range 
of applications in any mathematicall modell of physical phenomena in epidemiology, 
ecology,etc., By the application of fuzzy it is used to eliminate the randomness and 
vagueness that arises in any dynamics of the system. 


x(t) =ca(t)y(t), to <t<ty 
y'(t) = coa(t)y(t), to St <tr 
x(to) =o, 
y(to) = yo 


(3.1) 


where c,, C2 are numeric constants such that they are not equal to zero and also 
C1 # Cg. By using the concept fuzzy, the equation (3.1) becomes, 


£'(t) = 1 &(t)9(t), to St < ty 
ee, in Sts (3.2) 
y(to) = yo 


Such that (t) = [x(t;r),%(t;r)]. In the same way for 9(t) Z(t) 9/(t) and also for 
Zo, y(0) 

4 Analytical Solution, Semi Analytical Solution 
The analytical Solution of the system (3.2) is given by 


E(t) = Fyet So v(s)ds 


t) = Joe? Ss x(s)ds (4.1) 


In order to obtain the semi analytical solution we are here by making use of well 
known Laplace Adomian Decomposition method (LADM). We prefer this method 
to compare the solutions of nonlinear coupled differential equations. The method 
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is already defined and described in somany papers previously whereas the RK-4 
algorith or method for nonlinear coupled differential equations is not defined clearly 
yet but found traces of the authors try over it in the literature. The method is taken 
since we are unable to process the analytical solutions even though its structure is 
expalined above. 


4.1 Fuzzy Laplace Adomian Decomposition Method 


X(k+1) = L71(e,/s x L(Ap)) 
re eee (4.2) 


L-}(c2/8%? x L(Ax)) 


> 
+ 

ass 
I 


Where (A;,) is an Adomian polynomial defined by A; = 12S ge) haan 
Le., 

Ao = Loyo 

A, = oy + 1Y0 

Ag = Xoy2 + 21y1 + L2yYo and so on. 

a(t) = Dopo (a(k)) 

y(t) = Vpeo(y(k)) 


5 Modified Fuzzy RK-4 Algorithm: 


We are at present sharing the new algorithm for novel RK-4 method for solving 
nonlinear coupled differential equations. In this section we are using the fourth order 
Runge-Kutta method (RK-4). We are finding the values of &(t),y(t), at h = 0.1 for 
the best approximation. For 0 <r < 1. 

To evaluate x(t), and y(t): 


Consider, 
H(t+1) = (a(t) + (1/6(A1 + 2A2 + 2A3 + K4))) (5.1) 
Ht +1) = (Olt) + (/6(L1 + 2Be + 2Bs + Ba))) : 
To estimate (5.1), consider the following. 
Ay = hx ai((Z(t))(9@) 
By = hx co((%(t))(G@)) 
Ag = hx ey (&(t) + (Ai/2))(G(E) + (Bi/2)) 
By = hx c9(&(t) + (Ai /2))(G(E) + (Bi /2)) (5.2) 
Az = hx ey(&(t) + (A2/2))(G(E) + (B2/2)) , 
Bz = hx c9(&(t) + (A2/2))(G(E) + (B2/2)) 
Ay = hx ci(&(t) + (As))(G(@) + (Bs)) 
By = hx co(&(t) + (As))(G() + (Bs)) 
For 1 <p<4 ndd<r<l, 
A, = Ap(tsr) = [A,(t;r), Ap(tsr)) 
By = Bp(tir) = [Bp (7), Bo(tsr)], 
For0<t<n,n=1,2,3,...,, 
and forg=t, g=t+1, t=0,1, 2,3, 
&(q) = £(q)(t;r) = [zg (t;r), Za(tsr)], 
y(q) = 9(@) 
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Table 1: Approximate solution by RK-4 for non-fuzzy case 


LADM-4 


RK-4 


Error 


x(t) 


y(t) 


x(t) 


y(t) 


x(t) y(t) 


0 5 


3 


5 


3 


0 0 


0.1 | 4.991 


3.0045 


5.006 


2.99325 


0.015 | 0.01125 


0.2 | 4.98201 


3.009 


4.99701 


2.99775 


0.015 | 0.01125 


0.3 | 4.97301 


3.01349 


4.98802 


3.00224 


0.01501 | 0.01125 


0.4 | 4.96402 


3.01799 


4.97904 


3.00673 


0.01502 | 0.01126 


0.5 | 4.95503 


3.02248 


4.97006 


3.01122 


0.01503 | 0.01126 


0.6 | 4.94605 


3.02697 


4.96108 


3.01571 


0.01503 | 0.01126 


0.7 | 4.93707 


3.03147 


4.9521 


3.0202 


0.01503 | 0.01127 


0.8 | 4.92809 


3.03595 


4.94313 


3.02469 


0.01504 | 0.01126 


0.9 | 4.91912 


3.04044 


4.93416 


3.02917 


0.01504 | 0.01127 


1.0 | 4.91014 


3.04493 


4.92519 


3.03366 


0.01505 | 0.01127 


Table 2: Approximate solution by RK-4 for fuzzy case 


x(tsr) 


y(t;r) 


min 


max 


min 


max 


0 3.6939 


5.625 


2.27524 


3.41286 


0.1 | 3.81703 


5.56917 


2.35108 


3.37494 


0.2 | 3.94016 


5.49671 


2.42692 


3.33702 


0.3 | 4.06329 


5.42447 


2.50277 


3.2991 


0.4 | 4.18641 


5.39246 


2.97861 


3.26118 


0.5 | 4.30954 


5.28068 


2.65445 


3.22326 


0.6 | 4.43267 


5.20913 


2.73029 


3.18534 


0.7 | 4.5558 


5.13781 


2.80613 


3.14742 


0.8 | 4.67893 


5.06671 


2.88197 


3.1095 


0.9 | 4.80206 


4.99584 


2.95781 


3.07158 


1 | 4.92519 


4.92519 


3.03366 


3.03366 


5.1 An Example 


Let us consider the following problem and compare the results of the method LADM 
RKM-4 in both non-fuzzy and as well as fuzzy. In Table 1, we are presenting the 
values of x(t), y(t), in non fuzzy by means of LADM-4 and RK-4, and also the 
error analysis between them. In table 1, we have presented only the values for 
t € [0,1] but one can estimate the values for ¢ € [0,100]. In that way we found 
that at t = 15.5, x(t) = 3.66502, y(t) = 3.66749, ie x(t) y(t), t = 20., there is a 
interaction between x(t), and y(t). 


#! (t) = —0.0062(t)g(t), O<t <1 
i (t) = 0.0032(t)9(t), O<t <1 
(0) =5, 

y(0) = 3. 


(5.3) 


We calculate error by means of Error = |(LADM — 4) — (RK — 4)| Let us present 
below the table value of x(t) and y(t) in terms of fuzzy in Table 2. So that we have 
x(t;r) and y(t;r) for t € [0,1] and r € [0,1]. 
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5.2 Numerical Simlations 


For non-Fuzzy coupled case of above example: 
For Fuzzy coupled case of above example: 


x(t), y(t) 


Figure 1: Non-Fuzzy Nonlinear Two Coupled Differential Systems 


By the above figures, Figurel and 2 we are able to understand the travel of 


1.0 


0.5 
x(t), y(t) 


1.0 


Figure 2: Fuzzy Nonlinear Two Coupled Differential Systems 


solutions in t € 0,100 for non-fuzzy case and for t € [0,1] and r € [0,1] for fuzzy 
case respectively. 


6 Conclusion 


There are numerous numerical methods that one want to use other than Rung- 
Kutta method when it comes to the need to solve the function with non-linear 
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ODE especially for coupled differential equaions we are having so many applications 
but the methods like Laplace Adomian Decomposition method etc., are used as 
presented in earlier section. But now we had presented the new coupled form of 
RK-4 algorithm for solving any kind of nonlinear two coupled nonlinear ODE. We 
recommend this RK-4 algorithm since its accuracy is of about O(h') or one decimal 
place when it is compared with semianalytical method like LADM. The important 
aspect is that one can easily see the interaction between x(t) and y(t) in figure 
1 which tells us at t = 15.5, a(t) & y(t). As a future work, we will present this 
approach on completely coupled fuzzy disease modelling problems. 
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Abstract 


Here we examine the multivariate quantitative approximations of Ba- 
nach space valued continuous multivariate functions on a box or RY, 
N EN, by the multivariate normalized, quasi-interpolation, Kantorovich 
type and quadrature type neural network operators. We research also the 
case of approximation by iterated operators of the last four types, that 
is multi hidden layer approximations. These approximations are achieved 
by establishing multidimensional Jackson type inequalities involving the 
multivariate modulus of continuity of the engaged function or its high or- 
der Fréchet derivatives. Our multivariate operators are defined by using a 
multidimensional density function induced by a parametrized hyperbolic 
tangent sigmoid function. The approximations are pointwise, uniform 
and L,. The related feed-forward neural networks are with one or multi 
hidden layers. 
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Ly approximations. 


1 Introduction 


G.A. Anastassiou in [2] and [3], see chapters 2-5, was the first to establish neu- 
ral network approximations to continuous functions with rates by very specif- 
ically defined neural network operators of Cardaliaguet-Euvrard and ”Squash- 
ing” types, by employing the modulus of continuity of the engaged function or 
its high order derivative, and producing very tight Jackson type inequalities. 
He treats there both the univariate and multivariate cases. The defining these 
operators ”bell-shaped” and ”squashing” functions are assumed to be of com- 
pact support. Also in [3] he gives the Nth order asymptotic expansion for the 
error of weak approximation of these two operators to a special natural class of 
smooth functions, see chapters 4-5 there. 

Motivations for this work are the article [22] of Z. Chen and F. Cao, and 
[4]-[19], [23], [24]. 

Here we perform a parametrized hyperbolic tangent sigmoid function based 
neural network multivariate approximation to continuous functions over boxes or 
over the whole RY, N €N, and also iterated, multi layer and L, approximations. 
All convergences here are with rates expressed via the multivariate modulus of 
continuity of the involved function or its high order Fréchet derivative and given 
by very tight multidimensional Jackson type inequalities. 

We come up with the ”right” precisely defined multivariate normalized, 
quasi-interpolation neural network operators related to boxes or RY, as well 
as Kantorovich type and quadrature type related operators on R“. Our boxes 
are not necessarily symmetric to the origin. In preparation to prove our results 
we establish important properties of the basic multivariate density function in- 


’ 


duced by a parametrized hyperbolic tangent sigmoid function. 
Feed-forward neural networks (FNNs) with one hidden layer, the only type 
of networks we deal with in this article, are mathematically expressed as 


Nn (x) = S— eo ((aj +2) +5), ceER®, sen, 
j=0 


where for 0 < j < n, 6; € R are the thresholds, a; € R®° are the connection 
weights, c; € R are the coefficients, (a; +2) is the inner product of a; and z, 
and o is the activation function of the network. In many fundamental neural 
network models, the activation function is based on the hyperbolic tangent 
sigmoid function. About neural networks read [25]-[27]. 
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2 Background 


We consider here the generalized hyperbolic tangent function tanh Az, x € R, 


rA>0: r : 
eit es 

It is tanh AO = 0,-1 < tanhaAr < 1,V 2 € R, and tanh’ (—«) = — tanh Ax. 
Furthermore we have tanh (co) = 1 and tanh A(—oo) = —1, and tanh Az is 
strictly increasing on R, with 

a tanh Ax = —.— > (2) 

dx ~ cos? Ar 
The induced activation function will be 

1 
6 (x) = z (tanh A (x + 1) — tanh A (x — 1)) >0,Va ER, (3) 


with @(x) = 6(—2). 
Clearly @ (a) is differentiable and thus it is continuous. 


Proposition 1 @(x) is strictly decrasing on (0,00) and strictly increasing on 
(—o0, 0]. We have that 0 (—oo) = 8 (co) = 0. So that 6 has the bell shape with 


horizontal asymptote the x-aris. The maximum of 0 is 


tanh A 


6 (0) = : 4 
(= (4) 
We mention 
Theorem 2 (/20]) It holds 
S> 6(a@-i)=1, VreR. (5) 
Theorem 3 (/20]) We have that 
i 0 (x) dx =1 (6) 


So that 0 is a density function on R. 


Theorem 4 (/20/) LetO<a<1,A\>0 andneEN. It holds 


S- 6 (nx —k) < een 290 (7) 
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Denote by |-| the integral part of the number and by [-] the ceiling of the 
number. 


Theorem 5 (/20]) Let x € [a,b] CR andn EN, so that [na] < |nb|. Then 


1 4 1 
[nb] <fanh2 8(1)" (8) 
> O(na — k) 
k=[na] 
We make 
Remark 6 (/20]) 
(i) We have that 
[nb| 
Jim 2 (na —k) £1, (9) 


for at least some x € [a,b]. 

(it) Let [a,b] CR. For large n we always have [na] < |nb]. Alsoa < & <0, 
iff [na] <k < [nb]. 

In general it holds 


[nb] 
S > O(na—k) <1. (10) 
k=[na] 
We introduce 
N 
Z(21,..,0n) = Z(2):=]] O(a), 2=(21,..,0n) ERX, NEN. (11) 
w=1 
It has the properties: 
(i) Z(z) > 0, Vere RY, 
(ii) 
So Z(@-h)= YO YD. SS Z(1—h,..,2n — kw) =1, (12) 
k=—0o ky =— co kg2=—0o kn=—-co 


where k := (ki, ...,kn) € ZY, Vz e RY, 
hence 
(iii) 
S° Z(nz—k) =1, (13) 


VaeR;neNn, 
and 
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(iv) 
| Z(a)dx =1, (14) 
RN 
that is Z is a multivariate density function. 
Here denote ||x||,, = max {|71|,..., |zw|}, 2 € RY, also set 00 := (00, ..., 00), 
00 := (—oo,..., 00) upon the multivariate context, and 


[na] := ([nar],..., [nan ]), 


[nb| := ([nbi],..., [nbn ]), 


where a := (a1,...,an), b:= (b1,..., bn). 
We obviously see that 


[nb] [nb] 7 N 
So Z(na-k)= > ( (nm) = 


k=[na] k=[na] =1 


[nbs | [nby | N N Lnbi] 
OS. WE. es (Tos) =T] S> O(nai— hi). (16) 


kiy=[nai] kn=[nan] \i=1 t=1 \ki=[na;] 


For 0<6<1landn€N, a fixed x € RX, we have that 


[nb| 
x Z (nz —k) = 
k=[na] 
[nb] [nb] 
S- Z (na —k) + > Z (na —k). (17) 
k = [na] = [na] 
lla — Pleo S we lt — Pleo > a 


In the last two sums the counting is over disjoint vector sets of k’s, because the 
condition ||* — «||__ > = implies that there exists at least one 
where r € {1,...,N}. 

(v) As in, Theorem 4 we derive that 


[nb| 


k 1 
ke — g,| > Re 


y Z (na —k) 2 re?" QB 1,A>0. (18) 
k = [na] 
i ells ie 


withn€N:n!-8>2,2€ Te [a;, bi]. 
(vi) By Theorem 5 we get that 


1 


4 N 
< < 19 
2 | 2 (na — k) a =) ae 


0 
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A>0, Vee (TIM [aidil), nN, 
It is also clear that 
(vii) 
S- Z (nz —k) < etre Pann (20) 


Co 


A>O,0<6<1,nEN: nb? >2,ceER. 
Furthermore it holds 


[nd] 
Jim 2 Z (nz —k) Al, (21) 


for at least some x € Cane [a;, bil) ; 

Here (x I-I,) is a Banach space. 

Let f E ene [a;, b4] ,X) >t = (11, ...,0N) € fl [a;, bi] , n € N such 
that [na;| < |nb;|, i =1,...,.N. 

We introduce and define the following multivariate linear normalized neural 
network operator (x := (#1,...,tN) € (1 [a;, bi])): 


Soa Lec ) Z (na = k) 


An (f,21,-,0N) = An (f, 2) = a a 
Se nee (na — k) 
[nby | [nbe | [nbn | 
Bae Ao Selma” ae Sea ites we a (i (nx; _ ki) 


N nb; 
ies ( ae (nz; = ki) 
< 


For lines enough n € N we always obtain [na;| 
a= =i < bj, iff [na;| < kj < [nd|],7=1,..., NV. 


When gEC (1 ai (ss bil) we define the companion operator 


[nb], 7 = 1,...,N. Also 


a = Be! 7 Z (na “. k) 


Clearly An isa positive linear operator. We have that 


ee N 
A, (1,2) =1, Vxe (11 ot] 


i=l 


Notice that A, (f) € C (a2 1 las, bi] ,X) and A, (g) €C (He ; (a;, il) 
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Furthermore it holds 


a ee Wa YL, Z (nx — k) ee (isl ) 
nm a aes 3 


|An (f,2)IL, < " (24) 
. Theta) Z (ne — ki) 
Vae in ae [a;, bj] : 
Clearly [fly €C (ITS: (ai, bil) - 
So, we have that 
An (f,2)Il, < An (Ill, +2) (25) 
vce TIN, [ais bil, Vn EN, V FEC (TIL [ai bil, X). 
Let ce X andgeEC (1 1 [OayO il), then cg € C (0 1 (ae, 4] x) ; 
Furthermore it holds 
An (cg, 2) = cAn ,Vae I [a;, bi] . (26) 
Since A, (1) = 1, we get that 
An(c)=c, Vee xX. (27) 


We call As the companion operator of A). 
For convenience we call 


[nb| 


At (f, x): = rG)z (na —k) = 


k=[na] 


[nby | [nbe | [nbn | i N 
SS J. aS s(F.. =“) (Ileis—n)). (28) 


ky=[nai | ko=[na2| kn= [nan | 


Vae (Te 1 [a:, il) ; 
That is At 
An fra) = aq ha 


(29) 
ae ina] Z (nx — k) 


Vae nee 1 [ai,2il), neéeN. 
Hence 


As (f,2) — £ (@) (EM 9 2 (ne - b)) 
An (f,) — f (@) = : (30) 
3 ae (na _ k) 
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Consequently we derive 


N [nb| 
) Jae-1@ Yo ze-aff 


k=[na] 


4 


In (f,2) ~ F(@)lly S (carn 
(31) 


Vae Ces: (ai, il) , 
We will estimate the right hand side of (31). 
For the last and others we need 


Definition 7 (/15], p. 274) Let M be a convex and compact subset of (RN, I-ll,) : 
p € [1, oo], and (x, I-I,) be a Banach space. Let f € C(M,X). We define the 


first modulus of continuity of f as 


wi(f,d):= sup — || f (x) — F(y)||,, 0< 6 < diam(M). (32) 
zyeM: 
Iz — yl, <4 


If 5 > diam (M), then 
Wy fs ) FSW hs diam (M)) . (33) 


Notice w, (f,6) is increasing in 6 > 0. For f € Cg (M,X) (continuous and 
bounded functions) w (f,6) is defined similarly. 


Lemma 8 (/15/, p. 274) We have wi(f,d) > 0 as 6 | 0, iff f € C(M,X), 


where M is a convex compact subset of (RN, II-ll,), Pp € [1,00]. 


Clearly we have also: f € Cy (R“,X) (uniformly continuous functions), 
iff w (f,d) + 0 as 6 | 0, where wy; is defined similarly to (32). The space 
Cp (RY xX ) denotes the continuous and bounded functions on RY. 

When f € Cp (RY, X) we define, 


By G2) = Be Gio tN ae se £(=) 2ime- = 


k=—0oo 


foe) foe) foe) N 
eee (4,8...) (Iles), (34) 


ky= co kg= co k 


néeN,Va2eR, N EN, the multivariate quasi-interpolation neural network 
operator. 

Also for f € Cg (RY x ) we define the multivariate Kantorovich type neural 
network operator 
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love) love) fore) kitl kot1 kn tl 
Sa Se (»* f : =, Fonte) tha) 
ky ko kn 
ky=—0o kg=—0o kn=—oco on nr “nm 
N 
(1° (na; — 2) (35) 
i=1 


neN, VeeER’. 

Again for f € Cg (RY x ) , N EN, we define the multivariate neural net- 
work operator of quadrature type D, (f, x), n € N, as follows. 

Let 6 = (61,...,0v) E NY, r = (r1,...,7N) € ZN, Wr = Wry ro,...ry = 0, Such 


0 O14 02 On 
that: 3. ts Oo oe ey Orta, a a Ree 2 and 
r=0 r1=0 rg=0 rn=0 


Oy O02 ON 
ky T1 ko ; rT2 kn TN 
ye De a ee tran (4 i nO? n nbs’ n of x), tee) 


r1=0 re2=0 rn=0 


where © := (3 r2 sx) : 


6 01? 027°" On 
We set 
Dn, (f2) = Dy (Fi Diy ing ne) = S- Onk (f) 2 (na — k) _ (37) 
k=—oco 
oo co co N 
S- S- Se On,kiko,...en (f) (Iloms—m)). 
ky=—00 kg=—00 kn=—0o 4=l1 
VareR, 


In this article we study the approximation properties of An,Bn,Cnr, Dn 
neural network operators and as well of their iterates. That is, the quantitative 
pointwise and uniform convergence of these operators to the unit operator I. 


3 Multivariate Parametrized Hyperbolic Tangent 
Induced Banach Space Valued Network Ap- 
proximations 


Here we present several vectorial neural network approximations to Banach 
space valued functions given with rates. 
We give 
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Theorem 9 Let f € C (is [a;, bj] ,X) ,0<B<1A>O0,2E Coes [ai,bi]) N,ne 
N with ni-? > 2. Then 


1) 
Ec) li a 
IAn(f.2)-F0L, § (Gaba) for (hoe) + er] HO, 
(38) 
and 
2) 
An (Ff) = IL] <1 @)- (39) 
We notice that lim A, (f) ily f, pointwise and uniformly. 
noo 


Above w is with respect to p = co and the speed of convergence is max (+. —) = 


Proof. We observe that 
[nb| 
A(z) = At (f,2)-f(2) >) Z(ne-k)= 
k=[na] 
[nb] [nb] 
yo (=) Z(na—k)— © f(«)Z(na—k) = 
k=[na] k=[na] 
> (1 (£) -#@)) (ne -¥) (40) 
k=[na] m 
Thus 
[nb] i 
Sco, YO [r(2) -2e)]| zee-w - 
k=[na] % 
[nb| 
Ss [F(E)-1@ Z (na — k) + 


3 F(¢) -f(a)|| Ze —K ‘2 
k=I|na : 
{Il TI. : ae 
10 
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a (45) +2 hah, S22 
k = [na] 


l= - loo > aH 
1 4d ,—2AnG-8) 
wi (ha +2] ¢ e ,0<B<1A>0. (41) 


So that 


Ar 
ito so (1) +S 


Now using (31) we finish the proof. m 
We make 


Remark 10 (/15], pp. 263-266) Let (RY, I-ll,) > N EN; where |[-||, is the Ly- 


norm, 1<p<oo. RN is a Banach space, and (RN)? denotes the j-fold product 
space RN x...x RN endowed with the max-norm lZllianys = Fle I|Zpll,, where 
= (21,25, 25) € (RY), 

Let (x, I-I.,) be a general Banach space. Then the space V; := V; (Rx)? :X) 


of all j-multilinear continuous maps g : (RX) > X,7j7=1,...,m, is a Banach 
space with norm 


Ig (IL, 


Fallen, 


lIgll =llglly, = sup lg (x) ||, = sup 


lel (ny =1 


Let M be a non-empty convex and compact subset of RN and xo € M is 
fixed. 

Let O be an open subset of RN : M CO. Let f :O— X be a continuous 
function, whose Fréchet derivatives (see [28]) f\) :O > V; = V; ((RY)’ :X) 
exist and are continuous for 1 <j <m,meN._ 

Call (a — ao)! = (U— %9,..., 0 — 2%) € (RN)’, creEeM. 

We will work with f|u. 

Then, by Taylor’s formula ([21]), ([28], p. 124), we get 


 f® (ao) (a —« 
f(z)=>0 _ i + Rm (e,x9), alla eM, (44) 
j=0 ; 


where the remainder is the Riemann integral 
1 Tay m—-1 - 
Re (04:00) = fF 8 (0 (ag + 0 (e = 20) = $0" (40) (b= 40)” du 
(45) 


11 


500 George A. Anastassiou 490-519 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


here we set f() (xo) (a —x0)° = f (a0). 
We consider 


w= Wy (7, n) ae Fo (@) — f™) (v)|) (46) 
xy 
llz—-yll,<h 
h>0. 
We obtain 


| (40° (20+ w(e— 20)) — £0 (20)) (@— 20)", < 
|e (ap + u(x —%9)) — f™ (x0)| -|lw— oll < 


we — aale [eI (a7 


by Lemma 7.1.1, [1], p. 208, where |-| is the ceiling. 
Therefore for alla € M (see [1], pp. 121-122): 


[Rn (e20)Ily <a la —zally f ees Sa de 


= wm (|e - eoll,) (48) 


by a change of variable, where 


ltl es —s) 
®, (t) =| +] a wi (ot Jt} —gjh)™ |, VEER, (49) 


is a (polynomial) spline function, see [1], p. 210-211. 


Also from there we get 


aa [¢| hel" 
< ! 
Pm () S (am Sh See cu 


with equality true only at t = 0. 
Therefore it holds 


le-aolly  llz—2ollp h|lx — aolly 
(m+ 1)!Ih 2m! 8 (m— 1)! 


[Rm (2, to), < 


We have found that 


12 
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wr (A) le—aolly"” | Ne-aolly’ | Alle@— oly”) 59) 
. (m+ 1)!h 2m! 8(m—1)! 
V 2,2 € M. 
Here 0 < wy (f5%5 h) < oo, by M being compact and f° being continuous 
on M. 


One can rewrite (52) as follows: 


™ 63) (an) (. — a) 


j=0 is 
m+1 m m—-1 
- = a0 hi — 20 
spe ele eae ol? 
on (f “) ( Glennie wa eae) ee 


a pointwise functional inequality on M. 

Here (- — x9)’ maps M into (RN)? and it is continuous, also f (ao) maps 
(RN)? into X and it is continuous. Hence their composition f (a) (-— 20)’ 
is continuous from M into X. 

Clearly f (-)—S2" 9 £ (ea)(-—s0)" C(M,X), hence lf ()- oy £'(ea)(-—s0)" 
C(M). 

Let {Sw} * be a sequence of positive linear operators mapping C (M) into 
C(M). : 

Therefore we obtain 


+ 


j=0 i Fe 
Sn (l-—2ollp~') ) (vo) — (Sw (I — 2ollp’) ) (wo) 
wn (7,4) Ee ae Det Fm He 


h (Sw (I — 2ollp’"*)) (wo) 
8(m— 1)! , 


(54) 


VNEN, Va,p EM. 


N Bem oe 
Clearly (54) is valid when M = [] [a;,};] and S,, = Ay, see (23). 
i 


All the above is preparation for the following theorem, where we assume 
Fréchet differentiability of functions. 

This will be a direct application of Theorem 10.2, [15], pp. 268-270. The 
operators An, Ap fulfill its assumptions, see (22), (23), (25), and (26). 

We present the following high order approximation results. 


13 
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N 
Theorem 11 Let O open subset of (RY, I-ll,) > p € [1, oo], such that [] [a:, b;] Cc 
i=1 


O CRN, and let (Xl) be a general Banach space. Let m €N and f € 
C™ (O,X), the space of m-times continuously Fréchet differentiable functions 


N 
from O into X. We study the approximation of f| x : Let xo € (11 [ai, ul) 
I a4, 04 i=l 
andr > 0. Then ; 
1) 
acs (9) ( = J < 
(An )-L5 (An (fF (eo) (= 20)")) (0) |) < 


4 


" is (I: Bs sa ciail ((a (4+ 2lf*")) cao) 


1 2 
| o r | mr i (55) 
2) additionally if f (xo) =0, j =1,...,m, we have 


(An (f)) (20) — f (zo) Il, S 


3) 
NA (1) 0) ~ F (eodlly <4 || (An (F (20) — a0) (vo)|| + 
un (£7 ((An (— 20lRt**)) (@0)) : 
(1 (CaCI) 0)"") tn) 
(57) 
1 r mr? 
Pear ole ? 
and 
4) 
An CF) Fly 


N < 
oo, [J [a:,b:] 
t=1 
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alle (# (0) ¢ = 20)")) (#0 lesen 
Wy fd (4, (I —zoll?”*")) (0) as 
rm! - 
(An (Ih = 20st) eae fi 8) 


oo, xo € TT] [ai,bi] 
i=1 


We need 


N 
Lemma 12 The function (An (I: — xoll, =) (0) is continuous in xo € (11 [ai, bl), 


i= 


an 


meEN. 
Proof. By Lemma 10.3, [15], p. 272. 


Remark 13 By Remark 10.4 [15], p.278, we get that 


|( (—2088)) oan SUB (20) oa 


(59) 
for all k =1,...,.m 
| 

We give 
Corollary 14 (to Theorem 11, case of m= 1) Then 

1) 

(An (A) (0) ~ F (eo)Ily < |] (An (F (0) ¢ — 20))) (eof), + 
gis (£5 ((An (I+ 0ll)) (60))) (Aa (l= ol)) (eo))* (60) 
E +rt+ a ' 
and 
2) 
An) = Flly|| oe 
15 
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+ 


N 
co, 20€ TJ [ai,bi] 
i=l 
i 
2 


(An (II: = oll) (zo) Late 


| (ra), netfmatE] © 


||(4: 2 eo) 20) ef, 


Rae fOr 


r>0. 
We make 


Remark 15 We estimate0<a<1,\A\>0, mnEN:n'-*>2, 


A = Dein II# = 2 mE (na —k) (19) 
Ay (I: = 20ll22**) (wo) = ==! ll: = 20 0-4) a 


co nb 
ee Eee Z (nxo — k) 


(isnt mn) | n°? (neo) (62) 
k=[na] ee) 
N [nb] ml 
4 k 
i Z —k 
(tax) Ss | 8 7 (nap — k) + 
k = [na] 
I= — oll, S ae 
[nb] k m+1 (20) 
52 [E-« Z(nayo—k)> < 
k = [na] ae 
Slee 0 |g Pe 
N m 
4 ih e \|b = qe ies 
tanh 2. nmalmtl) © @2d(n1-8) , 


(where b—a = (by — a,...,bn — an)). 


N 
We have proved that (V xo € [J [a:, bi]) 
i=1 


a 4 N 1 et jb — alt" 
ees m+l ec : SO —_ 
A, (\I-- 2ollZ ) (0) < (a5) {oar SR p= Arn) 


(64) 
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O<a<1,mneEN:n'-* >2,A>0). 
And, consequently it holds 


| An (II: = woll22**) (x0) | < 


00, 20E tl [ai,bs] 


4 al 1 e* |b — al™t* 
i x) {a ts ! =A,(n) 730, asn— -+oo. 
(65) 
So, we have that A; (n) > 0, as n + +00. Thus, when p € [1,00], from 
Theorem 11 we have the convergence to zero in the right hand sides of parts (1), 


(2). 


Next we estimate | (An (7 (20) ( = wwo)?) ) (z0)|| 
We have that 


ny. 


ae f (ao) (2 - xo)’ Z (nx — k) 


Aull? Ge} 26)" )) oy = : 
(40 ( )) Soe er 
(66) 
When p = OSs j = 1, sey, WE obtain 
. k J k j 
f (ao) (- = vo) | rs Fig (x0)| [- = 67) 
Y co 
We further have that 
(19) 
| (Zs (1 (eo) ¢—20)")) eo), 
4 N [nb] i j 
(ra) os ie (xo) (- = 7 Z (nay —k)] < 
k=[na] 
4 N > 
(crm) 2 |e Xo )| ; = ol] Z(rvo—k)) = (68) 
k=[na 
(3) ais j 
i ee —_ = 
ei i (Xo )| >| Xo eos k) 
[nb] a j 
(ain) (Fi oe | pa |E-a Z (nxo — k) 


k = [na] 
tole <a 


cot nm 
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[nb| 


ki 4 (20) 
+ S- |< — Xo paange de) < (69) 
k = [na] 

:||E - oll. > a 

x AY j 
es ) 1 e||b-all 

(9) ; SS 
(<) I (z0)|| { r e2a(ni-F) > 0, asn—- o. 


That is . 
| (An (7 (zo) (-- wo)?) ) (20))f, > 0, asn—-> oo. 


Therefore when p = co, for 7 = 1,...,m, we have proved: 


| (An (F (#0) = 20)")) (w0)]|, < 


aN 


N i 
: 1, e*|lb— all; 
(9) | oo 
(ta) ls (x0)|| {a ; e2A(n1-8) < 


4 NVM AG 1 e® Ib-ali, 
( x) f° (vo)}] {a - e2A(n1—8) = Aj (n) <&, (70) 


and converges to Zero, aS 1 —> CO. 


We conclude: 

In Theorem 11, the right hand sides of (57) and (58) converge to zero as 
n — oo, for any p € {1, oo]. 

Also in Corollary 14, the right hand sides of (60) and (61) converge to zero 
as n — oo, for any p € [1, co]. 


Conclusion 16 We have proved that the left hand sides of (55), (56), (57), 
(58) and (60), (61) converge to zero as n + oo, for p € [1,co]. Consequently 
An > I (unit operator) pointwise and uniformly, as n > oo, where p € [1, co]. 
In the presence of initial conditions we achieve a higher speed of convergence, 
see (56). Higher speed of convergence happens also to the left hand side of (55). 


We further give 


Corollary 17 (to Theorem 11) Let O open subset of (R,||-\|,,), such that 
N 
II [a:,0:] c OC RY, and let (x, I-I,) be a general Banach space. Let m € N 
i=1 


i 

and f € C™(O,X), the space of m-times continuously Fréchet differentiable 

functions from O into X. We study the approximation of f| nx . Let xo € 
IT] ] 


a; bi 
i=1 
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N 
(11 («s,b) andr > 0. Here Aj (n) as in (65) and Ao; (n) as in (70), where 
i=l 
néEN:nb-*>2,0<a<1,rA>0,j = 1,...,m. Then 


1) 
(An 2) (7 (xo) (- — x0)')) (#0) < 


1 


wy ( fr (Aq (n)) =F i r mr? 
(F = ()) ) (Ay (n))(a) a + 5 oF 8 i (71) 


2) additionally, if f (ap) =0, 7 =1,...,m, we have 


I(An (f)) (20) — f (zo) IL, S 


iy (m) 1(n me i r mr? 
(F - (n)) ) (Ar (npn) | A 4 + 3 |: (72) 
3) 
|4 FIL) et 
wy ( fr (Aq (n mT a 
U be dasa 


We continue with 


Theorem 18 Let f € Cz (RY, X), 0<6<1,A>0,2ERY,N,nEN with 
n'-8 > 2, wy, is for p= oo. Then 


1) 


ec 
1 fd 
[Pa (2) — Fal, <a ($5) + SEE Malm), (7) 


2) 
Bf) = SIL |] <2). (75) 


Given that f € (Cu (RY, X) Cp (RY, X)), we obtain lim B, (f) = f, unt- 
noo 


formly. The speed of convergence above is max (+. ae ) = ss. 
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Proof. We have that 


Co 


Bu (fe) Fe)" > #(E) zine—b)- Fe) Yo Z(ne—K) = (16) 


k=—oco k=—0o 


Hence 


o& 
3 
is. 
ae 
na 
| 
ow 
S 
==. 
= 
IA 
iM 
aw 
So AM 
i 
nN 
| 
~—. 
i, 
& 


Z (nz — k)+ 


ORG 


ae Y 
{tahoe & 


pss 7 
{Igssle> a 


a(t) +2[Is, 0 2@e-9 
k = —oo 


ko | ale 
IE Bd eae nB 


le Ele (77) 


e2r(n1-8) 


proving the claim. 
We give 


Theorem 19 Let f € Cp (RY,X),0<B< 1,2€R,\>0,N,nEN with 
n'-8 > 2, wy is for p= co. Then 


1) 


1 o1\. 2elisil| 
[Co (f2) = Fl, Soa (R245) +SEE = Ol), (78) 


2) 
lcn (A) = Fly] <3 (n). (79) 
Given that f € (Cu (RY, X) Cg (RY, X)) , we obtain jim Cn (f) = f, uni- 
formly. 
20 


509 George A. Anastassiou 490-519 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


Proof. We notice that 
ky+1 kg+1 


k+1 
/, 7) f (th, ta, ..., tw) dtidt...dtn = 
uny ke 


k 


n 
1 


1 1 1 
a a k k k a 
i | ef f(a+8 b+ @ t+) dty uty = f (et *) dt. 
0 0 0 nr n n 0 n 


(80) 


Cx 5s (8 [74 (04) a) zn W) (81) 


= (wf (8) tt) Zin) > Fe) Zar -8) = 
Y (Ce Lele s)a) 10) 2er-0 Gs 
pm (» i (s (+=) — rw) tt) Zin W s (82) 
oe, (wf? p(t+£) =F (2) (tt) 200-9) = 
ZT (ef r(e+5) 7) at) Zn-04 
{nak 
s (wf? s(t+=)-F@) ) Zn-8) < 


= 83 
ln ela 


se (wf (4.01. + |- = ) a Ze h\ ps 
( fs 0 lee) 
lk -2ll.. S 
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2iifil,|| Y~  Bl\nw-kl) | < 
k = —oo 
le Oleg one 
2e lIfIL,| 
1 1 eal 
Wy (1. a ag =) e2r(ni-B)? (83) 


proving the claim. m 
We also present 


Theorem 20 Let f € Cp (RY,X),0<B< 1,2 €RY,\>0,N,n EN with 
n'-8 > 2, wy, is for p= co. Then 


1) 
ay 2 ctl, 
|Da(fe2)~ £0), Sn (2 +p) + age Ml), 04 
2) 
[Pn (A) Flly||_ <4 (n). (85) 
Given that f € (Cu (RY, X) Cp (RY, X)) , we obtain Jim Dn (f) =f, 
uniformly. 


Proof. We have that (by (37)) 


|Dn (f,2) — Ff (@)IL, =|] So Sue (Ff) Z(n@ —k) — ST f (@) Z (na — k) 


k=—co k=—oo 


Y 


eee (s(£ +5) - 5) 22%) 


k=—0o 


(54+ 5)-s@ 


s($+5)-1@ 


= (bs 
k = —0oo 


r=0 
a lle 
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co 6 
x (do (4+ 45)-r ) 22-9 
ies r=0 y 
{soll > 
és 0 : 
a (dro ($45) -re ) ame 
{I |. < ae 
2llivil,|| s (Z(nx —k)) | < 


k=—oo 


k 1 
lz = 2lles > Fe 


EP (12 4 | 2" lil | ers 


nP e2A(nt-8) 


proving the claim. m 
Next we perform multi layer neural network approximations. 
We make 


Definition 21 Let f € Cp (RY,X), N € N, where (XIH,) is a Banach 


space. We define the general neural network operator 


Fy, (f,0):= S> lnk (f) Z (ne —k) = 
k=—0o 

By (f, 2), if Ink (f) = es CH), 

Cn (fs2), flan (f) =n fu f Bat, (86) 
Clearly 1), (f) is an X-valued bounded linear functional such that ||Inz (||, < 

il, 

Hence F;, (f) is a bounded linear operator with F (Ally < us, ; 
We need * ” 


Theorem 22 Let f € Cg (R‘,X), N>1. Then Fy (f) € Cp (RX, X). 


Proof. Lengthy and similar to the proof of Theorem 11 of [18], as such is 
omitted. 
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Remark 23 By (22) it is obvious that ee (All| < vt, | < oo, and 


i=l —ab 
Call K, any of the operators Ay, Bn,Cn, Dn. 


Clearly then 


2: 


An(f)€EC (11 [s.b].X), given that fEC (11 (ib) 


2 COI ||. = [ke Kn PDI < [ln COIL] < fis ||. en 


etc. 
Therefore we get 


(eM. <i. vee, (88) 


the contraction property. 
Also we see that 


Wie COIL. <[lt COL|. <~<|l OL|. < fle. 69 
Here K® are bounded linear operators. 


Notation 24 Here NE N,0< 6 <1. Denote by 


N ; 
Cn (= (canna) ? if Kn me An, (90) 
1, if Kn _ BnyCn, Dn, 


1 « 
oe ne? if Kn = An, Bn, 
a { fd k= Cn De en) 


N 
T:= a (11 lays x) ae (92) 
CalRN Xx)». af Ky = Baa Das 


and 


Y:= i. [ai,bi], if Kn = An, (93) 
RY 5 af Ka = Be Ones. 
We give the condensed 


Theorem 25 Let fET,0<8<1,2€Y3;n,rA>0; NEN with n'-8 > 2. 


Then 
(i) 
2 Ili, 
Kn (F.2)— F(@)IL, Sew far (AQ) + yay =| = 7m), (04) 
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where w, is forp=x, 
and 
(ii) 


|-n (f) = Fily||_ <1(n) 0, asn— 0. (95) 


For f uniformly continuous and in T we obtain 


lim Ky (f) =f, 


n—- Co 


pointwise and uniformly. 


Proof. By Theorems 9, 18, 19, 20. m 
Next we do iterated, multi layer neural network approximation. (see also 
[10]). 
We make 
Remark 26 LetréN and K,, as above. We observe that 
Kg P SUG fo ty tae A) 


(Kin? f — Ki-8f) +... + (K2f — Knf) + (Kaf — f)- 


Then 

ces] < [lkne— xe, + (late — 2, || + 

xa 2e - Kas, | ++ [RP - Kos, || + [las - s1,||_ = 
a? nt — AL Hae? nt — DIL, +8 Gem - L,I +t 


Kn Kat Aly + lat FI] <r 


IKnf— fll] - 
That is 


xcs si] <r fies si] - (96) 


We give 
Theorem 27 All here as in Theorem 25 andr € N, 7 (n) as in (94). Then 
ixne— SI, <rr@). (97) 


So that the speed of convergence to the unit operator of Ky, ts not worse than of 
Kn. 


Proof. As similar to [18] is omitted. m 
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Remark 28 Let m,,mo,...,.m, € N: my, <mg<...<m,p,0< 8 <1,rA>0, 
f €T. Then 


A(m) > A (mg) Bh 


.>A(m,), A as in (91). 
Therefore 
wi (f,A(m1)) 2 01 (f,A(m2)) 2. 2 wi (f, A (mr)). 


Assume further that mi s 2,7=1,...,r. Then 


4 


e e e 


pam Py 


ey Pet 
Let Km, as above, i=1,...,r, all of the same kind. We write 
Km, (Riss (iBone (Kmif))) = f fa 


Ko. (Beng (nag (RR) = EG (Bea ed) + 
Res Bon Rag t )) = gh (Ree abeat) er 
Ky. (Ki 4 (Kash) = Band (Bae Ba f)) Heh 
King (Kip f) — Kin f + Kine f — f = 
Kin, (Kimpoa (--Kims)) (Kmif — f) + Km, (Km: (Kis) (Kimo f — f) + 
Kin, (Kinyo (-Kims)) (Kmaf — f) +. + Km, (Km,if — f) +Km,f -f. 


Hence by the triangle inequality of a we get 
Km, (Kimya (+-Kms (Kms f))) = fly] 


lm, Kinease-King (Kf = f)llal| + 


Ire. Kine a-++Kms C.F = Allyl] fe 
[I Km, (Kinga (+-Kima)) (Kmaf = f)lly|] + + 


|[Km, (Kmeaf—F)llyll_ + |[llKmef — flly|] < 
(repeatedly applying (87)) 


| mF ALI + Snot = AI. + lm — A tt 


Kn, fF |] [met — ty] + [nas — fly] +t 
Vloo co foe) 
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Lome 
That is, we proved 
| Km, (Kings (+-Kna (Kins ))) = flly||_ Ste [Km = lly]. 8) 


We also present 


+ |[IKn,f = fll] ter [mf - SIL - 


Theorem 29 Let f € T; m, N, mi, mz2,...,.m, € N: my < m2 < ... < my, 
0<B<1A>0; mo®) >2,i=1,..,r, 2 € Y, and let (Km,,...,Km,.) a8 
(Amys +; Am,) OF (Bm, -;Bm,.) or (Cm; +5Cm,) oF (Dm,;--;Dm,); p= ~:- 
Then 

hse (Bin za (=. Kees (Km, f))) (x) — f (x)|],, < 


Km. (Kine 6-King (Kms) ~ fly S 


lint - fll < 
i=1 


2 fur, 


< 
(1-8) = 
e2dm; 


en) wi (f, A (m:)) + 


2e [IIIfll4||_ 


1-8, 
e2rm{ ) 


ren |wi (f,A(mi)) + (99) 
Clearly, we notice that the speed of convergence to the unit operator of the mul- 
tiply iterated multi layer operator is not worse than the speed of Ky,. 


Proof. As similar to [18] is omitted. m 
We continue with 


Theorem 30 Let all as in Corollary 17, andr € N. Here A3(n) is as in (73). 
Then 


Ane —Fly|| <r l4nt-i|| < rae (). (100) 


Proof. As similar to [18] is omitted. m 


Next we present some Ly,, p; > 1, approximation related results. 


i=1 
with n-8 > 2, and Q1 (n) as in (38), wy is for p= o0.Then 


Theorem 31 Let p, >1, f € c(fi (0,8) ,0<B<1A>0; NneN 


1 
4 Pr 
An f — | rf <M (n ba) ) i 
nf Sl, pif avd vo (TT ) a 
Weasto ne snr - |» =0. 
e notice that lim ||||Anf — fll, pr, FL [os,ba] 
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Proof. Obvious, by integrating (38), etc. m 
It follows 


Theorem 32 Let p; > 1, f € Cz (RY, X), 0<B<1A>0; Nn eN with 
ni-8 > 2, and w, is for p = 00; Q2(n) as in (74) and P a compact set of RN. 
Then ; 
Bat -Fily|| <Q IPI*, (102) 
pi, P 


where |P| < ov, is the Lebesgue measure of P. We notice that lim | |Brf - fil, = 
noo pi,P 


0 for f € (Cu (R‘,X) NCB (R‘,X)). 


Proof. By integrating (74), etc. m 
Next come 


Theorem 33 All as in Theorem 82, but we use Q3 (n) of (78). Then 
lone —FIL ||, < Mam) PIP (103) 
We have that lim |||Cnf — fll, =O for f © (Cu (RY,X) Cp (R™,X)). 
Proof. By (78). m= 
Theorem 34 All as in Theorem 82, but we use Q4(n) of (84). Then 
[ats], <eoiPlr (104) 
We have that lim. iDnF - fll, a 0 for f € (Cu (RX, X) NC (R,X)). 
Proof. By (84). m 
Application 35 A typical application of all of our results is when (x, I-I,) = 


(C,|-|), where C is the set of the complex numbers. 
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Abstract 


Here we study the univariate quantitative approximation of Banach 
space valued continuous functions on a compact interval or all the real line 
by quasi-interpolation Banach space valued neural network operators. We 
perform also the related Banach space valued fractional approximation. 
These approximations are derived by establishing Jackson type inequal- 
ities involving the modulus of continuity of the engaged function or its 
Banach space valued high order derivative or fractional derivaties. Our 
operators are defined by using a density function induced by a general 
sigmoid function. The approximations are pointwise and with respect to 
the uniform norm. The related Banach space valued feed-forward neural 
networks are with one hidden layer. We finish with a convergence analysis. 
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1 Introduction 


The author in [1] and [2], see Chapters 2-5, was the first to establish neural net- 
work approximation to continuous functions with rates by very specifically de- 
fined neural network operators of Cardaliagnet-Euvrard and ”Squashing” types, 
by employing the modulus of continuity of the engaged function or its high order 
derivative, and producing very tight Jackson type inequalities. He treats there 


520 George A. Anastassiou 520-534 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


both the univariate and multivariate cases. The defining these operators ” bell- 
shaped” and ”squashing” functions are assumed to be of compact suport. Also 
in [2] he gives the Nth order asymptotic expansion for the error of weak approx- 
imation of these two operators to a special natural class of smooth functions, 
see Chapters 4-5 there. 

The author inspired by [14], continued his studies on neural networks ap- 
proximation by introducing and using the proper quasi-interpolation operators 
of sigmoidal and hyperbolic tangent type which resulted into [3], [4], [5],[6], 
[7], by treating both the univariate and multivariate cases. He did also the 
corresponding fractional case [8]. 

In this article we are greatly inspired by the related works [15], [16]. 

The author here performs general sigmoid function based neural network 
approximations to continuous functions over compact intervals of the real line 
or over the whole R with values to an arbitrary Banach space (X, ||-||). Finally 
he treats completely the related X-valued fractional approximation. All con- 
vergences here are with rates expressed via the modulus of continuity of the 
involved function or its X-valued high order derivative, or X-valued fractional 
derivatives and given by very tight Jackson type inequalities. 

Our compact intervals are not necessarily symmetric to the origin. Some of 
our upper bounds to error quantity are very flexible and general. In prepara- 
tion to prove our results we establish important properties of the basic density 
function defining our operators which is induced by a general sigmoid function. 

Feed-forward X-valued neural networks (FNNs) with one hidden layer, the 
only type of networks we deal with in this article, are mathematically expressed 
as 


Np (2) =o ga ((a; -x)+b;), cE R*,seEN, 
j=0 


where for 0 < 7 < n, 6; € R are the thresholds, a; € R* are the connection 
weights, c; € X are the coefficients, (a; +) is the inner product of a; and z, 
and o is the activation function of the network. In many fundamental neural 
network models, the activation function is derived from various specific sigmoid 
functions. Here we work for a general sigmoid function. About neural networks 
in general read [17], [18], [20]. See also [9] for a complete study of real valued 
approximation by neural network operators. 


2 Basics 
Let h : R — [-1,1] be a general sigmoid function, such that it is strictly 
increasing, h(0) = 0, h(—x) = —h(ax), h(+o0) = 1, h(—oo) = -1. Alsoh 


is strictly convex over (—oo, 0] and striclty concave over [0,+00), with h?) € 
C(R). 
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We consider the activation function 


w (a) := —(h(a@+1)-—h(a-1)), ER, (1) 


As in [13], p. 285, we get that ~ (—x) = v (x), thus w is an even function. Since 
x+1>a-1, then h(x+1)>h(a—-1), and w(x) >0,allaeER. 
We see that 


w (0) = ay (2) 


Let « > 1, we have that 


vi (a) = 3h (@+1)—A (@-1)) <0, 


by h’ being strictly decreasing over [0, +00). 

Let now 0 <a <1, then l1—2 >O0and0<1-—-2<14a. It holds 
h' (@-1) =h' (1-2) >h' (a +1), so that again ~' (x) < 0. Consequently ~ is 
stritly decreasing on (0,-+00). 

Clearly, w is strictly increasing on (—0o,0), and w’ (0) = 0. 


See that q 
lim (2) = 3 (b(400) — h (+00) = 0, (3) 

and 1 
, lim (2) = 3 (h (co) — h(-o0)) = 0. (4) 


That is the z-axis is the horizontal asymptote on w. 
Conclusion, ~ is a bell symmetric function with maximum 


_ AQ) 
w (0) = a 
We need 
Theorem 1 We have that 
S> v(e@-i =1, VreR. (5) 


Proof. As exactly the same as in [13], p. 286 is omitted. m 


Theorem 2 It holds age 
/ w (a) dx = 1. (6) 


Proof. Similar to [13], p. 287. It is omitted. m= 
Thus w (x) is a density function on R. 
We give 
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Theorem 3 Let0<a<1, andn€N with n'~° > 2. It holds 


y one jee (7) 


Notice that 


Proof. Let « > 1. That is0 <2—1< 2+1. Applying the mean value 
theorem we get 


p(x) = 


for some x-1<€<a+1. 
Since h’ is strictly decreasing we obtain h’ (€) < h’ (a — 1) and 


2h = =, (8) 


h’ (a — 1) 


(a) < 5 » Vee 1: (9) 
Therefore we have 
3 (ne — k) = > tb (|nae — Bl) < 
k ==: k =—-C 
nz — k| > ni~° :|na —k| > n° 
5S Weak PP we-yate-0 
5 nz ot ae x < = 


The claim is proved. m 

Denote by |-| the integral part of the number and by [-] the ceiling of the 
number. 

We further give 


Theorem 4 Let x € [a,b] CR andn EN so that [na] < |nb]|. It holds 


1 & 1 
sre) ab (na —k) PCL)’ 


k=[na] 


V «a € [a,b]. (11) 


Proof. As similar to [13], p. 289 is omitted. m 
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Remark 5 We have that 
[nb] 
lim S> p(na—-k) 41, (12) 


k=[na] 


for at least some x € [a,b]. 
See [13], p. 290, same reasoning. 


Note 6 For large enough n we always obtain [na] < [nb]. Alsoa< £ <b, iff 
[na] <k < |nb|. In general it holds (by (5)) 


[nb 
S- w(na—k) <1. (13) 


k=[na] 
Let (X,||-|]) be a Banach space. 


Definition 7 Let f € C({a,b],X) andn EN: [na] < [nb]. We introduce and 
define the X-valued linear neural network operators 


nb 
Denia F (4) Y (ne ~ by) 
nb] , « € [a,b]. 
Dok taal (na — k) 
Clearly here A, (f,x) € C ([a,b],X). For convenience we use the same A, 
for real valued function when needed. We study here the pointwise and uniform 
convergence of A, (f,x) to f (x) with rates. 


An (f, 2) = (14) 


For convenience also we call 
[nb] 


Ai a= s(5)y (na — k), (15) 


k=[na] 
(similarly A* can be defined for real valued function) that is 


An (f, ©) 


An (f,2) = = . (16) 
ina] Y (ne — &) 
“— BG) fos f (0) 
ay v (na — k) 
As (f,) — f (0) (91 o (ne — b)) SA 
Sue (nx ~ k) , 
Consequently we derive 
[nb| 
1 
An (f,x) — f (x)|| < — ae nx — ; 
An (f.2) — F@)IS Fay fan he re $F »] (18) 
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That is 


1 | k 
lana) F< sol] (1(£)-1@) vie- wf. a9) 


We will estimate the right hand side of (19). 
For that we need, for f € C ([a,b], X) the first modulus of continuity 


W1(F,4) ia) = 41(F,6):= sup f(e)—f@)ll, 6>0. — (20) 
x,y € [a, }] 
Iz—y| <4 


Similarly, it is defined w, for f € Cp (R, X) (uniformly continuous and bounded 
functions from R into X), for f € Cg(R,X) (continuous and bounded X- 
valued) and for f € C,, (R, X) (uniformly continuous). 

The fact f € C ([a,b],X) or f € C,, (R, X), is equivalent to limw1 (f,6) = 0, 
see [11]. 


Definition 8 When f € Cup (R,X), or f € Ce (R,X), we define 


An (f,2) : =yi(t ) vu k), néeN, ceR, (21) 


k=—oo 


the X-valued quasi-interpolation neural network operator. 


Remark 9 We have that 


|:(2)) suten <tee 


|r (F) eee) < thea (ne 8), (22) 
and ‘ 
Se (= Je nx — k )< han (9 vers )). 
k=—-2X k=—X 
and finally 
SY | (S)feee—o stew. (23) 
k=—0o 


a convergent in R series. 
So the series yp... f (4) W (na — k) is absolutely convergent in X, hence 
it is convergent in X and Ay (f,x) € X 


We denote by ||f||,, := sup ||f (x)||, for f € C ([a,b],X), similarly is 
x€[a,b 
defined for f € Cp (R,X). 
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3 Main Results 


We present a series of X-valued neural network approximations to a function 
given with rates. 
We first give 


Theorem 10 Let f € C({a,b],X),0<a<1,nEN:n'%>2, re [a,b]. 


Then 
i) 
An (F0) = £0 S ay fon (4) + = (#2) Ug] = 0 
(24) 
and 
ii) 
In (f) — fllee <0. (25) 


We notice lim A, (f) = f, pointwise and uniformly. 
n—Cco 


The speed of convergence is max (4, (1 —h ie? - 2))) ; 


Proof. As similar to [13], p. 293 is omitted. m 
Next we give 


Theorem 11 Let f € Cp (R,X),0<a<1,nEN:n'*%>2,2ER. Then 
i) 


An G2) - Fl] Ser ($5) +2 (2) fll 4 26) 


and 
(4, =e <H (27) 
For f € Cup (R, X) we get Jim An (f) = f, pointwise and uniformly. 


The speed of convergence is max (4+ (1 —h ae - 2))) ‘ 


Proof. As similar to [13], p. 294 is omitted. m 


In the next we discuss high order neural network X-valued approximation 
by using the smoothness of f. 


Theorem 12 Let f € C% ({a,b],X), n,N € N,0 <a <1, 2 € [a,b] and 
ni-® > 2. Then 


i) 


NWF (a 
[An (B20) — FOS To = 4 MY) 2 ; (b-a)'| 4 
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wy) TL) 1 | G=a (nt 2) [FO], 0-2)" 
i (1 =) noN NI N! 


it) assume further f) (x9) =0, j =1,...,.N, for some xo € [a,b], it holds 


1 
|An (f, 20) — f (xo)|| < vd) 
1—h(n)- (N) a) 
a(R =A) 
and 
iti) 


1 JQ fll, [ 1. G@-a(nt*-2 ; 
An (1) Flas $ 5a ee “l e p Ce) 528) 


a ni-e — (N) anh 
(0.2) sant “ eae “|. (30) 


Again we obtain lim A, (f) = f, pointwise and uniformly. 
n—-co 


Proof. As similar to [13], pp. 296-301 is omitted. m 
All integrals from now on are of Bochner type [19]. 
We need 


Definition 13 (/12]) Let [a,b] C R, X be a Banach space, a > 0;m= [al EN, 
({-] is the ceiling of the number), f : [a,b] ~ X. We assume that f(™ € 
Ly ({a, 6] ,X). We call the Caputo-Bochner left fractional derivative of order a: 


1 


DENG) = a fey sO Wat, Vee lad]. 1) 


Ifa EN, we set D°, f := f(™ the ordinary X -valued derivative (defined similar 
to numerical one, see [21], p. 83), and also set D®, f := f. 


y [12], (D&,f) (@) exists almost everywhere in x € [a,b] and D&.f € 
ta (la 6], X). 
Ol. ) <%, then by [12], D&, f € C ({a, b],X), hence ||D®&, f|| € 


C ([a, 8). 
We mention 


Lemma 14 (/11]) Leta > 0, a ¢ N, m = [a], f € C™! ({a,b],X) and 
f°™ € Les (a, 6], X). Then D%,f (a) = 0. 


We mention 
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Definition 15 (/10]) Let [a,b] C R, X be a Banach space, a > 0, m := fa]. 
We assume that f° € Ly ([a,b],X), where f : [a,b] > X. We call the Caputo- 
Bochner right fractional derivative of order a: 


(aD 


~ P(m—a) 


b 
(D&_f) (x): / (z—a)™ 9! fF (z)dz, Vae [a,b]. (32) 


We observe that (Df f) (x) = (-1)” f(™ (x), form €N, and (Def) @)= 
f (2). 


By [10], (D#_f) () exists almost everywhere on [a, b] and (D§_f) € Li ({a, 0] , X). 
If |f||, ((a,b,X) < © and a ¢ N, by [10], D§_f € C([a,6],X), hence 

|| D&_Fl| € C ([a, 8). 
We need 


Lemma 16 (/1/1]) Let f ¢ C1 ({a,b],X), f0™ € Leo ([a,b],X), m = [al], 
a>0,a¢N. Then De f(b) =0. 


Convention 17 We assume that 


D¢.,. f (z) = 0, for x < xo, (33) 


*LO 


and 
D,—f («) = 0, for x > a9, (34) 


for all x, xo € [a,b]. 
We mention 


Proposition 18 (/11]) Let f ¢ C” ({a,b],X), n= [v],v >0. Then DY, f (x) 
is continuous in « € |a, bj. 


Proposition 19 (/11/) Let f ¢ C™ ({a,b],X),m=[a],a>0. Then Dif (x) 
is continuous in x € [a,b]. 


We also mention 


Proposition 20 (/11]) Let f ¢ C™ 1 ((a,b], X), f&™ © Lox ([a,b],X), m = 
fa], a> 0 and 


Do. f (a) = 5 wan 5 if * (e —8)—8! $0") (4) at, (35) 


for all x, xo € [a,b] : x > ao. 
Then D¢,, f (a) is continuous in xo. 
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Proposition 21 (/11]) Let f ¢ C™—! ([a,b],X), fO™ € Lo ([a,b],X), m= 
fa], a> 0 and 


Ds fe) = os [ey 6 at, (36) 


for all x, xo € [a,b] : vo > a. 
Then D¢ 


of (x) is continuous in xo. 


Corollary 22 (/11]) Let f ¢ C™ ({a,b],X), m = fa], a > 0, 2,20 € [a,b]. 
Then D{,,f (x), D%,-f (x) are jointly continuous functions in (x,29) from 


la, b}? into X, X is a Banach space. 
We need 


Theorem 23 (/11/) Let f : a,b)” + X be jointly continuous, X is a Banach 
space. Consider 
G (2) = Wi (fF (-,2),4, [x, 6]) , (37) 
6>0, 2 € [a,b]. 
Then G is continuous on [a, 6]. 


Theorem 24 (/11/) Let f : [a,b\” + X be jointly continuous, X is a Banach 
space. Then 


H (x) = Wy (f (-, 2) 16, [a, x]) ’ (38) 


x € [a,b], is continuous in x € [a,b], 6 > 0. 


We present the following X-valued fractional approximation result by neural 
networks. 


Theorem 25 Let a > 0, N = fal, a ¢N, f € CN ([a,0],X),0< 68 <1, 
x € [a,b],n €N:n!-? > 2. Then 


i) 
N=! (5) ( 
An (f2)— Sy Sa, (= ay) @-F@] < 
(wy! f (or DLA te) pay $41 (DieF a) toa) a 
T(a+1) mo8 
eee 
(AS 2) ((102-Alhngas ®= 2) + Wingo? 2")b 


(39) 


10 
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it) if f (x) =0, for j =1,...,N —1, we have 


( (1) * 
An f@) — F@)S Bea ay 


(or (D2 feds) faa) + 41 (Deeb Fe) to.) 


nob 
1—h(n!-8 — 
( a 2) (\}02 Flco,fa,a] @ — 8) + IDB Floo, te, © -»)}, 
(40) 
iit) 
[An (f,2) — f (@)Il < @Q))* 
a cf Paha So 
UML op (MOM), 
j=l 
1 f (DLA Bs) pag +41 (DEF Fs) n)) 
T(a+1) nob 2 
1—h(n!-8 — 
( i 2) (102 Flleojae] @ — O° + IDS floc, te, © -a) 
(41) 
V«€ |a,d], 
and 
iv) 
[Ant — floc $ @b(Q)™* 
N-1 ; = 
(Ease Pe ee jplar(n®?—2)\ |. 
EE a ee 2 | 
j=l 
1 (92 (DEF) fa] + fea (Def Hea) 
T(a+1) nob 
1—hi(n'-*# —2 
(n ) eet aii | Pe Flaca) + 28, (Pere ever ho 
2 x€ [a,b] one 
(42) 


Above, when N = 1 the sum ee -=0. 
As we see here we obtain X -valued fractionally type pointwise and uniform 
convergence with rates of A, > I the unit operator, as n — co. 


11 


530 George A. Anastassiou 520-534 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


Proof. It is very lengthy, as similar to [13], pp. 305-316, is omitted. m= 
Next we apply Theorem 25 for N = 1. 


Theorem 26 Let 0<a,6 <1, f €C'((a,b],X), 2 € [a,b], nEN:n'-8 > 2. 
Then 

i) 

|An (f,2) — f (x)I| S 


T'(a+1) 


“—~ 


nob 


1—h(n —2 

( ia 1) (OE Hlhotan @ 2° + WOteAlacon O29), 
(43) 

ii) 


ClO 
Int ~ flo Fae 1) 


( sup w1 (D¢_f, a) Ia a) + SUP W1 (Det a) ) 
x€ [a,b] ; | 


x€ [a,b] 
eee 
( ae 2) 0 (op 


noB 
x€ [a,b] et re€ [a,b] 
( 


44) 


When a = 5 we derive 


Corollary 27 Let0 < 6 <1, f € C!([a,b],X), x € [a,b], ne N: n!-8 > 2. 
Then 
i) 


[An (f,2) — f (wll S 


———) (Pg V@= 9+ [Pes 


Ley VOR >) | 


(45) 


and 


12 
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it) 
ey 
Wnt ~ flee $e 


t 
( sup Ww} (DES, a), + sup wy (Decf, a) ) 


r€[a,b] x€ [a,b] 


B 
M2 


— 


2 x€ [a,b] t]  x€[a,b] 


(ME?) v5, Pa PE! 


| < Ow. 
oo, [zx,b] 


(46) 
We finish with 


Remark 28 Some convergence analysis follows: 
LetO0< 68 <1, f €C'((a,b],X), x € [a,b], nN: n!-6 > 2. We elaborate 
on (46). Assume that 


1 1 K 
mW Jaa} % 
and F % 
1 
Ww (v3. 3) < (48) 
ne n 
[x,b] 
Va € [a,b], Vn EN, where Ky, Kz > 0. 
Then it holds 
sup Wy} (p: ie 25) + sup wy, (DEY, 35) 
x€ [a,b] [a,] x€ [a,b] [x,b] 
Zi < 
nz 
(ki+K2) (K. 
n aN Ko) K 
fae 3B ~ 3B) (49) 
n2 n2 n2 


where K := K,+ Ko > 0. 
The other summand of the right hand side of (46), for large enough n, con- 
1—h(n'~°—2) 
verges to zero at the speed | —~—,——~+ 


Then, for large enough n € N, by (46) and (49) and the last comment, we 


obtain that 
1 Ln = 2 
eo ( i )), (50) 


3 
8 
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where M > 0. 
1—h(n!-8—2 1—A(n1—°-2 
foa.3 (n ) , then a“ > ios ) , and consequently 
nz 


|Anf — fll, in (50) converges to zero faster than in Theorem 10. This because 
the differentiability of f. 
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Abstract 


Here we study the univariate quantitative approximation of time separating stochastic process over 
a compact interval or all the real line by quasi-interpolation neural network operators. We perform 
also the related fractional approximation. These approximations are derived by establishing Jackson 
type inequalities involving the modulus of continuity of the engaged stochastic function or its high order 
derivative or fractional derivatives. Our operators are defined by using a density function induced by a 
general sigmoid function. The approximations are pointwise and with respect to the uniform norm. The 


feed-forward neural networks are with one hidden layer. We finish with a lot of interesting applications. 
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approximation. 


1 Introduction 


The first author in [1] and [2], see Chapters 2-5, was the first to establish neural network approximation 
to continuous functions with rates by very specifically defined neural network operators of Cardaliaguet- 
Euvrard and ”Squashing” types, by employing the modulus of continuity of the engaged function or its high 
order derivative, and producing very tight Jackson type inequalities. He treats there both the univariate 
and multivariate cases. The defining these operators ” bell-shaped” and ”squashing” functions are assumed 
to be of compact suport. Also in [2] he gives the Nth order asymptotic expansion for the error of weak 
approximation of these two operators to a special natural class of smooth functions, see Chapters 4-5 there. 
The first author inspired by [15], continued his studies on neural networks approximation by introducing and 
using the proper quasi interpolation operators of sigmoidal and hyperbolic tangent type which resulted into 
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[3]-[7], by treating both the univariate and multivariate cases. He did also the corresponding fractional case 
[8]. In this article we are also inspired by the related works [16], [17]. The authors here use general sigmoid 
function based neural network quantitative approximations to continuous functions over compact intervals of 
the real line or over the whole R with values to R. All convergences here are with rates expressed via the 
modulus of continuity of the involved function or its high order derivative, or fractional derivatives and given 
by very tight Jackson type inequalities. More precisely, here we perform quantitative approximations of time 
separating stochastic processes by neural networks. We give plenty of varied and interesting applications. 


Specific motivations came by: 
1. Stationary Gaussian processes with an explicit representation such as 
X; = cos (at) & + sin (at) &2,a € R, 
where £1, are independent random variables with the standard normal distribution, see [19], 
2. by the “Fourier model” of a stationary process, see [20]. 


Feed-forward neural networks (FNNs) with one hidden layer, the only type of networks we deal with in 


this article, are mathematically expressed as 
n 
Ny, (@) => ge ((a; -z)+b;), ce R*,s EN, 
j=0 


where for 0 < 7 <n, 6; € R are the thresholds, a; € R* are the connection weights, c; € X are the coefficients, 
(a; x) is the inner product of a; and x, and a is the activation function of the network. In many fundamental 
neural network models, the activation function is derived from various specific sigmoid functions. Here we 
work for a general sigmoid function. About neural networks in general read [18], [21],[23]. See also [9] for a 
complete study of real valued approximation by neural network operators. 


2 Background 
Here we follow [14]. 


2.1 Basics on Neural Network 


Let h : R — [-1,1] be a general sigmoid function, such that it is strictly increasing, h(0) = 0, h(—x) = —A(z) 
for every x € R, h(+00) = 1,h(—co) = —-1. Also h is strictly convex over (—oo,0] and strictly concave over 
[0, +00), with h) € C (R). 


Some examples of related sigmoid functions follow: Fi tanh x; 2 arctan (52) : ye méEN; 2 gd(x); 
Gane” is odd ; erf (Fr) : Tez) tanh(ua), p >OforalaeR 
1+|xz 
We consider the activation function 
1 
O(a) = 7 (hw +1)—h(z—1)),@ ER, (1) 


As in [13], p.285, we get that 
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Thus ~ is an even function. 
Since x +1>a-—1, then h(x +1) > h(x — 1), and (x) > 0, for all c ER. 
We see that 


Let « > 1, we have that 


vi (a) = 7 (he +1) —h'(@—1)) <0, (3) 


by h’ be strictly decreasing on [0, +00). 

Let now 0 <2 <1, then 1—x2>0and0<1—a2<1+4za. It holds h’(a—-1) =h’'(1—2) > h'(x +1), 80 
that again ~’(2) < 0. Consequently w is strictly decreasing on (0,+00). Clearly w is strictly increasing on 
(—oo, 0) and ¥’(0) = 0. See that 


; 1 
lim W(@) = 7 (h(400) — (+00) = 0, 
and (4) 
tim W(@) = 7 (h(-00) — h(-00)) = 0. 


That is the x-axis is the horizontal asymptote on w . 


: . : : : ; ACL 

Conclusion, w is a bell symmetric function with maximum 7(0) = nO) . 
We need 
Theorem 1. (/14]) We have that 

+00 

S- w(a —1) =1, for everyx ER. (5) 
Theorem 2. (/14/) It holds 

+00 
[var =1 (6) 


Thus, w(a) is a density function on R. 
We give 


Theorem 3. (/14]) Let0 <a<1, andné€N with n'~% > 2. It holds 


S Ree = =2)); (7) 


Notice that 


Denote by |-| the integral part of the number and by [-] the ceiling of the number. 
We further give 
Theorem 4. (/14/)Let x € [a,b] CR andn€N so that [na] < |nb|. It holds 
1 1 
[nb] < Dt)’ 


k=[na] 


V «€ [a, 0]. (8) 
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Remark 5. We have that ‘a 
nb 


jim, Dd) v (nak) #1, (9) 


k=[na] 
for at least some x € [a,b]. See [13], p. 290, same reasoning. 


Note 6. For large enough n we always obtain [na] < [nb]. Alsoa < = <b, if and only if [na] < k < [nb]. 


In general it holds (by (5)) 
[nb] 


S> b(na—k) <1. (10) 


k=[na] 


Let (X,||-|]) be a Banach space. 


Definition 7. (/14]) Let f € C({a,b],X) andn EN: [na] < |nb|. We introduce and define the X-valued 


linear neural network operators 


eat (F ) y (na = k) 
ae (naz -_ k) 


Clearly here A, (f,x) € C({a,b],X). For convenience we use the same A,, for real valued function 


An (f,@) = x € [a,b]. (11) 


when needed. We mention here the pointwise and uniform convergence of A, (f,x) to f (x) with rates. For 


convenience also we call 
[nb] 


Bias Sy, (4 ) ac w (na —k), (12) 
k=[na] 
(similarly A*, can be defined for real valued function) that is 
An (f,@) 
: 13 
An f8) = Sra (13) 
So that At (f,2) 
An (f,2) ~ f(®) = Spy f (2) 
a (na — k) 
As (f,2) — f (2) (SL ay o (na - k)) ais 
- etna) 8 (ree — Ki) | 
Consequently we derive 
[nb 
[An (f,2) — f (2)Il S JAR (F.2)-f@) | SS v(ne—-®) }]. (15) 
v1) aa 
That is 
ts es k 
lAn(ha) F< soyH] (1 (£) -1@) vara). (16) 
We will estimate the right hand side of (16). 
For that we need, for f € C'([a,b], X) the first modulus of continuity 
W(f 4) fas =wi(f.6):= sup f(w)-—Ff yl], 6>0. (17) 
x,y € [a,] 
jz—yl <6 
4 


538 George A. Anastassiou 535-556 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


Similarly, it is defined w, for f € Cug (R,X) (uniformly continuous and bounded functions from R into X), 
for f € Cp (R, X) (continuous and bounded X-valued) and for f € C,, (R, X) (uniformly continuous). The 
fact f € C ({a,b],X) or f € C, (R,X), is equivalent to limo (f,6) = 0, see [11]. 

> 


Definition 8. (/14/) When f € Cup (R,X), or f € Ce (R,X), we define 
Ani.) = S- £(F) v(ne—W), neéN, ceER, (18) 
k=—0o 


the X-valued quasi-interpolation neural network operator. 
Remark 9. (/14/) We have that the series 
+oo 
k 
Y £(F) o(ne=¥) 
n 
k=—0o 
is absolutely convergent in X, hence it is convergent in X and A, (f,x) € X. 
We denote by ||f||,, := sup ||f(x)||, for f € C([a,6],X), similarly is defined for f € Cg (R,X). We 
x€ [a,b] 
mention a series of X-valued neural network approximations to a function given with rates. We first give 


Theorem 10. (/14/). Let f € C([a,b],X),0<a<1,neEN:n'-*>2, x € [a,b]. Then 


) 
1 1 1a! - 
An (F0) = £60 S ay fon (4) + = (et 2) Ig] = 0 (19 
and 
ii) 
An (1) ~ Flos $ (20) 


We notice lim A, (f) = f, pointwise and uniformly. 
noo 


The speed of convergence is max (4 (1 —h a - 2))) : 


no? 
Next we give 


Theorem 11. (/14/). Let f € Cp (R,X),0<a<1,nEN:n'-*%>2,2ER. Then 


i) 
|-An G2) — 1 I] Soa (4,5) + (2= 8 (#2) Ig = (21) 
and 
ii) _ 
An (A) — fll <# (22) 


For f € Cup (R,X) we get lim Ay (f) = f, pointwise and uniformly. The speed of convergence is 
n—->oco 


ae (<5. (1-A(nt*-2))). 
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In the next we discuss high order neural network X-valued approximation by using the smoothness of f. 
The X-valued derivatives are as the numerical ones, see ([24]). 


Theorem 12. (/14])Let f € CX ([a,b],X),n,N EN, 0<a<1, r€ [a,b] andn'~* > 2. Then 


(9) ( 
IAs (2) FS Pa a es : ( [3 (23) 


ananassae 


ii) Assume further f (x9) =0, 7 =1,...,.N, for some xo € [a,b], it holds 


1 
|An (f, 20) — f (v0)|| < vl) 
Lipa WW) (yay 
fo (0,2) agg t EO \ (24) 
and 
iii) 


|| An (f) — Flloo S 


oi As Wl a 


j=l 


arate AMT 


Again we obtain lim A, (f) = f, pointwise and uniformly. 
noo 


All integrals from now on are of Bochner type [22]. 
We need 


Definition 13. (/12]) Let [a,b] C R, X be a Banach space, a > 0; m = [a] EN, ([-] ts the ceiling of the 
number), f : [a,b] > X. We assume that f° € L,([a,b],X). We call the Caputo-Bochner left fractional 


derivative of order a: 


1 © ae 
D& = ty” 21 f™) (8) dt b). 2 
(DAN) = ey f OFF Was, Vee [oF (26) 
IfaéN, we set D®, f := f(™ the ordinary X-valued derivative (defined similar to numerical one, see [24], 
p. 83), and also set D®,f := f. 


By [12], (D¢, f) (x) exists almost everywhere in x € [a,b] and D® f € Ly ([a,b], X). 
TE [lf ML qacy.xy <0 then by [12], D2, f € C ((a,8],X), hence ||D2, | € C ([a, 0). 


Definition 14. (/10]) Let [a,b] C R, X be a Banach space, a > 0, m := [a]. We assume that f° € 
Ly, ({a, b], X), where f : [a,b] > X. We call the Caputo-Bochner right fractional derivative of order a: 


b 
(DEF) Gye - / (z— a)" ** f™ (z)dz, V re [a,)). (27) 


We observe that (Di f) (x) = (—1)™ f™ (a), form €N, and (Df_f) (x) =f (x). 
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By [10], (D¢_f) (x) exists almost everywhere on [a,b] and (D?_f) € Ly ([a,b] ,X). If FL, ({a,b],X) < 
oo, and a €N, by [10], Df_f € C ([a,b],X), hence ||D¢_f|| € C (a, b]) - 
In the next w, (f, 6) fab] refers to a modulus of continuity. w; defined over [a,b]. 


We mention the following X—valued fractional approximation result by neural networks. 


Theorem 15. (/14]). Leta >0,N =[a]l,a€N, f € CN ({a,b],X),0< 8 <1,7€ [a,b], nEN: nt? >2. 
Then 


i) 
NSE AON 
Ay (ft) = > a, (627) (2) = Fe) < 
(w()) { (DEF so) iaay tt (Dees a) ina) 
T(a+1) nob 
_—Ailni-8 — 
(: ace 2) (102A Flo faa (@ — 9° + DSc sen-ar)} (28) 
it) if f (x) =0, for j =1,...,N —1, we have 
way? 
|An (f,%) — f (@)Il < Tat) 
{ (or (D2_F, ds) pa.a) tH (DoeFs As) fo) 
nob - 
—~h(ni-8 — 
(: ne 2) (102A flaca @ — 2)" + IDS fll fo -»)}, (29) 
iti) 
An (fr) — F @)ll < WO) 
N-1 = 
WFP @l sa, p(toh(nt?—2)\[ 
{e i na an 2 | 
1 f (1 (OLB) ina +41 (DBF) eu) 
Ker nob + 
D5 pn cs 
(* as 2) (102A flloc acy (@ — )" + IDS ene—ay) hh (30 
VY « € [a, | 
and 
iv) 


|Anf — filles < (())* 


N-1 j —h(ni-8 — 
: ie c a + (b o(? aes 2), 
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( sup W1 (23 ae a) [a,x] pig ect (Dif, Hea) 


1 x€ [a,b] x€ [a,b] 
T(a@+1) noe 
1=h(n'-? 2 m 
( a Ye i (s, [D2 Slay 280, IDES ven) ff (31) 


Above, when N = 1 the sum are -=0. 
As we see here we obtain X-valued fractionally type pointwise and uniform convergence with rates of 


An > I the unit operator, as n — oo. 
Next we apply Theorem 15 for N = 1. 


Corollary 16. (/14]) Let 0 <a,6 <1, f € C1 ({a,b],X), x € [a,b], n EN: nt-8 > 2. Then 


i) 
| An (f,2) — f (x)|| < 
(way f (4: D2 ae) any +1 (Dtoh a) pea) Xs 
T(a+ 1) nok 
1—h(ni-8 — 
( i 2) (102A flleostara) (@ — 9) + IDSeflloc ene—ar)h (32) 
and 
ii) 
(#(1))" 
|Anf — flleo < Ter) 
( 27 21 (2A aay 207,01 (DK 0) 
x€ [a,b] x€ [a,b] : ; 
noe 
1—h(n'-6 -2 
( e ) (b—a)* ( oe || P2—Flloc.fa,a) + a NP sefllac, en) } (33) 
When a = $ we derive 
Corollary 17. (/14]) Let0< 6 <1, f €C'((a,b],X), xz € [a,b], nEN: n'-8 > 2. Then 
i) 
| An (f, 2) — f (x)|| < 
2( (1))7 («1 (Di-S75) 4 FY un (Dish ge oe ah 
Vn ne 
1—h(n'-8 —2 1 a 
(AOA?) (lob AVRO Phy) 
8 
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and 


= 2(H(1))7" 
|Anf — flloo S ar 


i i 
sup Wy (O27, a) + sup w (Oey, a) 
x€[a,b] [2,2] r€[a,b] [x,b] e 


hes) ! 6 (35) 


NID 


n 


(EO?) yea (oe foal + a, [Es 


w€ [a,b [2,2] x€[a,b 


From now on we set X =R. 


2.2 Time Seperating Stochastic Processes 


Let (Q, F, P) be a probability space, w € 0; ¥1, Yo,...,¥m,m € N, be real-valued random variables on 2 with 
finite expectations, and hy(t), ho(t),...Am(t) : J > R, where J is an infinite subset of R. Typically here I is 
an infinite length interval of R, usualy J = R or J = R4. 

Clearly, then 


m 


Y (t,w) = So hi(t)¥iw),t € 1, (36) 


i=1 
is a quite common stochastic process separating time. 
We can assume that h; € C’(I),i = 1,2,...,m;r © N. Consequently, we have that the expectation 


(EY) (t) = 3 h,(t)EY; € C(I) or C"(1). (37) 


i=1 
A classical example of a stochastic process separating time is 
(sint) Yi (w) + (cost) Yo(w),t € I. 


Notice that |sint| <1 and |cos¢| < 1. 
Another typical example is 
sinh(t)Yj(w) + cosh(t)Y2(w),t € I. (38) 


In this article we will apply the main results of section 2.1, to f(t) = (EY) (t). We will finish with several 
applications. See the related [19], [20]. 


3 Main Results 


We present the following general approximation of the seperating stochastic processes by neural network 


operators. 


Theorem 18. Let (EY)(t) as in (87), t © [t1, tg], where t1,t2 € R, with t) < te,hy © C([t1, tel) for every 
i=1,2,..,m,0<a<1,nEN:n!-°%> 2. Then 
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i) 
1 1 l-a _ =e 
An (BY),1) ~ (EY) S Ta |i (EK) + 0-A (8-2) [BY =e GD) 
and 
ii) 
||An (EY) — EY||,, < p. (40) 


We have that lim A, (EY) = EY, pointwise and uniformly. 
noo 


The speed of convergence is max (4 (1 —h (ne > 2))) : 


no? 


Proof. Notice that when h; € C ([ti,t2]) for every i = 1,2,...,m, then (EY) (t) € C ([ti,t2]). Thus, the 
conclusion comes from Theorem 10. 


We continue with, 


Theorem 19. Let (EY)(t) as in (37), hi € Cp (R) for every i = 1,2,...,5m,0<a<1,nEN: nt-%> 2, 
te€R. Then 


i) 
|An (EY, t) — (BY) (t)| < a1 G =) + (1—h(n'~% — 2)) || EY ||, = (41) 
and 
it) 7 
|| An (EY) — EY||, <u. (42) 


For EY € Cyp(R) we get lim A, (EY) = EY, pointwise and uniformly. The speed of convergence is 
noo 
max (4, (1—h(ni-*—2))). 


no? 


Proof. Since that h; € Cg (R) for every i = 1,2,...,.m and t € R, then EX € Cg (R). Therefore the results 
come from Theorem 11. 


Furthermore, we have 


Theorem 20. Let (EY)(t) as in (37), t € [ti,t2], where t1,t2 € R, with ty < te,h; € CN ([ti, tel) for every 
i=1,2,..,m,n,N EN, 0<a<1, andn'!~*% >2. Then 


i) 
1 (XIN? Ol — 1 a—r(at-*—2)) : 
|A, (EY, t) — (EY) (t)| < ID yy jl 3 | 5 (to — t1) | (43) 
(1—h(n}-* —2)) (FY) |) - 4) 
wy (en™ =) — Ie l.. 


ii) Assume further (EY) (to) =0, 7 =1,...,.N, for some to € [t1, te], it holds 


|An (EY, to) — (EY) (to)| S$ — 


10 
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and 


iit) 


1 
|4n (BY) ~ B¥ lla $ | 


+ 


Wy (en ’ ne NI! N! 


no 


aa (1—A(nt-e—2)) (eV) | (4) | 


Again we obtain lim A, (EY) = EY, pointwise and uniformly. 
noo 


Proof. By Theorem 12. 
We also present 


Theorem 21. Let a > 0,N = fal,a ¢ N,0 < 6 < 1,t © [t1, to] where t1,t2 € R, with ty < to, 
néEN:n'-8 > 2. Then 


i) 


An ((-#) () - (EY) (| < 


— 


(w (1))7 (1 (D& (EY), a5), +1 (DS (EY), oe) tu1s}) 


1—A(n'-? —2 
( a ' (\|De. (EY)]|.0,164.9 (t * t,)* + \|D. (EY) loo, [e,t9] (ty Cw »")} ’ (46) 
ii) af (EY) (t) =0, for j =1,...,N —1, we have 


(wp (1))7" 
|An (EY, t) — (EY) (t)| < Tieed) 


{ (11 (DE BY) a) ag +1 (DR EY) sad) 


nob 


2 ines. 
( ie 2) ((ID2 VV og C0)" + IDS (EY Deo fe] (H2 »")} (4D) 


iit) 
|| An (EY, t) — (BY) || <)> 


N=1 (EY) (#)] (4 ; (1—h(n-8 -2 
(s 7 {a ti) ( i. Ly. 


j=1 


nos 


pf (e: (DR (BY). As) py $1 (DG (EY), A) na) 
T(a+1) 
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ei gees 
( Le 2) (102 Ihe 0" FDS EVIhasa ta 2°) (48) 


Vt € [t1, te], 
and 
iv) 
|| 4n (EY) — EY ||, < (b(D)™ 
se, fa (Lab (ni8 -2) 
eae i + 
; J NPs 2 
j=l 
1 ( ay Wy (DE (EY) ) a) its + sup wy (De, (EY) ’ aus) 
x€ [ti ,t2] tE[t1,t2] = 
T'(a+1) nob 
1—h(n!-8 -2 - 
( (tg — ty) sup ||DP (EY)||_, tay + SUP DS (ZY) cote : (49) 
2 t€[t1,te] me t€[t1,t2] 5 


Above, when N = 1 the sum er -=0. 
As we see here we obtain t-valued fractionally type pointwise and uniform convergence with rates of A, > I 


the unit operator, as n — oo. 


Proof. By Theorem 15. 
Next we apply Theorem 21 for N = 1. 


Corollary 22. Let (EY)(t) as in (87),0 < a,6 < 1, t © [t1, te], where t1,t2 € R, with ty < ton EN: 
ni-8 > 2. and h; € C ([t1, ta]) for every i =1,2,...,m. Then 


i) 
|An (EY, t) — (EY) (#)| < 
(w(t { (or OR EY), og $41 (DE EY), weal) ie 
T(a+1) nob 
—hA(ni-6 — 
(? ne 2) (122g 90" FDS EPs le) (50 
and 
ii) 
(a) 


| An (EY) - (EY). < T(a+1) 


( sup Wj (De (EY) ) Pha + sup Wy (De, (EY) ) Hau) 


tE [ti ,te] tE [ti ,te] 
noe 


—_ 


1—h(n)-8 —2 a 
- Yt t1) (228 IPL EY Moc tey F SUP ID (EY Hopet) om 


tE[t1,ta] x€ [t1 ta] 
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When a = s we derive 


Corollary 23. Assume again (EY)(t) as in (37). LetO< 8 <1, t © [t1, te], where ty,t2 € R, with ty < te, 
né€N:n'-8 > 2 and h; € C ([t1, te]) for every i =1,2,...,m. Then 


i) 
|An (EY, t) — (EY) (¢)| < 
2((1))7? («1 (Di (BY), ae ton (Di, (EY), =) aaa) | 
Wi n? | 
( mk oa 7 2) (3 EY), Jt=tys |. EY) cn (2 — D) . (52) 
and 
a 


[An (EY) — (EY)Il. < 2(H (1) * 


VAs 
1 1 
sup Ww, (D7. (EY), a) + sup ow; (2% (EY), a) 
t€[t1,t2] [t,t] t€ [ty ,t2] [t,t2] 
Zz t 
n2 
1—h(ni-* -2 1 f 
ie Vita—ti)( sup |p? (EY)| + sup ||D2 (EY)| <oo. (53) 
2 tE [t,t] co,[ti,4]  t€[t,,t2] oo, [t,t2] 


4 Applications 


For the next applications we consider (Q, F, P) be a probability space and Yo, Yi, Y2 be real valued random 


variables on 2 with finite expectations. We consider the stochastic processes Z;(t,w) for i = 1,2,...,9, where 
t € R and w € 2 as follows: 
Zi(t,w) = [(t = to)" +1] Yo(w), (54) 
where to € R and u € N are fixed; 
Z2(t,w) = sin (€t) Yi (w) + cos (Et) Yo(w), 55) 
where € > 0 is fixed; 
23(t,w) = sinh (wt) ¥;(w) + cosh (put) Yo(w), 56) 
where ps > 0 is fixed; 
Za(t,w) = sech (pt) Y;(w) + tanh (yt) Yo(w), 57) 
where 4 > 0 is fixed. 
Here sechx := 45 = meet R. 
Z5(t,w) = e~"*Y; (w) +e" ¥o(w), (58) 
13 
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where 1, £2 > 0 are fixed; 


where £1, & > 0 are fixed; 


where /11, [42 > 0 are fixed; 


Ze(t,w) = Pr (€1t) Yi(w) + Pin (Cat) Yo(w), 


where ¢),f2 > 0 and m € N are fixed. 
Here P,,(x) is the Legendre Polynomial of degree m €N, i.e 


Pee S14 


such that, 


1 d™ Vi 1 m er k 
EO) =p aa oO) 2 he ) @- (e+ ae 


To define the stochastic process Zp (t,w), we consider the Cauchy function 


Notice that, f € C™ (IR) and it has f(0) = 0, for all i =1,2,...,00 
We set, 


Zo(t,w) = f(t)Yo(w), 


The expectations of Z;,i = 1,2,...,9 are 
(EZ,) (t) = [(t-to)"*? +1] E(%), 


(EZ2) (t) = sin (&t) 


E(Y,) + cos (&t) E(Y2), 
(EZ3) (t) = sinh (yt) E 
E 


( 
(Yi) + cosh (ut) E(Y2), 
( 
( 


Sas 


) 
) 

(E'Z4) (t) = sech Y,) + tanh (wt) E(Y2), 
}Ee 


(EZs) (t) =e" E e ?B(Y2), 
1 1 
Tp enue) + Ty gate 2) 
(Be hae BAG ee © BOs), 
(EZ) (t) = Pm (Cit) (V1) + Pin (fot) E(Y2), 
(EZo) (t) = f(t)E(¥o), 


(BZ6) (t) = 


For the next (£Z;) (t),4 = 1,2,...,9 are as defined in relations between (63) and (71) respectively. 


We present the following result. 
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Proposition 24. Let t € [t1,t2], where ti,t2 € R, with ty < t2,0<a<1,n€N:n'-*% > 2. Then for 
PTD vcd 


|An (BZ) ,t) — (BZi) Ols aye (22,, =) +(1-n(nt* —2)) IEZill =p, (72) 


ii) 
|An (EZ:) ~ BZilleg <p. (73) 
We have that lim A, (EZ;) = EZ;, pointwise and uniformly. 
The speed of sonuetoente is max (4, (1 —h (i - 2))) ; 


Proof. From Theorem 18. 


In the cases of stochastic processes Z; (t,w), for i = 2,4,6,7 we have the next 


Proposition 25. Let i € {2,4,6,73},0<a<1,nEN:n'-%>2,tER. Then 


i) 
|An (EZi,t) — (EZ;) (f)| <r (£2, =) + (1—h(nt* — 2)) |EZillg = bs (74) 
and 
ii) 2 
(A, (2%) — BZ), <i (75 


For EZ; € Cup (R) we get Jim An (EZ;) = EZ;, pointwise and uniformly. 
The speed of convergence is max (4, (1 —h Ge = 2))) ; 
Proof. Notice that for every t € R we have that: 

for Z (t,w), |sin (§t)| < 1 and |cos (&t)| < 1, 

for Z4 (t,w), |sech (yut)| < 1 and |tanh (ut)| < 1, 


for Z (t,w), 0< 


iE 1 
1fte-at <land0< pom <1, 


—e Hat 


for Z7 (t,w),0< ee" <land0<e <i. 


Thus, the results come from Theorem 19. 


Moreover, we present the next 


Proposition 26. Leti = 1,2,...,9,t € [t1, te], where t1,t2 € R, with ty < t2,0<a<1, andn'~% > 2. Then 


i) 
1 [XK \e%O) [1 G-a(nt-e—9)) ; 
|An (EZ;,t) — (EZ) (t)| < oa) y 7 |. 5 (tz — t1) | (76) 
(1—h(n3-* —2)) (BZ) || (2 —t) 
Wy (ez , =) — le . 
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ii) Assume further (EZ) (ta) =0, j =1,...,.N, for some ta € [t1, ta], it holds 


|An (BZi te) — (BZ) (tol $ Tay 
a6 (ea, 5) —— | ee | an) 
and 
iit) 
(3) _— 
|An (EZ) — BZilhe $ Fay ae I. E Gane) ny ! 
i (way | +) = i (1-—h(n'-* —2)) [ee (to —t1)” 4 


Again we obtain lim A, (EZ;) = EZ;, pointwise and uniformly. 
noo 


Proof. By Theorem 20. 
We also present 


Proposition 27. Let i = 1,2,...,9,a > 0,N = [a],a¢N,0 < 8 < 1,t © [t1, te] where ti,t2 € R, with 
ty < te, nEN:n!-8 > 2. Then 


i) 
N=-1 py (3) . 
An (EZ;,t) 2, a 2 An (( t)') (t) — (EZ) (t)| < 
away? [ (#1 (DE (EZ), As) ag +1 (DS (EZ), 35) 1a) 
(a+) nob a 


1—h(n!-8 —2 4 _ & 
( D ([|_D& (BZ) cgay (E88) + ID (BZN tea} (2 — )} , (79) 
ii) if (EZ;) (t) =0, for j =1,...,N —1, we have 


IA, (BZi,t) — (BZ) (| < CO) 


(or (De (EZi) ’ aE) ft + wy (De, (EZ;) ’ 25) iv) 


nob 


B 
; (D2 (EZ|loo tug (t— 11)° + IDSs (EZi)lhoo eta} 2 — »")} , (80) 
An (BZi,t) — (EZ) (Ol) < (0) 


16 
550 George A. Anastassiou 535-556 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


N-1|(EZ,) (t) (1—A(ni-8 — 
st j! {+ oy? ae 1), 


j=l i 
1 f (1 MR E4), A) p,g +41 (DY (EZ) 3) een) 
T(a+1) no ” 
1—h(n'-8 -2 a a 
( ( 5 ) (re (EZ;)|| 0,14, @ — 81)" + IDS (EZ) loo, tt,t9) 2 - 8 )} (81) 
Vt é [t1, te], 
and 
iv) 


|| An (EZi) — EZil|,. < (#1) 


1 x€[t1,to] ! t€[t1,t2] 
T(a+1) nob 


( sup wy; (De. (EZi) <5) 1, yt sup wi (De 2). Baus) 


1—A(n1-? —2 ey 
( ( 5 ) (t2 — t1) (2 || De (EZi) ||... + sup ||D%, 2a) \ (82) 


[t1 ,t2] té [t1 ,te] 


Above, when N = 1 the sum ae -=0. 
As we see here we obtain t-valued fractionally type pointwise and uniform convergence with rates of An, > I 


the unit operator, as n — oo. 


Proof. By Theorem 21. 
Next we apply Proposition 27 for N = 1. 


Corollary 28. Let i= 1,2,...,9,0<a,6 <1, t € [t1, te], where ty, t2 € R, with ty < tan EN: n'8 > 2, 
Then 


i) 
|An (EZ;,t) — (EZ) (t)| < 
(bay? f (#1 (DE (BZ), As) a + 1 (D% (EZ), 2s) era) 
_A(ni-8 — 
(: ae 2) ((}oe Ih, (A) +1 Ean ug 29°) (83) 
and 
ii) 
(¥(1))" 
| An (EZi) — (EZi)|loo S Tle+ i) 
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( sup w (D@ (EZ:), 35) 4 + sup w (D% 22). Bua) 


tE [t,t] tE [ti ,t2] 
nos 


+ 


1—A(n1-? ~2 a 
( ( 5 ' (t2 — t1) (28 || D& (EZi)||.4..9 + sup ||D%, 2a \. (84) 


[t1 ,t2] v€[ti,te] 


When a = s we derive 


Corollary 29. Assume i = 1,2,...,9. Let0 < B <1, t © [t1, te], where t1,te € R, with t) < te, and 
né€N:n'-8 > 2. Then 


i) 
|An (EZ;,t) — (EZ;) (t)| < 
1 al 
= Dz (EZ), +5 D24BZ.)4 45 
2 (w (1) 1 («1 ( had Dag ten a 2) cua) 
V0 n? 
1—h(n'-8 —2 1 1 
( ' (3 (BZ)) Vita) + {DA (BZ)| Ve a)| (85) 
oo,|ti,t oo, |t,te 
and 
ii) 
2(w(1))* 
An (B) — (BZ) eg < “EE 
1 1 
sup Wy (Di (EZ;), 35) + sup wy; (D:, (EZ), 35) 
t€ [t1,t2] [tat] t€[ty,to] [t,t2] 
n2 | 
1—h(n'-6 —2 1 1 
a (—h){ sup |p? (ez, + sup |p? (ez) <oo. (86) 
2 tE[ti,te] oo, [t1,t] te [ty ,to] oo, [t,t2] 


5 Specific Applications 


Let (0,F,P), where © is the set of non-negative integers, be a probability space, Y,,1, Y2,1 be real-valued 
random variables on 2 following Poisson distributions with parameters 1, 2 € (0, co) respectively. 
We consider the stochastic processes Z;,1(t,w) for i = 1,2,3,5, where t € R and w € 2 as follows: 


Zya(tw) = [(t- to)" +1] Yaw), (87) 
where to € R and pu € N are fixed; 
Z2,1(t,w) = sin (€t) Yi,1(w) + cos (Et) Yo1(w), (88) 
where € > 0 is fixed; 
Z3,1(t, w) = sinh (yt) Yi1(w) + cosh (pt) Yo1(w), (89) 
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where ps > 0 is fixed; 
Zs,1(t,w) = e~9°Y; 1 (w) + 7 *¥2,1(w), (90) 


where (1, £2 > 0 are fixed. 
Since F (Yi) = A1 and E (Y21) = A2 , the expectations of Z;,1,7 = 1,2,3,5, are 


(EZ11) (t) = 1 [( ager aa '4 (91) 
(EZo,1) (t) = Ay sin (Et) + Ag cos (Et), (92) 
CAN Gh =a sinha) p sGab Os (93) 
(EZs5,1) (t) = Ave? + Axe", (94) 


For the next we consider (Q, F, P), where 2 = R, be a probability space, Y1.2, Y2.2 be real-valued random 
variables on 2 following Gaussian distributions with expectations /11, fig € R respectively. 
We consider the stochastic processes Z;,2(t,w) for i = 1,2,3,5, where t € R and w € 2 as follows: 


Zy,2(t,w) = |(t to)"** +1] Yio), (95) 
where to € R and yp € N are fixed; 
Z2,2(t, w) = sin (Et) Yi 2(w) -+ COS (€t) Y2,2(w), 96) 
where € > 0 is fixed; 
Z3,2(t, w) = sinh (yt) Yi 2(w) + cosh (yt) Y2,2(w), 97) 
where ps > 0 is fixed; 
Z5,2(t, w) = e 8ty, o(w) oT e 2*Y5 o(w), 98) 


where (1, £2 > 0 are fixed. 
Since FE (Y\,2) = fi and E (Y2.2) = fiz , The expectations of Z;,2,7 = 1,2,3,5 are 


(EZ:.2) (t) = ju [(¢- to)" +1], (99) 
(BZy,2) (t) = fix sin (Et) + fag cos (&t) , (100) 
(EZ3,2) (t) = fy sinh (yt) + fg cosh (yt) ; (101) 
(EZs,2) (t) = fire"! + fine”. (102) 


Furthermore, we consider (Q, F, P), where Q = [0, 00), be a probability space, Y1,3, Y2,3 be real-valued random 
variables on 2 following Weibull distributions with scale parameters 1 and shape parameters 71,772 € (0,00) 
respectively. 

We consider the stochastic processes Z;,3(t,w) for i = 1,2,3,5, where ¢t € R and w € 2 as follows: 


Z1,9(t,w) = [(t- to)" +1] Yio), (103) 
where to € R and up € N are fixed; 
Z2,3(t, w) = sin (€t) Y1,3(w) + cos (Et) Yo,3(w), (104) 
where € > 0 is fixed; 
23,3(t, w) = sinh (yt) Yi,3(w) + cosh (pt) Yo.3(w), (105) 
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where ps > 0 is fixed; 
Z5,3(t,w) =e" *¥, 3(w) +e ?*Yo 3(w), (106) 


where (1, £2 > 0 are fixed. 
Since £ (Yi.3) =T (1 + +) and E (Y23) =T (1 + 2) , where ['(-) is the Gamma function, The expectations 
of Zi,35% = 1, 2; 3, 5, are 


(£22) =T (14) [toy +4], (107) 
(£222) () =P (14 =) sing) +7 (1+ =) cos (en), (108) 
(£253) ()=0 (14 =) sinh (ut) +0 (1-4 —) cosh (ut), (109) 

(EZs3) (t) = r(a+s +) ee ar(1+4) eb (110) 


We present the following result. 


Proposition 30. Let t € [t1,t2], where t,t2 € R, with ty < t2,0<a<1,n€N:n'-*% > 2. Then for 
(=123,5 chdk=1:2.3 


|An ((EZi,4) ,t) — (EZ;,x) (t)| < —~ [a (#2. =) + (1—h(n'~* —2)) EZ all} =: 0, (111) 


ii) 
An (BZin) — BZiselloo S P- (112) 


We have that Jim, An (EZ;,4) = EZ;,4, pointwise and uniformly. 
The speed of convergence is max (4 ; (1 —h (ae - 2))) . 


Proof. From Proposition 24. 
In the cases of stochastic processes Z2 4, (t,w), for k = 1, 2,3 we have the next 


Proposition 31. Let k € {1,2,3},0<a<1,nEN:n'%>2,tER. Then 


i) 
= 1 
|An (EZ2,n,t) — (EZ2,x) (t)| < or (E220, =) + (1—A(n*~* — 2)) ||BZo,4||,, =! H, (113) 
and 
it) 
|| An (EZ2,n) — EZ2,x||, < u (114) 


For EZ, € Cup (R) we get Jim An (EZ2~) = EZ2%, pointwise and uniformly. 
The speed of convergence is rie oil —h Ga - 2))) F 


Proof. The results come from Proposition 25. 


Moreover, we present the next 
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Corollary 32. Assume i = 1,2,3,5 andk =1,2,3. LetO< 8 <1, t € [ti, te], where t1,t2 € R, with ty < te, 
andn€N:n'-8 > 2. Then 


Proof. From Corollary 29. 


i) 
[An (EZi,%,t) — (EZi,n) (t)| S 


7 DEABZ): a D2, (EZ; »),2 
2 (w (1)) 1 («1 ( ae Ora) g ten ak it) aay) 


a ni fA 
(Ra?) (PL eA g MRO [PLEA MEA) fC 
and 
7) 
An (EZix) ~ (BZix)lhoo S ae 


i am 
( sup wi (D}_(EZix)s de) + sup wn (DE (BZix). qr), ) 
t,to 


tE[t1,t2] [é1,t]  tE[ty,t2] 


n 


1 
De (EZix)|| ee 
oo, [t1,t] té [ti ,t2] 


= 2D) =e (a 


tE[ti,to] 


D3, (EZix)|| < 00. 
oo, [t,t2] 
(116) 
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Abstract 

Here we present multivariate quantitative approximations of Banach 
space valued continuous multivariate functions on a box or RY, N EN, 
by the multivariate normalized, quasi-interpolation, Kantorovich type and 
quadrature type neural network operators. We examine also the case of 
approximation by iterated operators of the last four types. These ap- 
proximations are achieved by establishing multidimensional Jackson type 
inequalities involving the multivariate modulus of continuity of the en- 
gaged function or its high order Fréchet derivatives. Our multivariate 
operators are defined by using a multidimensional density function in- 
duced by the Gudermannian sigmoid function. The approximations are 
pointwise and uniform. The related feed-forward neural network is with 
one hidden layer. 


2020 AMS Mathematics Subject Classification: 41A17, 41A25, 41A30, 
41A36. 

Keywords and Phrases: Gudermannian sigmoid function, multivariate 
neural network approximation, quasi-interpolation operator, Kantorovich type 
operator, quadrature type operator, multivariate modulus of continuity, abstract 
approximation, iterated approximation. 


1 Introduction 


G.A. Anastassiou in [2] and [3], see chapters 2-5, was the first to establish 
neural network approximations to continuous functions with rates by very specif- 
ically defined neural network operators of Cardaliaguet-Euvrard and ”Squash- 
ing” types, by employing the modulus of continuity of the engaged function or 
its high order derivative, and producing very tight Jackson type inequalities. 
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He treats there both the univariate and multivariate cases. The defining these 
operators ” bell-shaped” and ”squashing” functions are assumed to be of com- 
pact support. Also in [3] he gives the Nth order asymptotic expansion for the 
error of weak approximation of these two operators to a special natural class of 
smooth functions, see chapters 4-5 there. 

Motivations for this work are the article [17] of Z. Chen and F. Cao, and [4], 
[5], [6], [7], [8], [9], [20], [14], [12], [14], [15], [18), [19]. 

Here we perform multivariate Gudermannian sigmoid function based neural 
network approximations to continuous functions over boxes or over the whole 
RY, N EN, and also iterated approximations. All convergences here are with 
rates expressed via the multivariate modulus of continuity of the involved func- 
tion or its high order Fréchet derivative and given by very tight multidimensional 
Jackson type inequalities. 

We come up with the ”right” precisely defined multivariate normalized, 
quasi-interpolation neural network operators related to boxes or R%, as well 
as Kantorovich type and quadrature type related operators on RY. Our boxes 
are not necessarily symmetric to the origin. In preparation to prove our results 
we establish important properties of the basic multivariate density function in- 
duced by Gudermannian sigmoid function and defining our operators. 

Feed-forward neural networks (FNNs) with one hidden layer, the only type 
of networks we deal with in this article, are mathematically expressed as 


Nn (x) = Seo ((aj +2) +85), ceER’, sen, 
j=0 


where for 0 < 7 < n, 6; € R are the thresholds, a; € R* are the connection 
weights, c; € R are the coefficients, (a; - x) is the inner product of a; and x, 
and o is the activation function of the network. In many fundamental network 
models, the activation function is the Gudermannian sigmoid function. About 
neural networks see [20], [21], [22]. 


2 Background 


See also [13], [24]. 
Here we consider gd (x) the Gudermannian function [24], which is a sigmoid 
function, as a generator function: 


x “dt 
=2aretan (tanh (5) = f° OG = 
o (x) arctan ( tanh 5 t eoaht gd(z),ceER (1) 
Let the normalized generator sigmoid function 
2 2 [* dt 4 f* 1 
——— — — R. 
F(z) ad 2) T | cosht 7 | e’+e-t Git (2) 
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Here 9 
: = 0, V R 
F(a) ma cosh x SOG SSNS 


hence fis strictly increasing on R. 
Notice that tanh (—x) = — tanh and arctan (—x) = —arctanz, c ER. 
So, here the neural network activation function will be: 


W(t) =7Ife+)-f(@—-D],ceR (3) 

By [8], we get that 
W (a) =W(-a2), VreR, (4) 
i.e. it is even and symmetric with respect to the y-axis. Here we have f (+00) = 


1, f (—co) = —-1 and f (0) =0. Clearly it is 


f(-t)=—-f(z), VreR, (5) 


an odd function, symmetric with respect to the origin. Since 7+1 > a -—1, and 
f (a@+1) > f (a@—1), we obtain W (4) > 0, Va ER. 
By [13], we have that 


W (0) = = gd (1) ~ 0.2757. (6) 


By [13] W is strictly decreasing on (0, +00), and strictly increasing on (—o0o, 0), 
and W’ (0) = 0. 
Also we have that 


lim W (a) = lim W (a2) =0, (7) 


L—+00 r——CO 


that is the z-axis is the horizontal asymptote for W. 

Conclusion, W is a bell shaped symmetric function with maximum W (0) = 
0.2757. 

We need 


Theorem 1 (/13]) It holds that 


5 Weeder vee (8) 


41=—0Oo 


Theorem 2 (/13]) We have that 
/ W (a) da = 1. (9) 


So W (a) is a density function. 
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Theorem 3 (/13]) LetO<a<1, andnéN with n'~°% > 2. It holds 


3 CC ee aa (10) 


me(m—*—2) enim 
k = —oo 
: |ng — k| > n° 


Denote by |-| the integral part of the number and by [-] the ceiling of the 
number. 


Theorem 4 (/13/) Let [a,b] CR andn€N, so that [na] < |nb]. It holds 
1 20 


nb] < qd(2) 4.824, (11) 
>> W (na — k) 
k=[na] 
V ae {a,b}. 
We make 
Remark 5 (/13]) 
(i) We have that 
[nb| 
lim S > W(na—k) 41, (12) 
k=[na] 


for at least some x € |a, }]. 
(ii) Let [a,b] CR. For large n we always have [na] < [nb]. Alsoa< = <b, 
iff [na] <k < |nbJ. 


In general it holds 
[nb] 


S> W(nz-k) <1. (13) 


k=[na] 


We introduce 
N 
Z (21,...0n) = Z(2):=][W(a), 2 =(a,...,an)€RY, NEN. (14) 


It has the properties: 
(i) Z(z) >0, Vre RY, 
(ii) 


So Z(@-kh)= SO YD. SD Z(1-h,..,2~ —kw) =1, (15) 


k=—oo ky=—00 kg=—0o kn=—co 
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where k := (ky,...,kn) € ZY, Vx Ee RY, 


hence 
(iii) 
S° Z(na—k) =1, (16) 
k=—0oco 
VaeER;neNn, 
and 
(iv) 
| Z (x) dz =1, (17) 
RN 
that is Z is a multivariate density function. 
Here denote |||, := max {|z1|,...,|zv|}, c € RY, also set 00 := (00,...,00), 
00 := (—oo,..., 00) upon the multivariate context, and 


[na] := ([nar],..., [nan ]), 


[nb| := ([nbi],..., [nbn ]), 


where a := (a1,...,an), b:= (b1,..., bn). 
We obviously see that 


[nb] [nb| N 
SS Z (nx —k) = Ss, ( W (nm) = 


k=[na] k=[na] \i=1 


[nbs | [nbn | N N Lnb;] 
Se (fo -s9) = S" W (naj — ki) | - (19) 


ki=[nay | kn=[nan] \t=1 t=1 \ki=[na;| 


For 0< 8<landn€N, a fixed x € RN, we have that 


[nb| 
S- Z (nz —k) = 
k=[na] 
[nb] [nb] 
y, Z (na —k) + S- Z (na —k). (20) 
= [na k = [na 
lla lla Sas le — tlle > ae 


In the last two sums the counting is over disjoint vector sets of k’s, because the 


condition ||£ — «|||, > + implies that there exists at least one |4* — x,| > 4, 


where r € {1,...,N}. 
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(v) As in [10], pp. 379-380, we derive that 


(10) Qe? 
Te” 


withn €N:n!-8>2,2€ te [a;, ;] . 
(vi) By Theorem 4 we get that 


1 Qn \% N 
0< < ( ) = (4.824) (22) 
nb ; 
ee ee (nx =; k) gd (2) 
vce (TIM [a,dil), nN, 
It is also clear that 
(vii) 
Z(nz—k) < = , (23) 
e€ 
{ye =—0o 
(ae | caer 
0<B<1,nEN:n' 8 >2,c€R%,meEN. 
Furthermore it holds 
[nb] 
lim S$) Z(ne-k) #1, (24) 
k=[na] 


for at least some x € (3 [a:, bil) 

Here (x, I-I,) is a Banach space. 

Let f € en dee [a;, by] X), a = (a1,...,0n) € TIN, [aids], n € N such 
that [na;| < |nb;|, 7 =1,...,.N. 

We introduce and define the following multivariate linear normalized neural 
network operator (a := (#1,...,@N) € tas [ai,i])): 


[nb] k 
etn =) Z (na — k) 
An (fst 04 N) = An (f,2) = SS ale Me! = 
> Z (nx — k) 
k=[na] 
[nb | [nbe | Lnby | 
pe ee pa ee ks haan five cael a 2) En.) (1. 1 Ww (na; Sy ki) 
N nby : 
Hiei ( eee (naj a i) )) 
For Bree enough n € N we always obtain [na;] < 
a; <  < bj, iff [naj] < kj < [nbiJ, i=1,...,N. 


[nb;|, 7 = 1,...,N. Also 
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When g €C ae Lees bil) we define the companion operator 


a Soa nee @) Z (na a k) 


An (9, ) 1= = (26) 
a) oad, (na <= k) 
Clearly An is a positive linear operator. We have that 
7 N 
An (1,z)=1, Vve (II ot] ; 
i=1 
Notice that A, (f) € C (1. 1 lai, bi] x) and Ap, (g)€C yee : (a:,bi]) : 
Furthermore it holds 
yim 
pa a [na] If (F MIL, Z (nx — k) eo 
An (fx), S = An \IIfll,.2) 5 (27) 
ey. Beg (nz =e k) ( Y ) 
Vee Ty, (ai, bi]. 
Clearly [If ll, € C (T1%: (ai, bil) - 
So, we have that 
An (F2)Il, < An (Ill, +2) (28) 
vce TT, (ai, bil, Vn EN, V fC (TTL: [ai bil, X). 
Let ce X andgEC (1 1 [a,b il), then cg € C (ie 1 [@i, 03] ,X) 
Furthermore it holds 
Ay, (cg, t) = cAn ( ), ve [last ah (29) 
Since A, (1) = 1, we get that 
An(c)=c, Vee xX. (30) 


We call A the companion operator of A,,. 
For convinience we call 


[nb| 


> r(= )z (nz — k) = 


k=[na] 


[nb; | [nbe | [nbn | 
SS s(3... , J“) (Twin -m)), (31) 


ki=[nay | ko=[na2| kn= [nan | 
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ve (TEL: [abil 


That is At (f,2) 
An(f,x): , ; 32 
8) St 7 Ge (32) 
Vae (1. 1 [ai,bi]), n EN. 
Hence 
As (f,2) — £ (@) (EY «1 2 (na - &)) 
A, (f,2) — f (2) = (33) 
Te Inay Z (nae — ki) 
Consequently we derive 
(22) ¥ [nb| 
[An (f,2)-F@)ly < (4:824)" 45 (f,2)-f@) > Z(ne—k)l , (34) 
k=[na] 


vee (Te; [ai,2]) 
We will estimate the right hand side of (34). 
For the last and others we need 


Definition 6 (/11], p. 274) Let M be a convex and compact subset of (RN, I-ll,) : 


p € [1, oo], and (x, I-I,) be a Banach space. Let f ¢ C(M,X). We define the 
first modulus of continuity of f as 


wil(f, d= sup |If (x) -— fF @)Il,, 0< 6 < diam(M). (35) 
zyEeM: 
Iz - yl, <6 


If 6 > diam (M), then 
wi(f,d) =w1 (f,diam(M)). (36) 


Notice w (f,6) is increasing in 6 > 0. For f € Cg (M, X) (continuous and 
bounded functions) w  (f,6) is defined similarly. 


Lemma 7 (/11/, p. 274) We have wi(f,6) > 0 as 6 | 0, iff f Ee C(M,X), 
where M is a convex compact subset of (RN, I-llp). p€[l,oo]. 


Clearly we have also: f € Cy (R%,X) (uniformly continuous functions), 


iff w; (f,d) — 0 as 6 | 0, where w is defined similarly to (35). The space 
Cp (RX) denotes the continuous and bounded functions on RY. 
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When f € Cg (RY, X) we define 


ON) = pay (=) Z (na —k) := 


Pip ks 2 Pie ky te) (IL nari — k |. (37) 


néeN,Va2eR, N EN, the multivariate quasi-interpolation neural network 
operator. 


By (f, 2) := Bn (f, x1, 


Also for f € Cg (RY x ) we define the multivariate Kantorovich type neural 
network operator 


n(f, 2) = Cr (f,21,...2N) = S- (wf. roa) 2002-9 = 


k=—0o 
oe) oe) 


2 itt kg+1 kunt 
De ee’ foe (> a ten =) : Flt outy) th) 
ky =—00 kg =—00 ka kw 


N 


(38) 
néeN, VreR. 
Again for f € Cp (RX, 


), N EN, we define the multivariate neural net- 
work operator of quadrature type D, (f,x), n € N, as follows 
Let 0 = (O1, 


On) ENN, r = (ri,...7n~) € ZY, We = Wry,ro,..ry 2 0, such 
0 01 Oo On 
that iwre= > DD oY Weary = LKE ZN and 
= r1=0 re=0 rn=O0 
@ r 
due f) =Onkam ue C= er (- +t =) = 
r=0 
04 05 


ey eee Oe 


nO,’ nm 
r1=0 r2=0 rn=0 


ar Pl 9. 
where a= ( 


ph Bo BE) 
We set 
Dry (f,£) = Dn (f, 21, +, 0N) = S- Onk (f) Z (na — k) (40) 
k=—0o 
co ee) lee) N 
SS a ae) (1 . «] | 
ky =—co kg=—0co kn=—0o w=1 
9 
565 


George A. Anastassiou 557-582 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


VareR, 

In this article we study the approximation properties of Ay, Bn,Cr, Dn 
neural network operators and as well of their iterates. That is, the quantitative 
pointwise and uniform convergence of these operators to the unit operator I. 


3 Multivariate general Neural Network Approx- 
imations 


Here we present several vectorial neural network approximations to Banach 
space valued functions given with rates. 
We give 


Theorem 8 Let f € et [ai,bi],.X), 0<6<I1,2€ (iS: [ai,i]) , 
m,N,n€N with n'-8 > 2. Then 


1 
[An (6.2) — FIL, S 4.824)" ov(.) 7M 
(41) 
and 
2) 
[An (1) = FIL] <a). (42) 


Il-ll 
We notice that lim An (f) = f, pointwise and uniformly. 
n— oo 


Above wy, is with respect to p = oo. 
Proof. We observe that 


[nb| 


A(z) := An (f,2)-f(e) D) Z(ne-k) = 


k=[na] 


[nb| [nb| 
S- (4) 2 (nem) - Sf (a) Z(na—k) = 


k=[na] 


Thus 


r(F)-1@ 


10 


A(z), < So 


k=[na] Y 
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PEO 


Z (naz — k)+ 
= [na] : 
le lls ae 
[nb| ; 
~  [r(E)-re] zee-m's 
k = [na] ‘ 
Fe alles > ae 
[nb] 
1 (21) 
o(rd) +z, SX  20e-9% 
k = [na] 
le Flas ne 
4c? HIF, 
1 Vso 
ae (x =) men? Z (44) 
So that | | 
4e? ||| 
1 
IA), Sm (29) + oa (45) 


Now using (34) we finish the proof. 
We make 


Remark 9 (/11/, pp. 263-266) Let (RN, IkIlp) N EN; where ||-||,, ts the Ly- 


norm, 1<p<oo. R is a Banach space, and (RN)? denotes the j-fold product 


space RN x...x RN endowed with the max-norm |Zll(qvys = max ||xa|,,, where 
ISASj . 


Li= (x1,...,2;) € (RY). 
Let (x, I-I,) be a general Banach space. Then the space L; := L; (RY)? :X) 


of all j-multilinear continuous maps g : (RY)? 3+ X,j=1,...,m, is a Banach 
space with norm 


lg @)IL, 


Le AB) 
I|za||, --- Ileal, 


llgll=llgllz, = sup Ig @)IL, = sup 


Wall (avy 3 =2 


Let M be a non-empty convex and compact subset of RN and x € M is 
fixed. 

Let O be an open subset of RNY :M CO. Let f : O — X be a continuous 
function, whose Fréchet derivatives (see [23]) f :O > L; = L; ((RY)’ ;X) 
exist and are continuous for 1 <j <m,meN._ 

Call (x — x9)’ := (a — 29,...,t — Zo) € (RY)’, cemM. 


11 
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We will work with f\u. 
Then, by Taylor’s formula ([16]), ([23], p. 124), we get 


m (j) _ ) 
f(x)= S- fe ee to) + Rn (2,00), alla e M, (47) 
j=0 


where the remainder is the Riemann integral 


Rm (X, 0) = | clan) Hee (ro (ao + u(x — a0)) — fo) (x0)) (x — 20)" du, 


(m — 1)! 
(48) 
here we set f (xo) (a —x0)° = f (a0). 
We consider 
wior (Fh) = sup [FO (a) - Fo (y)]|, (49) 
z,yeM: 
|e—yl|,<h 
h>0. 
We obtain 
(£0? (eo +(e 20) — £™ (20)) (@- 20)" || < 
|” (wo + u(@ — 20) — FO (a0)]] - Ile - aol” < 
m | ulle — oll 
w fe — aol [Fe (50 
by Lemma 7.1.1, [1], p. 208, where [-] is the ceiling. 
Therefore for alla € M (see [1], pp. 121-122): 
m : u||x — xoll, (tae 
Fn (ayo), <u lie —eoh f° | e) Cay 
= wm (I — zollp) (51) 
by a change of variable, where 
(ieee a 
bn (Qi f [=] c= wa (a (el-3008 /VteER, (52) 
is a (polynomial) spline function, see [1], p. 210-211. 
Also from there we get 
ge \¢|"” h eee 
®,,, (t) < R 
~o< (eo, Sl” BGR Ne ee Oe) 
12 
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with equality true only at t = 0. 
Therefore it holds 


eee ee gle le els): eee 
ee te (m+1)Ih 2m! '  8(m—1)! ; : 
(54) 
We have found that 
fF (29) (a@ — & : 
f (2) S- ( o) 0) < 
j=0 op : 
m+1 m m—1 
- = h|la — xol| 
omy gy (Hezzallg’®? | lke voll ‘ ” 
oe (F )( (m+ 1!h 2ml Sima yee ee 
V «x,t € M. 
Here 0 < wy gm™, h) < oo, by M being compact and f'™ being continuous 
on M. 
One can rewrite (55) as follows: 
 f') (ao) (= 20)? 
LOS: 5 < 
j=0 st 2 
m+1 m m-1 
- - All: — oll 
om ,) (eeaallt** | I= 2oll ” 
ss (F )( (m+ 1h i BeRSa ee ee) 


a pointwise functional inequality on M. 

Here (- — 20)’ maps M into (RN)? and it is continuous, also f (ao) maps 
(RY)? into X and it is continuous. Hence their composition f (a) (- — 20)’ 
is continuous from M into X. 

Clearly f (+) Se fe eee C(M,X), hence lf (-) pier £'(eo)(-—20)" 
C(M). 

Let {Ew} en be a sequence of positive linear operators mapping C'(M) into 
C(M). 

Therefore we obtain 


+ 


5 ™ £5) (arn) (. — ao) 
iy bo se (vo) (“= 20) ae 


jJ=0 i 7 
ip ag |["T*)) @ ie -— axolle’) ) (a 
ou (20,0) (En (| sci) 0) (Ev (\ ales 0) 
13 
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h (Ex (= ally’ *)) (wo) 


8(m—1)! ; 


(57) 
VNEN,VaeM. 


N ‘e ee 
Clearly (57) is valid when M = |] [a;,5;] and L, = Ap, see (26). 


All the above is preparation fon the following theorem, where we assume 
Fréchet differentiability of functions. 

This will be a direct application of Theorem 10.2, [11], pp. 268-270. The 
operators A,, A, fulfill its assumptions, see (25), (26), (28), (29) and (30). 

We present the following high order approximation results. 


N 
Theorem 10 Let O open subset of (RY, I-llp) ,p €[1, co], such that [J [ai, bi] 
i=l 


O CRN, and let (x, I-l.,) be a general Banach space. Let m € N and f € 
C™ (O,X), the space of ™-times continuously Fréchet differentiable functions 
N 
from O into X. We study the approximation of f| nx . Let xg € (11 (ai, bi) 
T] [a:,b:] i 
i=l 


andr >0. Then 
1) 


1 r mr 
oon ts d . (58) 
2) additionally if f (xo) =0, j =1,...,7™m, we have 


(An (f)) (0) — f (to) IL, S 


1 


wi (4.7 (An (il: = al) (z0))" ) ((an(t-—all™)) (29) 


570 George A. Anastassiou 557-582 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


(60) 
1 act ; mr? 
Geos) ey Mee le 
and 
4) 
An (f)~ fly] < 
An A) = Fly aon 
i=l 
Yall (62 ore") haat 
el Yloo,ao€ T] [ai,b:] 
i=1 
1 
(m) — aol|"t |" 
21 [4.0 |(o (I-20) 02 tran 
rm! 
ou m+1 m+1 
| (As (I= 201") Oe fio 2) 
1 a mr? 
(m+1)'2° 8 
We need 


N 
Lemma 11 The function (A, (I: — Zol|, Sy) (Zo) is continuous in xo € (11 [a;, bl), 

i=l 
meEN. 


Proof. By Lemma 10.3, [11], p. 272. = 
We give 


Corollary 12 (to Theorem 10, case of m= 1) Then 


1 
(An (A) 0) ~ F (#o)Ily < |] (An (L (0) ¢ — 20))) (eof), + 


=e (7° ((An (II: = 20l)) (20))') ((4n (Ik 2oll2)) (z0))* (62) 
[itr a | 


and 


15 


571 George A. Anastassiou 557-582 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


2) 
IIAn (A) - fl a. Fito 
II Geone-20)) eof + 
o0,20€ TI [abs] 
1 by 3 
La (4 (4e(t—208)) 01 en 
1 7 2 
| (A (K-08) ole aay [Etre E]: -) 
i 
r>0. 
We make 


Remark 13 We estimate0<a<1,m,nEN:n'-*>2 


nb m+l1 
A _ m+1 = De & — xo|| Z (nxo 1 k) (22) 
n(ll-— oll.) (vo) = [nb] < 
ae [na] Z (nxo = k) 


Z (nap — k) = (64) 


k m+1 
(4.824) S- | SG Z (nay — k) + 
n co 
k = [na 
ll — oll. S ae 
[nb] m+1 95 
k (23) 
S- [E-« Z(nayp—k)p < 
k = [na] ~ 
‘|| - 2oll0 > ae 
oO de 
(4.824) tz Ga ee : (65) 


(where b— a = (b, — ay,...,bn — an)). 
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N 
We have proved that (V xo € [J [a:, bi]) 
i=l 


ss 1 2e? |b — all>" 
m+1 N ; oO = 
Ay, (Ir ~ eoll23**) (eo) < (4.824) {aor area ¢ =! 1 (n) 
(66) 


O<a<1,mnéEN:n'-% > 2). 
And, consequently it holds 
A, ( ig gs LO | < 
| An (II: - 2ollZ**) (wo) itt 


a 


1 2c? |b — al|™*" 
(4.824)" { is ae Pos =1(n) +0, asn—+oo. (67) 


So, we have that yp, (n) > 0, as n + +00. Thus, when p € [1,00], from 
Theorem 10 we have the convergence to zero in the right hand sides of parts (1), 
(2). ; | 
Next we estimate | (An (7 (ao) (- — wwo)’) ) (x0)| 
We have that 


y 


— Dett  F (wo) (E — 20)? Z (nao — k) 


A, (j) — j = k=[na 
(en m)i) 
(68) 
When p=, j = 1,...,m, we obtain 
J J 
f (0) € - vo) | < [7 (eo)| | — x9 (69) 
Y co 
We further have that 
aT 20) shat ez 
As 4 (20) 6 20)*)) (eo), “< 
[nb] k j 
(4.824% { S> ff (eo) ( 2 v0) Fieit.\'< 
k=[na] 0 Y 
[nb] k j 
(4.824)% | S> Fig (z0)|| |- —#5|| Zlrey—k) |= (70) 
k=[na] 22 
[nb| i j 
(4.824) Figg (x0) | Je -20l) 2 (mz —) | = 
k=[na] 
17 
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j 


. k 
(4.824) hia (x0)| » ; = ol] 2 (nao —h) 
k = [na] 
lz — Poll. S ae 
[nb] . 
+ S- | — £0 i Z (nao — k) - (71) 
k = [na] os 
l= — oll. > ae 


: 1 ee? fa j 
(4.824)" | f (ao 4 22 lib ate bien 


nod men ° 


That is 
(es (# (x0) (xo) (- ~ 20)')) (eo) ||, 0, as 2 — oO. 


Therefore when p = co, for 7 = 1,...,m, we have proved: 


| (An (9 (eo) (= 20)*)) (00), < 
(4.824) Fag (¢o)| {a | Qe? ale | < (72) 


Ten a 


1 Qe? |b — all? 
(4.824) rl sg | =! Po; (n) < 00, 


nod Te 


and converges to zero, as N — Oo. 


We conclude: 

In Theorem 10, the right hand sides of (60) and (61) converge to zero as 
n — oo, for any p € [1, oo]. 

Also in Corollary 12, the right hand sides of (62) and (63) converge to zero 
as n — oo, for any p € [1, co]. 


Conclusion 14 We have proved that the left hand sides of (58), (59), (60), 
(61) and (62), (63) converge to zero as n — ov, for p € [1, co]. Consequently 
Ay, > I (unit operator) pointwise and uniformly, as n — oo, where p € [1, co]. 
In the presence of initial conditions we achieve a higher speed of convergence, 
see (59). Higher speed of convergence happens also to the left hand side of (58). 


We further give 


18 
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Corollary 15 (to Theorem 10) Let O open subset of (R%,||-\|,,), such that 
N 

auf [ai, bi] CO CRN, and let (x ||-|| ;) be a general Banach space. Let me N 
ma f ¢ C”™(O,X), the space of ™m-times continuously Fréchet differentiable 


functions from O into X. We study the approximation of f| a . Let xo € 
Nv i=l 
(11 [a;, b; ) andr > 0. Here py; (n) as in (67) and po; (n) as in (72), where 
néEN:n-*>2,0<a<1, 7 =1,...,m. Then 
1) 
a (9) Res 
(An (9) (20) — S (An (# (70) ¢ = 20)’)) (0) }] < 
F 
Wy (FF, 7 (n)) =) (1) 1 a, mr? 73 
— (oy) [ate], (73 
2) additionally, if f® (ao) = 0, j =1,...,™, we have 
I|(An (f)) (to) — f (wo) Ly S 
Wy (F™,7 (n)) =) (+) 1 ab ae mr? 74 
— (oy) [ate] (ry 
3) 
Pa; (n) 
An (f) — N = ; 
An) Fld. tea st 
wy (FO), (py (n)) iia 
— (v1 (n)) (75) 
1 ro mr? yO 
} { = oar = ie 
(m+1)°2° 8 Ss aca 


We continue with 


Theorem 16 Let f € Cz (RY, X), 0<B<1,rERY,m,NnEN with 
n!-8 > 2, wy is for p = 00. Then 


1) 


“i stn =:\2(n), (76) 


[Bn (f.2)~ Fell, Se (foe) + 


Te 


2) 
Bn (A - Fl, <2 @)- (77) 
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Given that f € (Cu (RY, X) ACpg (RY, X)), we obtain lim B, (f) = f, uni- 
formly. 


Proof. We have that 
Bn (fe)~F(0)"" > #(E) zine b)- Fe) Yo Z(ne—b) = (8) 


k=—oco k=—oo 


k=—oo 
Hence 
= k 
IPn(f2)- Fo, Yo |t(F)- 20] zm2-%) = 
k=—co Y 
ss [F(E)-1@ Z (nx —k)+ 
k = —0o e: 
li - tlle S ae 
= (16) 
Y  [r(Z)-re)] zee 
{i all, . 
ee lg ae 
oS (23) 
o(rd) +z, 200-2 
k =—0oo 
2 las > ae 
de? ||| f|| 
Wy (1 =) It, (79) 


proving the claim. m 
We give 


Theorem 17 Let f € Cg (RY, X), 0<6<1,2€ RY, mN,nEN with 
n!-8 > 2, wy is for p = 00. Then 


1 
1\  4e* [isl 
ICn (fa) - F@, Sen (K+) 4 Muh =:da(n), (80) 
2) 
ica (F) = IL] < Asm). (81) 
Given that f € (Cu (RY, X) NCB (RY, X)) , we obtain Jim Cn (f) = f, wni- 
formly. 
20 
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Proof. We notice that 


[PF sous f i i f (ti, ta, ..., tr) dtidta...dtw = 
[ i, aa f(o+ Snr. sty +) at. aty = f° (+8) ae 
Thus it holds (by (38) (82) 
Cathay= (wf (8) it) Zin (83) 
We observe that 
|Cn (f,2) — f (2)||, = 
Dae (we fs (:+*) i) Ztne—)~ Yo Fa) 2m —W = 
pe: ((" f° s(e+8) i) -10)) Zine) = 
bo (wf (s G *) = f(e)) i) Z (nz — k) < (84) 
bo! (wf (t+) — f (a) Z (nv —k) = 


(w fio 


k = —oo 
lp — tlhe S we 


i) Z (naz —k)+ 


s(t+ =) -Fe@) tt) Z(n-b) 
1 (Slit. + + [Ea]. )ae) zoom 14 
21 
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2liifil,|| Sa (\nv—a)) | < 
k =—oo 


ko | me 
le Tg a8 


4e? |ilFil,| 

1 1 Veo 

Wy (J. 5) 71-8 ’ (85) 
n mr 


Te" 


proving the claim. m 
We also present 


Theorem 18 Let f € Cg (R‘,X), 0<6B<1,2€R,mN,nEN with 
n!-8 > 2, wy is for p = oo. Then 


1 
1 o1\. 4 {ite 
Da (f2)- f(y Sin (Ko +) +See = elm), 60) 
2) 
Pn (A) Fly] < Aan). (87) 
Given that f € (Cu (RX,X)Cp(RY,X)), we obtain lim Dn (f) = f, 
uniformly. 


Proof. Similar to the proof of Theorem 17, as such is omitted. m 
We make 


Definition 19 Let f € Cp (RX,X), N € N, where (x, I-l,) is a Banach 
space. We define the general neural network operator 


Fi (f,2) = >> dna (f) 2 (ne —k) = 

k=—0oo 
Ch (f, x) , af Ink (f) =e Se” vi (t) dt, (88) 
D,, (f, 2), if lng (Ff) =Onk (f); 


Clearly U,% (f) is an X-valued bounded linear functional such that ||lnz (f) ||, < 


,< 
lis, 
Hence F,, (f) is a bounded linear operator with | (Allyl 2 isi 
We need 
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Theorem 20 Let f € Cp (RX,X), N>1. Then F, (f) € Cp (RY, X). 


Proof. Lengthy and similar to the proof of Theorem 21 of [14], as such is 
omitted. m 


Remark 21 By (25) it is obvious that 


4m Allyl]. < [lz < 20> and 


N 
An (f) €C ( TI [ai, bi], X }, given that f eC (11 [ai] X) 
i=l i=l 
Call L, any of the operators Ay, Bn,Cn, Dn- 


Clearly then 


22 OM, = [lee Ze MIL || < [lee IL | < Le 


etc. 
Therefore we get 


ZOU |. <n. Veen, (90) 


the contraction property. 
Also we see that 


ZR OL. sek ULI. ss [lle OL s [fla]. @n 
Here LE are bounded linear operators. 


Notation 22 Here NE N,0< 6 <1. Denote by 


Ro. 4 7 
— ) 4.824)", if En = An, (92) 
1, if Ly = Bn, Cn, Dn, 
1 fi 
_ J Re if Ln = An, Bn, 


and 


aS (95) 


We give the condensed 
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Theorem 23 Let f€0,0<8<1,2E€Y;n,m, NEN with n'~8 > 2. Then 


(i) 
4e? HIF, 
Ibn (F.2) — F@)IL, Sew Jor (F.9(m)) + See] =i ln), (98) 
where w 1 is for p = o, 
and 
(ii 
[zn (A) = Fly] <7) +0, a8 m+ on. (97) 


For f uniformly continuous and in Q we obtain 
lim Ly (f) = f, 
n—Cco 

pointwise and uniformly. 


Proof. By Theorems 8, 16,17, 18. m 
Next we talk about iterated neural network approximation (see also [9]). 
We give 


Theorem 24 All here as in Theorem 28 andr € N, rT (n) as in (96). Then 
liens si] <r @). (98) 


So that the speed of convergence to the unit operator of Li, is not worse than of 
Lys 


Proof. As similar to [14] is omitted. m 
We also present 


Theorem 25 Let fe 0; m, N, m1,mg,...,.m, EN: my < m2 <... << m,, 0< 
B<1; mes 2,i=1,..,r, « € Y, and let (Lm,,...,Lm,.) a8 (Am,,---;Am,) 
or (Bmy; +) Bm,) oF (Cm; +-;Cm,) 07 (Dz; -;Dm,), p = co. Then 

|| Lm. (Dideed (...Lme ach) (z) —f (x)|| 


< 
ae 


[[lZmae omens (La Emf))) = lal]. < 


Yo |ltmf - fll] < 
i=1 


7 sel, 
cn) wi (f,p(mi)) + ——ra | < 
i=1 Tee 
24 


580 George A. Anastassiou 557-582 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


4e III, 
ren [a1 (f,9(m1)) + ——sa | . (99) 
TE 1 


Clearly, we notice that the speed of convergence to the unit operator of the mul- 
tiply iterated operator is not worse than the speed of Lm,. 


Proof. As similar to [14] is omitted. m 
We also give 


Theorem 26 Let all as in Corollary 15, andr © N. Here ps (n) is as in (75). 
Then 
lane — FIL] se 


nf — flly|]_ Ses (n). (100) 
Proof. As similar to [14] is omitted. m 


Application 27 A typical application of all of our results is when (x, I-I.,) = 


(C,|-|), where C are the complex numbers. 
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Abstract 


Using generalized Canavati fractional left and right vectorial Taylor 
formulae we establish generalized fractional Ostrowski, Opial and Griiss 
type inequalities for several functions that take values in the von Neumann- 
Schatten class B, (H), 1 < p< oo. The estimates are with respect to all 
p-Schatten norms, 1 < p < oo. We finish with applications. 
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Keywords and Phrases: p-Schatten norms, von Neumann-Schatten class, 
Ostrowski, Opial and Griiss inequalities, generalized Canavati fractional deriv- 
ative, generalized Canavati fractional inequalities. 


1 Introduction 


The following results inspire our work. 


Theorem 1 (1938, Ostrowski [16]) Let f : [a,b] — R be continuous on [a, b] 
and differentiable on (a,b) whose derivative f' : (a,b) > R is bounded on (a,b), 
ie, | f//RP := sup |f’ (£)| < +00. Then 

t€(a,b) 


< 


_ a+b)? 
pat ) Jo a)|IeP, (0) 


b xv 
af 1O4#-F@)< p+ 


for any x € [a,b]. The constant + is the best possible. 


583 George A. Anastassiou 583-621 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


Ostrowski type inequalities have great applications to integral approxima- 


tions in Numerical Analysis. 


We mention 


Theorem 2 (1882, Cebysev [8]) Let f,g 
functions with f',g' € Lo 


[ses 


a,b]). Then 


n(n) (oe) 


1 Dap 
< = 
<5 (ba) IIF"lloc 


II9' loc 


The above integrals are assumed to exist. 


: [a,b] > R be absolutely continuous 


(2) 


The related Griiss type inequalities have many applications to Probability 
Theory. We presented also ([3], Ch. 8,9) mixed fractional Ostrowski and Griiss- 
Cebysev type inequalities for several functions, acting to all possible directions. 
The estimates involve the left and right Caputo fractional derivatives. See also 
the monographs written by the author [1], Chapters 24-26 and [2], Chapters 


2-6. 


We are motivated also by S. Dragomir [11] recent work: 


An operator A € B(H 


B, (H), 1 < p < oo if the p-Schatten norm is finite 


Assume that A: 


|All, 


[a, b] a Bp (7), B 


= [ir (\AP)]? < 00. 


: [a,b] — B, (HH 


) is said to belong to the von Neumann-Schatten class 


. 1 d.-_* 
),pq>lwiths>+>=1, 


are continuous and B is strongly differentiable on (a,b), then 


sup _||B' (t)||, x 
te [a,b] 


na—( [aes] 


B+1 


cds 


12 (ba)? + (u— 24) 


F 
IS 


for all u € [a,b], an Ostrowski type inequality. 
Further inspiration comes from S$. Dragomir [12] recent work on Griiss in- 


equalities: 


584 


Blu) 


at} |] fA 


[ (u—a)Pt+14.(b—u) e+ lg e lac 


& 


1 


Mp at, 


a 
a 
’ 


2 
] sup 4 Ol,» 


teE [a,b] 
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For two continuous functions A, B : [a,b] — B(H) we define the noncom- 
mutative Cebysev fractional 


pA B= o-a f amB@a-fawmaf Boa 


If p,q > 1 with ote =1, let A: [a,b] — B, (#), B: [a,b] — B, (H) be strongly 
differentiable functions on the interval (a,b), then 


b b 
ID(4.B)h, <P ( [14 Clyde fa" yan) < (4) 
1 e b b 
0-9 fA Wwlpau [1B wl ae 
We are also inspired by Z. Opial [15], 1960, famous inequality. 


Theorem 3 Let x(t) € C!((0,h]) be such that x (0) = x(h) =0, and x(t) > 0 
in (0,h). Then 


Be ce hf yg 
[ wor oass fe wya. (5) 


In (5), the constant % is the best possible. Inequality (5) holds as equality for 
the optimal function 


(6) 
where c > 0 ts an arbitrary constant. 


Opial-type inequalities are used a lot in proving uniqueness of solutions to 
differential equations and also to give upper bounds to their solutions. 

For an extensive study about fractional Opial inequalities see the author’s 
monograph [1]. 

In this article we generalize [3], Ch. 8,9 for several Banach algebra B, (H) 
valued functions, in the sense of developing fractional Ostrowski, Opial and 
Griiss type inequalities. Now our left and right generalized Canavati frac- 
tional derivatives are for Banach space valued functions and our integrals are of 
Bochner type [13]. Applications finish the article. 


2 Background on Vectorial generalized Canavati 
fractional calculus 


All in this section come from [5], pp. 109-115 and [4]. 
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Let g: [a,b] — R be a strictly increasing function. such that g € C1 (a, }]), 
and gt € OC" (g(a), g(b)]), n € N, (X,||-|]) is a Banach space. Let f € 
C” ([a,b], X), and call 1 := fog! : [g(a),g(b)] > X. It is clear that 1,l’,...,1 
are continuous functions from [g (a), g (b)] into f ([a, b]) C X 

Let vy > 1 such that [vy] =n, n € N as above, where |-] is the integral part of 
the number. 

Clearly when 0 < vy <1, [vy] = 

I) Let h € C'([g (a), 9 (0)] , X), we define the left Riemann-Liouville Bochner 
fractional integral as 


Jen) af =H" nat, (7) 


DY) Se 
for g(a) < 20 < z < g(b), where I is the gamma function; T' (v) = f>° e~*t” "dt. 
We set Jp°h = h. 

Let a := v—[v] (0 < a < 1). We define the subspace C%,,.) ([g (a) ,g (0)] ,X) 
of Cll ([g (a) ,g (b)|, X), where xo € [a,b] as: 


Yeo) (Ig (a) 9 (b)],X) = 


{re (ig (a), 9(0)],X) : LEK? EC ([g (zo), 9], X)}- (8) 


So let h € Ch,,,) ([g (a) , g (b)], X), we define the left g-generalized X-valued 
fractional derivative of h of order v, of Canavati type, over [g (ao) ,g (b)] as 


v — (gale) p(y)" 
DY qayht = GE nll ) (9) 


Clearly, for h € C¥.,..) (Ig (a) ,9 (0)],X), there exists 


1 d f[* = 
DY = — — t)* Al) (t) de 10 
(Phent) © =FEraya f,e-P MP Oa 0) 
for all g(a) < z <g(b). 

In particular, when f og! € C¥,.. ([g (a) ,9 (0)],X), we have that 


(Phen Fo) O= paras f E- Oe For wae, OD 


oe all g(xo) < 2 < g(b). We have that D”,) (fog ™') = (fog) and 
Dyao) (f° 97") = fog t, see [4]. 
By [4], we have for fog™' € Chao) (lg (@) 9 (6)],X), where xo € [a,}] 
the following left generalized g-fractional, of Canavati type,X-valued Taylor’s 
formula: 
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Theorem 4 Let fog™! € CY 
(i) Ifv >1, then 


) (Ig (a) ,9 (b)], X), where xo € [a,b] is fired. 


g(o) 


Bie -1)) (a (@ 
f (x) —f (zo) = Se (f (9 (%0)) BOs 
k=1 
1 g(@) pape 7 
cc. (9 (2) —#) (Dy eo) (fog )) Wat, (12) 


for allajp <a<b. 
(ii) If0O<v <1, we get 


g(2) 
F=f W@-9 (Phin Fes) Oa 3) 


for allajp <a<b. 


II) Let h € C ([g (a) , g (b)] , X), we define the right Riemann-Liouville Bochner 
fractional integral as 


Vv i 1 ip ay v-1 
(ih) GZ) es Fo) | (t—z)” A dt, (14) 
for g(a) < z< 2% <g(b). We set J? _h=h. 
Let a := v—[v] (0 < a < 1). We define the subspace C%,,.)_ ([g (a) , 9 (6)] ,X) 
of Cll ([g (a) ,g (b)|, X), where ao € [a,b] as: 


ao) (lg (2) 9 (8)],X) = 


{re CM (Ig (a),9(0)],X): 1G2, nl) EC (Ig(a),g(wo)],X)}. (15) 
So let h € CY (Ig (a), 9 (b)],X), we define the right g-generalized X- 


g(%o)— 
valued fractional derivative of h of order v, of Canavati type, over [g (a) , g (xo) | 


as 
/ 
Vy yt n-1 l-a Vv 
Diag) b= (-D) renee d) ; (16) 


Clearly, for h € C¥,..)_ ([g (a) , 9 (b)], X), there exists 
Crd 9 ya ped 
(Deca) (z) = Ta—o)d | (¢— 2) * AMD (e) dt, (17) 
& 


for all g(a) < z < g(xo) < g(b). 
In particular, when f og~! € Wao) — (Lg (2) ,9 (0)],X), we have that 


4)r-t g(o) 
(Dian (F°97)) @ = meal (¢=2) * (foot)? wa, 
(18) 
5 
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for all g(a) < z < g(x) < g(b). 
We get that 


(Drie) (F.97)) (2) = (-0)" (fe gt) (2) (19) 


and (Doe) (fo g')) (z) = (fog-) (2), all z € [9 (a), (d)], see [4]. 

By [4], we have for fog -t € CH(ao)- (lo (@) .9 (0)|,X), where xo € a, d] is 
fixed, the following right generalized g-fractional, of Canavati type, X-valued 
Taylor’s formula: 


Theorem 5 Let fog™! € CY ([g (a), 9 (b)], X), where xo € [a,b] is fixed. 


(i) Ifv >1, then oes 
PE ie Bat aie 
f(x)-f(ao)= S° (fog 7 (9 (%o)) (9(@) — 9 (0) + 
k=1 
g(o) 
Fw hs ) (t-9(x))"* ( Nene (fog) (t) dt, (20) 


for alla<a< 20, 
(ii) If0<v <1, we get 


1 g(xo) soar . no 
F=f ea Dhewy- (Fo) Oa, 2D 


alla<a2<2o. 
III) Denote by 


We mention the following modified and generalized left X-valued fractional Tay- 
lor’s formula of Canavati type: 


Theorem 6 Let f € C'({a,b],X), g € C*({a,b]), strictly increasing: g~' € 


C1 ([g(a),g(b)]). Assume that (Di¥,,) (F971) € CX aq) (Ig (@) 9 (B)].X), 
0<v <1, 2 € [a,b], fori =0,1,...,m. Then 


_ 1 a) (m+1)v-1 (m+1)v S31. 
1) = PRET bye 8-9 (Peal Fo us :) 
23 


allajp <a <b. 
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IV) Denote by 
Dee = De Ci Phin laa) = (m times), ME N. (24) 


We mention the following modified and generalized right X-valued fractional 
Taylor’s formula of Canavati type: 


Theorem 7 Let f € C'({a,b],X), g € C'({a,0]), strictly increasing: g~' € 


C1 ([g (a) ,g(B)]). Assume that (DX, (fo.g7)) € Cha) (Ig (@) 9 D)1,X), 
0<v <1, 2 € [a,b], for alli =0,1,...,m. Then 


1 


f(@) = Fiesty) 


g(xo) 
[ee aeenerrn (Dees™ (Fea) Cae 
(25) 


alla<a<2% <b. 
3 Basic Banach Algebras background 


All here come from [17]. 
We need 


Definition 8 (/17/, p. 245) A complex algebra is a vector space A over the 
comple filed C in which a multiplication is defined that satisfies 


z (yz) = (xy) z, (26) 
(c+y)z=a2z2+y2z, c(yt+z)=ry+22, (27) 

and 
a(xy) = (ax) y = x(ay), (28) 


for all x,y and z in A and for all scalars a. 
Additionally if A is a Banach space with respect to a norm that satisfies the 
multiplicative inequality 


lzyl| < lll llyll @€ A, y € AD (29) 
and if A contains a unit element e such that 
re=ex=x (xE A) (30) 


and 
lle|| = 1, (31) 


then A is called a Banach algebra. 
A is commutative iff xy = yx for all x,y € A. 
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We make 


Remark 9 Commutativity of A is explicited stated when needed. 

There exists at most one e € A that satisfies (30). 

Inequality (29) makes multiplication to be continuous, more precisely left and 
right continuous, see [17], p. 246. 

Multiplication in A is not necessarily the numerical multiplication, it is some- 
thing more general and it is defined abstractly, that is for x,y € A we have 
ay € A, e.g. composition or convolution, etc. 

For nice examples about Banach algebras see [17], p. 247-248, § 10.8. 


We also make 


Remark 10 Next we mention about integration of A-valued functions, see [17], 
p. 259, § 10.22: 

If A is a Banach algebra and f is a continuous A-valued function on some 
compact Hausdorff space Q on which a complex Borel measure p is defined, then 
J fdu exists and has all the properties that were discussed in Chapter 3 of [17], 
simply because A is a Banach space. However, an additional property can be 
added to these, namely: If x € A, then 


w / fau= i ef (p) du(p) (32) 
Q Q 


(ff in) e= f rye duc). (33) 


The Bochner integrals we will involve in our article follow (82) and (83). Also, 
let f € C({a,b], X), where [a,b] C R, (X, ||-||) 7s @ Banach space. By [5], p. 8, 
f ts Bochner integrable. 


4 p-Schatten norms background 


In this advanced section all come from [11]. 

Let (H, (-,-)) be a complex Hilbert space and 6 (H) the Banach algebra of 
all bounded linear operators on H. If {e;};-; an orthonormal basis of H, we 
say that A € B(#) is of trace class if 


Ally = 55 (Ale:, es) < 00. (34) 


1er 


The definition of ||.A||, does not depend on the choice of the orthornormal basis 
{€i}icz. We denote by B; (H) the set of trace class operators in B (#1). 
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We define the trace of a trace class operator A € B; (H) to be 


tr (A) := S (Ae;, ei) , (35) 


1EL 


where {e;},<,; an orthonormal basis of H. Note that this coincides with the 

usual definition of the trace if H is finite-dimensional. We observe that the 

series (35) converges absolutely and it is independent from the choice of basis. 
The following result collects some properties of the trace: 


Theorem 11 We have: 
(i) If A € B, (A) then A* € B, (H) and 


tr (A*) = tr (A); (36) 
(it) If A € B, (A) andT € B(A), then AT, TA € B, (H) and 
tr (AT) =tr(TA) and |tr(AT)| < |All, ITI; (37) 


(iit) tr (-) is a bounded linear functional on B, (H) with ||tr|| = 1; 
(iv) If A,B € By (AH) then AB, BA € B, (A) and tr (AB) =tr (BA); 
(uv) Brin (H) (finite rank operators) is a dense subspace of By (H). 


An operator A € B (ff) is said to belong to the von Neumann-Schatten class 
B, (H), 1 < p < oo if the p-Schatten norm is finite [19, p. 60-64] 


|All, := ler (AIP)? < 00, 


|A|? is an operator notation and not a power. 
For 1 <p<q<o we have that 


B (H) C By (H) C B, (H) C B(H) (38) 


and 
|All, = All, = All, = IlAll- (39) 


For p > 1 the functional ||- 
algebra, and (8, (7), II-ll, 
Also, see for instance [19, p. 60-64], for p > 1, 


, is a norm on the *-ideal B, (H), which is a Banach 


is a Banach space. 


Se 


|All, = IIA*ll,, A € Bp (A) (40) 


|ABll, < llAll, IBll,, A,B € Bp (A) (41) 


and 


ABI, <All, IBll, IBAll, <IIBINAl,, 4€ 5p (4), Be B(H). (42) 
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This implies that 


|CABI], < CIA, |B, A € 8 (A), B,C € B(A). (43) 

In terms of p-Schatten norm we have the Hélder inequality for p,q > 1 with 
; + Z = 

(tr (AB)| <) ABI], < |All, 1BI,, AB) (A), BEB, (HA). (44) 


For the theory of trace functionals and their applications the interested reader 
is referred to [18] and [19]. 

For some classical trace inequalities see [9], [10] and [14], which are contin- 
uations of the work of Bellman [7]. 


5 Main Results 


We start with 1-Schatten norm weighted mixed generalized Canavati fractional 
Ostrowski type inequalities involving several functions taking values in the Ba- 
nach algebra Bj (H) C B(HA): 


Theorem 12 Let the «-ideal Bz (H), which (B2(H),||-\|,) is @ Banach algebra; 
xo € [a,b] CR,v > 1, = [|]; fi € C” ([a,)],B2(A)), i = 1,..,7r Ee N- 
{1}; g € C1 ([a,b]), strictly cei such that g~' € C” ([g(a),g(b)]), with 


a og” ae (g(ao)) =0, K=1,...,.n-1;i=1,...,r. Assume further that fj 0 
~* € Chiao) (Ig (a) 9 (6)] , Bo (nn A Cha) (Ig (2) 9 (0)] ,B2 (H)), ¢=1,...,7 
Denote by 


K (fi, seey fr) (x0) = 


ye / [] fi @) | fi@) de - ‘ [] fi @) | ax | fio] (45) 
i=1 a j=l a j=l 
j#t jt 
Then 
IK (Pass fe) (tally $e >| [lle see) (HT WLM nore 
(900) — g(a)" | TL) vy | ax | | + (46) 
Ti 
||, Peon (F297) Tc socesy cy @) — 9 200)" [ TL ( ally | ax 
; ti 
10 
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Proof. Since (fj og 
by Theorem 4 that 


g(@) 
fila) filo) = Fey f @@)- 9 (Dyan eg) Oat, 4D 


Va € [xo, b], 
and by Theorem 5 that 


g(xo) 
file) fle) = By ff -9@)"™ (Dye (Keg) ae, (48) 


Va € [a,x], for all i = 1,...,r. 
Left multiplying (47) and (48) with (T= fj (2) we get, respectively, 
j#Fi 


[Ti=1 fj (2) g(x 
(ep) | a) 0° (Dhiay (f29) (Oat, (9) 


r(v) (ae) 
Vae [Xo, b] 5 
and 
II f(z) | fie) - | [4 @ | A@o) = (50) 
i igi 


Va € [a,x], for all i = 1,...,r. 
Adding (49) and (50) as separate groups, we obtain 


VTA @ | £@-L | TLS ©@ | fi (eo) = 
a Ge Ge 


r ie g(@) 
SE WTL@ | fe -97 (Dies (fog) Oat, (1) 


11 
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V@eE [x0, 4], 


and 
i fi 0} = i fi (a 1) fi (0) 
i=1 | j=1 i=1 | j=1 
j#t Get 


e £ g(xo) 
oo iy 0] (t= 9(2))"* (Diag (fie97")) at, (62) 


Vx € [a, xo]. 
Next, we integrate (51) and (52) with respect to x € [a,b]. We have 


ae it a ww Ef a 3 fi (eo) = 
* \GRi os ew 
Ele (tv) (2e-etor pon) 


(53) 


aaa iL fila)de—~ > a be) 3 foe 


j#t j#t 
5 (C (ton) (fear (tor 900) 
J#t 


(54) 


12 
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j=1 


Iefte) (Cretan 


“ (55) 
Therefore, we get that 
|x (fi, Stes fr) (xo)|l1 = 
iG b r b r 1 
3 | ip i fi | fi (0) dx - | | i fi | 3 fi aa 
j#i j#i 1 


If i fj 7 Cie (t—9 (0))"* (Dyan) (fie.g™*)) (Oat . 


‘ (56) 

(4) (faery 

i fi 7 ( / = a(0))" (Diy (S097) i) . 

(57) 

fr}icretenrn 
c voy 7 g(xo) 

re: | hey ( / wy C9 | (Psc20)- (noo) a) . 


1 


+ 


j#t 
(58) 
by 7 g(x) 
7 (2)|lo Sa le Delta? —1)) (€)|| dé) da] | =: (*). 
af itn) (C20 "MH (Diceo) (f°. 97") CO], | (*) 
j#i 
Hence it holds 
IK (fi, -5 fr) (olla < (*)- (59) 
We have that 
x) < : 
()s T(v+1) 
13 
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py ite Gz og ')) leh eeu A. it I| fj (a a 20) — 9 (#))” . 
+ ete =) I. [oC oma i Il fj (x Jo (x) — va : 


(60) 
FeH DY [Creo 42) ball cero 


(9 (xo) — g (a))” i ' Ilfj (@ i} Je = (61) 
iF 
I (oo )) Ll cece co (9 ) (a 3 +}) , 
a#i 


proving (46). m= 


a, 
— 
| 
Ss 
“— 
8 
o 
~~" 
~~" 
S 
a eS 
o— 
oO ot 
NS 
wS 
IL 


Next comes an Lj, estimate. 


Theorem 13 All as in Theorem 12. Then 


EK Cty fe) (tolls < <7 


T(v) 


= | (Dyeee)- (fi° g')) Isleideseteagae. i lf; (x a way . 


(62) 


lle a) | tl Roemer iE (itn J ovine 


Proof. We observe that (by (58), (59)) 
(x) < 7 
2 fie (fi ao) a it on (g (wo) — g(x))” + . 
a#i is 
14 
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+] [l] Peo oo) 


proving (62). m= 
An Ly estimate follows. 


Li([9(%o),9(6)]) 


Theorem 14 All as in Theorem 12. Let now p,q>1: 


1 


IK (fi, -- fr) (Zola < 


Tr 


[Exe Fe Nalco 


i=1 


b 


| (Pee (fio ')) A nee / (9 (2) — 9(@0))"* 


0 


Proof. We have that (by (58), (59)) 


Msmh (lf Tl il i 


i=1 
ivr 


IA 


g(@) 2 
_ 4)P(v-1) 
ie Tl @ 2)lly (fo t) i) 
i 


(hog (200°) 


ee "TTT ie cy | Geo) = 9 @)) 
Toes i LY larareereere 
j#i 
15 
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(pv — 1) +1)? T(v) 


ile ” (@ (eo) - 


(Dye) 


i I fi (Ilo | (9 (2) —g(ao))”* dx| | , 


‘| Ti z)||, | dx 
Hi 
(64 
Liss x)\|, | dz 
a 
(65) 
(feo) da 
2!"q,[9(@),9(0)] 
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+f TL) yy, | C@2=—so) 


(piv - )P 
jw 


1 
(p(v — 1) +1)? T(v) 


:09°)) (| de 
(2% (frog Ol Me is ae 


> |I(e% g (a0 )— (fi og7 Miki esses ie (9(®0) — 9 (a))"~4 I fi (Zl | dx 


i 
(66) 
b 7 r 
+ [ceo 29) Toll, pte. [ @-s(e0y"* IG dx || , 


proving (64). m 
We continue with y-Schatten norm related Ostrowski fractional inequalities: 


Theorem 15 Let y > 1, the *-ideal B, (H), which (8, (Hf), I-I.,) is a Banach 
algebra; xo € [a,b] CR, v >1, n= |v]; fi € C” (a, 0], B,(H)), i =1,..,r € 
N — {1}; g € C' ([a,0]), strictly increasing such that g~+ € C” ([g(a),g(b)}), 
with (og) (g(vo)) = 0, k= 1,..,n-1;%4 = 1,...,r. Assume further 
that frog" € Coin.) ([9 (@) 9 (0)], By (A DIAC) Ig (a ), 9 (0)] ,B, (H)), i= 


Le nay hs 
Here K (fi,..., fr-) (Go) ts as in (45). Then 
1 
IK (fi, + fr) (®o)IL, S Tern >| [le eg og bors 
(a0) —9(a))" | I Wf (e)IL, | ae |) + (67) 
Ii 


b 


(9 (0) — 9 (1t0))” i) I lf (IL, | ae 


(0) 


iyi 


| | Dx cco) ( frog” 
co, [9(x0),9(6)] 


Proof. As similar to Theorem 12 is omitted. Use of (41). m 
An Ly, estimate follows: 


16 
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Theorem 16 All as in Theorem 15. Then 


IK (fis fr) (o)lly < 


Tr 


[|(2%en—(eeo)) Sat [TL @t, | @G0) - oe ae 


i=1 


ve 
+] Keo DI | f PLLM el, | oso" ae 


Proof. As similar to Theorem 13 is omitted. m 
An Ly estimate follows. 


Theorem 17 All as in Theorem 15. Let now p,q>1: 


IK (fi, fr) (@o)lly S 


Tr 


| @leo)-a@y" ITs (x)|, | ae 


ie seo) (f:29")) I, 


i=1 q,[9(@),9(xo)] 


+ || fen 220-9)| 


b T 
peta 
[sco | TL @, | a 
YMlq,[9(vo).9(0)] | 2 eo j=l 
j#i 
Proof. As similar to Theorem 14 is omitted. 
When r = 2 we derive the following p-Schatten norm operator related Os- 


trowski type Canavati fractional inequalities. 


Theorem 18 Let p,q>1:4+4+ 


- +3 =1, and let the *-ideals B, (H), By (H), for 
which (Bp (#7) , ||-| ae (8, (H ) Illa) are Banach algebras; xo € [a,b] CR, a> 
1, n = [a]; Ai € C” ([a,b], Bp (H)), Ao € C” ([a, 0], By (H)); 9 € C* ([a, 4), 
strictly increasing, such that g-+ € C” ([g (a) ,g (0)]), with (A; 0 a (g (xo)) = 
0,k =1,...,n-1;i=1,2. Assume further that A;og~! € C® Hone ([9 (a) ,9 (b)] ,B, (A) 
C8ia,y (Ig (a) 9 (6)],Bp (H)), and Az og! € C%,.. ([g(a).9 (6)],By (#)) N 

Chao) (Lg (@) 9 ()] Bq 1). Then 


17 
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1) it holds 


@ (Aj, Aa) (x0) = [ Ae) ) Ay (a + fA) ) Ag (x) dx— 


b b 
( Ao (x) is) Aj (x0) = (/ Aj (x) is) Ag (x0) = 


Aa (2) ( ee g(a) (Dag) (Ar 2972)) (2) ts) da 


+ 


P As(e) i (2) — 2° (Dey (Ar 0.97 ") a) de 


+ 


fo 


9 
2) fory,6 >1:2+5=1, we have that 


Xo g(xo) ‘ 
A, (x) ( (z—g(x))~ (Diese (Az ° g')) (z) i) dx 


(xo) 


1 
T (a) (y¥(a—1) +1)? 


II (Ai, Ao) (eo), < 


{ [P-L nents Meee tter atone 
| [Prien wl 5,[9(wo),g(b a Aa (2)||, (g (2) — g (w0))°~ 8 de + 

(71) 

Pins (42°F VDI egy de VA lle Co Cea) — aay # a] + 


[Ds (Az, og" 


(xo) 


nd te Ih, (g (2) - ated 
g(b)] 


[I (At, Az) (20) lI, < <a 


T(a 
{[leieo- rool, 


wt 


3) we also obtain 


WN 
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Eh 42 (2)Ilq (9 (@) = 9 (20) dee | + 
Li((g (xo) g(b)]) 


‘I 


[Pian 26° 


[VA lly) - ata" del 4 
([9(2),9(0)]) 
(12) 


b 
[ VA, @@ ~9(e0))* ts | 
L1({9(xo),9(b)]) ¥ to 


1 
Nh s Tort) 


lea 200) 


-1 
|e oer 


and 


4) 


Q 


I|® (Ai, Az) (zo 


—— 
—— 


[Pee (Ar 297) 


| [As (olla (9 (20) — 9 (@))* de] + 


Plloo,[g(a),9(xo) 


b 
| Az (2)ll_ (9 (2) — 9 (0) dn 
co, [9(#o),9(b)] ¥ Xo 


| [1A Il, 0) —9(@))" ae] + 
oo,[g9(a),g(xo)] 4a 
(73) 


b 
| Al, @@ - 90)" ts | 
oo, [9(xo),9(6)] ¥ 20 


Proof. Here we have that (acting as in the proof of Theorem 12 for r = 2) 


= 
| stax) (Ar 2977) + 


as) 


| re | 


Q 


| Di\ao)- (A2°97*) 


| Pate) (42° 9°')| 


Q 


® (Aj, Aa) ( Xo) = [Ae ) Ai (a + fe ) Ao (a ) dx— 


(ee RG _ 0) ie Ayté yar) 4 say 
ro Lh Aa (a ee RF (41 09°) et) da| + 


“hd ae aie (Ds ato) (Al og =) (z) i) dx| + 
r Ay (a (f ae (ayer! (Dees (Ago o)) yt) dix 
[a Ay (a ( [% a me Ce ») (420 g')) (z) i) ty ! _ (74) 


19 
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Therefore it holds by taking the 1-Schatten norm that 


b b 
\|® (Ai, Aa) (xo) |], = / Ap (a) Ay (x) +f A, (a) Ag (x) dx— 


( [ AG iar) Gi ( [ Ave ar) Ase) 


< 
1 


re ul ) i (9 (x))* (DS co) (Ai 2 g')) (z) i) dx + 
o([ 2) 29° (Dia (Ar 99°) de) 
If (fr z—g oye (Daeo)- (As fo) g')) (z) i) dx “ 
hentai 
| (15) 
0 a(o) 
ra) if oe ts (—9(e))"" (Dien) (Ar og) i) asl + 
[ Ag (x) (/ (g (x) — Bier (Den.) (A, og”)) (z) i) Gal ae 
ie Anco ( JP e960 (Dying (la29™)) 4) ce 


b g(x) 
[ |A@ ( [ @@ 27 (Bhar) (42297)) &) i) i < 
Xo g(xo) 1 
(76) 
(by using the p-Schatten norm and Hélder’s type inequality (44) for p,q >1: 
toaect 
ptq=) 


[eel 


if (g(x) — 2)" (D (D5 Ba (Alog =) (z) i) 


xo 


(0 en) (Day (Aso) 0) 


| + 
Pp 


| + 
Pp 
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+ 


| (Pde) (Aro g')) (2)|| i) dx 


[oe 


g(o0) i 
q (/ (z—g(x))"" 
g(x) 


(Dien) (420°97)) @)]), 


We have proved, so far, that 


ee 
T' (a) 
b 


I|® (Ai, Az) (Zo)|l, < 


[ie ( / - (2-9 («))" 


| (Pete) (Ai ss g')) (2) Pp 


| (Paco) (2° 972) @ 


s)a)}=0 


(79) 
Let now y,6 > 1 such that rae = 1, and we apply the usual Hélder’s inequality 
in (79). Then we have that 


| 


1 
T (a) (y¥(a—1) +1)? 


x0 (dim toh g(xo) 
/ Ao (2)llq (9 (#0) — 9 (a) (/ 


I|® (Ai, Az) (Zo) I], < CA) < 


(Diva0)- (Ave.977)) (2) 


(x) 


; 3 
i) dx| + 
Pp 
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OLeOaey ( / |(P%e0) (Are. 97)) (2) va) + 


eal tal aeo gle a | ie 
/ Aa (2p (g (eo) — 9 (@)) ia 


b stwaiydi g(x) 
Aa ()llp (9 (@) — @ (0) ( / . 


| (Psa) (42 0.97?)) 


(2iien (420079) lf) 


1 
T (a) (y¥(a—1) +17 


IA 


xo i 
{| I] 2se01-(r29" [142 olga eo) 909)? | + 
5,[9(a),g(zo)] 4 @ 
b 1 
| | P20 ail / I A2 (@)llq (9 (2) — 9 (@0))""* dex) + 
P116,[9(@0),g(b)] ¥ vo 
(81) 
xo i 
[ Dien) (420.97) [ 14:@ly (oo) — 9 (ayy ae + 
@16,[g(a),9(xo)] Y@ 


b 1 
i | As (2)|lp (9 (@) = 9 (0)? i] 
5,{9(#o),g(b)] ¥ Zo 


I|® (Ai, Aa) (Zo), < CA) S$ aS 


| | Pries) (4229 


proving (71). 
We also obtain 


+ 


rr | 


Pie (regd| [We la (9 (eo) — 9 (@)) ae 
L1([9(a),9(%0)]) 


Pp 


[Psic Ar°o VIF [ | Ao (2) (9 (2) — 9 (#0) ° dn 
1 (xo) 


Pp 


[rll 0) — 9 (ey ax 
([9(2),9(20)]) 


b 
y | Ar (2)|lp (9 (@) = 9 (a0)? ts 
L1([g(#o),g(b)}) ¥ to 


Q 


(amr) 


Pin 20], 


proving (72). 
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At last we derive 


1 
I (Ar, A2) (oh < O) S$ BEA 


| Poin) (412972) 


ie 
es 


| [WA @lg (9 (00) = 9 (a))" ae + 


Plloo,[g(a),9(ao) 


b 
|| Az (@)||, (9 (@) — 9 (@0))* dx 


| Pex) (Ar 2977) | 
Plloc,fa(eo).0(b)] 420 


+ 


ee | 


| Diva) (42° 97") | | | VAC), (@ (eo) - 9 (@))" ae] + 
loo, [g(a),g(xo)] 74 
b 
| Psieo) (42097) Ar (2), (9 0) ~ ale)" : 
TMloo,[9(wo),g(b)] 4 vo 
(83) 


proving (73). 

The theorem is proved. @ 

Next we present p-Schatten left and right generalized Canavati fractional 
Opial type inequalities: 


Theorem 19 Let the *-ideal Bz (H), which (Bz (H),||-||,) 1s a Banach algebra; 

xo € [a,b] CR, v > 1, n= |v]; f € C” (a,b), Bo (A)), g € C’ (la, d]), strictly 

increasing such that g- € C” ([g(a),g(b)]), with (fog) (g(vo)) = 0, 

k=0,1,...,n —1. Assume further that fog € Chao) (lg (@) .9 ()] ,B2 (H)). 
Let also p,q >1: php Then 


jes 
: 2 


279 (zg (ao) : : ae 
Cw (pw ]l)+ a (v—1)+ 2)]> is | (Deco) (fog )) [fae] ‘ 


for all g (ao) < z<g(b). 


(2.97) ()) ((Dhin) (Fog) (w) dws (84 


Proof. Very similar to the proof of Theorem 13 of [6]. Use of (44) for 
p=q=2. =u 

A similar result comex next: 
Theorem 20 Let y > 1, the *-ideal B, (H), which (, (7) , ||-|| ) is a Banach 
algebra; xo € [a,b] CR, v > 1, n= |r; f € C” ((a, 6], B, (A)), g € C' ({a, 8), 
strictly increasing such that g-' € C” ([g (a) ,g(b)]), with (fo gaye (g (x0)) = 
0, k=0,1,...,n—-1. Assume further that fog! € Chao) (lg (2) 9 (6)] By (A). 


23 


605 George A. Anastassiou 583-621 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


Let also p,q >1: 5 


[eee 02) (Pie 


279 (2-9 (e0))"*# 3 
PV) (Pe-1) +1) @Y-1)+2)] 


for all g(a) < z<g(b). 
Proof. Very similar to the proof of Theorem 13 of [6]. Use of (41) for p = 4. 


2 
q 


(f.|(ieo vero) eft) 


i 
P 


rT] 
It follows the corresponding right side fractional Opial type inequalities: 
Theorem 21 All as in Theorem 19, however now it is fog~! € Cee ([g (a) , 9 (b)] , Bo (A)). 
g(xo) 
[ |Fes2) ©) ((Pyeesy- (F297) (w)) aw < 
1 1. 1 ee 
2-4 xo) — 2)’ te 74 9(%0) 7 my q : 
(o(t9) = 2) Cf WGiea- Foe) eat) 
sar Ye 


T (v) [(p(v — 1) +1) (p(v—- 1) g(x) — ) 


Then 


for all g(a) <z<g(ao). 
Proof. Based on (20), and as similar to the proof of Theorem 19 is omitted. 


rT] 
Next comes another right ride fractional Opial type inequality: 


-1 Vv 
s rer 


)— (Ig (2) 9 (6)] , By (A). 


Theorem 22 All as in Theorem 20, however now it is fog 


Then ae 
[O° [e292 00) (Phar ( 
274 (g (xo) — g)tena (20) : 4 2 
D(v) [(p(v — 1) : 1) (p(v—1)+ 2)]> (/ | (Pye) (fog )) «| ; | : 
87 


for all g(a) <z< (ao). 
Proof. Based on (20), and as similar to the proof of Theorem 19 is omitted. 


7 
It follows the modified generalized left 62 (H)-valued fractional Opial in- 


equality: 
24 
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Theorem 23 All as in Theorem 6, where X = Bo (H 
1. Here we assume that 


Tics 


) and let p,q >1:4+1 
are eo Then 


(£97) (w)) ((DsuH” (Fe 77) w))|], aw < 


ide Moat) pat, 
27-8 (z— g(a) rt» 


q 


DT ((m+1)v) [(p (m+ 1) y= 1) +1) (p((m$ Iv 1) +2)" 


cs (sed role) 


for all g (ao) < z<g(b). 


? 


Proof. As in Theorem 19. 
Next comes another modified generalized left B, (H)-valued fractional Opial 
inequality: 


Theorem 24 All as in Theorem 6, where X = B,(H 
1. Here we assume that 


hes 


) and letp,q>1:4+4 
Gunes! = Then 


(oa) (w)) ((Diesy” (Fea) (w)) | aw s 


274 (z- 


DP ((m+1)v) [(p (m+ 1) v= 1) +1) (p((m$ v1) +2)]" 


(flies vor) ola) 
<2z< (6). 


Proof. As in Theorem 19. g 


for all g (xo) 


The corresponding modified generalized right Bo ( 
inequality comes next: 


)-valued fractional Opial 


Theorem 25 All as in Theorem 7, where X = Bo (H 


) and letp,qg>1: ak i= 
1. Here we assume that Gani <y<1. Then 


T((m+ 1)v) [(p (m+ Iv —1) +1) (p((m+ Iv —1) +2) 


Bir 
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q 


[eae (fog) cl) . 


(a 


for all g(a) <z<g(ao). 


Proof. As in Theorem 19. m 
The corresponding modified generalized right 6, (H)-valued fractional Opial 
inequality comes next: 


Theorem 26 All as in Theorem 7, where X = B,(H) and let p,q >1: 
1. Here we assume that <yu<1l. Then 


re 
=! mt+1)y+i—24 
27# (g(a) — 2) tte 


DT ((m+1)v) [(p (m+ 1) v1) +1) (p((m$ Iv 1) +2)" 


yr (DRY Fea) lf, i) : 


for all g(a) < z<q(ao). 


1 
t+ 


2 Sle 
(m+1)q 


(( ° @7) (w)) (Oe (f é g')) (w)) I, dw < (91) 


Proof. As in Theorem 19. g 
We make 


Remark 27 (to Theorem 12) 
Case of inequality (46): 
Call and assume 


M, (fists te) = (92) 


x Vv P -1 
2 f op [Pion Goof, 


ont | woeled [g(a),9(@o)] 


sup ||| Pico) ee o)]],| < +00 
roela,b] I 9 ay ( ) 2Il00,[9(a0),9(6)] 


Then 
| (fi, --s fr) (0) ||, < Right hand side (46) < 
Mi (fi, ---, fr) (9g (0) — g(a)” < eae . . 
+h) Y[f[Uonfe]. es 
j#i 
We make 
26 
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Remark 28 (to Theorem 13) 
Case of inequality (62): 


Call and assume 


Mo (fi, fr) = (94) 


ee {alia 2 


scoot ee aca Li([9(a),9(20)]) | 


sup [| Psic0 eo), < +00 
xo €[a,b] a op ( ) 2! Li ([9(x0),9(®)]) 


Then 
| (f1,--5 fr) (to) ||, < Right hand side (62) < 


M2 (fi, ---) fr) (g(b) — g(a))”* r 
my) y a Tl @ r)\|, | da}. (95) 


i=1 
ti 
We make 
Remark 29 (to Theorem 14) 
Case of inequality (64): 
Call and assume (p,q > 1: . + ; =/1)s 
Ms (fi, fr) 2= (96) 


sm { sp Poo oe 


xo €[a,b] 


q.([9(a),9(20)]) ” 


wp | [2%en Vieo DIL, < too 
aoe[a,by lil 9%) a(«0),9(b)]) 


Then 
| (f1,---5 fr) (@o) ||, < Right hand side (64) < 


M3 (fi, «+> fr) (g (b) — g(a))” 4 r 
? lf; (w) Il, | dx |. (97) 
(p(v—1) +1)? Pv) 2, [ I 


ti 
We make 
Remark 30 (to Theorem 15) (y > 1) 
Case of inequality (67): 
Call and assume 
MY (fis fr) = (98) 
27 
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[Phew (oo 
loo, [9(a),9(xo)] 


! < +00. 
oo, [9(z0),9()] 


g(@o0)— 


max ap 
i147 xo € [a,b] 


| Pca) ( fog: 


sup 
xo€ [a,b] 
Then 
|K (fi, +1 fr) (to)||, < Right hand side (67) < 
M (firs fr) (9) -9@)’ v a gare 
Cea 3 | TTlseo, Jae]. 9 
j#t 
We make 


Remark 31 (to Theorem 16) (y > 1) 
Case of inequality (68): 


Call and assume: 
Mz Chigeete) — (100) 
rs { , [f2500- (007 
t=1eeol | ao€[a,b] TL ([9(@),9(x0)}) 
sup | Pxceoy (fi ° g') | < +00. 
xo€ [a,b] YL, ([9(#o),9(®)]) 


Then 
Right hand side (68) < 


IK (fi, --» fr) (to)lly S 


y ~ a v—-1 fr b r 
My (fi, ++ fr) (9 (0) = 9 (a) > | Tif @l, dzx|. (101) 


We make 


Remark 32 (to Theorem 17) (y > 1) 
Case of inequality (69): 
Call and assume (p,q > 1: 5 4 a = 1): 
(102) 


M3 (fi, seey fr) — 


[Pion eo) 
VIIq,([9(@),9(x0)]) 


! < +00. 
qg,([9(@o),9(6)]) 


max sup 
Us NOS xo €[a,b] 


| Peo) (fi og) 


sup 
xo €[a,b] 
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Then 
IK (fi, fr) (to) lly < Right hand side (69) < 


ME Groh GOIN" S| PV TT isc, | ae]. 409) 
(Pe-Y+Iere) te yar” 
j#t 
Remark 33 (to Theorem 18) 
i) fory,d>1: oor + =1, case of inequality (71): 
Call and assume 


Ni (Ad, Ap) = 


| Peo) (Ai 0 g™*) | 


max sup 
xo €[a,b] 


, sup | Peay ( (Ay og)| ; 
PI5,[9(@),9(@o)] vo€[a,b] PI5,[9(xo),9(0)] 
sup | Peco) (As og” ; ane lees (As og” ! < +00. 
ro €[a,b] g(a),g(xo)] to€[a,b] x9),g(b)] 
"(1G 
Then 
|® (Ay, Aa) (ao) ||, < right hand side (71) < 
1 
N, (A1,A b aes 
1 (At, Aa) (9 (6) = [iae HI,de+ fare) Vlg ax} (105) 
T (a) (y(@— 1) + 1)7 
ii) case of inequality (72): 
Call and assume 
No (Ay, Ag) = (106) 
mac} op, [Pan (29 sap. [l}rxey (r°9°9| | 
xo €[a,b] PIlLi([9(a),g(wo)]) to€ [a,b] Pil Ls ([g(wo),9(b)]) 


sup |[|Oge)- (42°0-9| Sup [xen (42092) | \ < 400 
#o€|a,b] MN L1([g(a),g(o)]) vo€la,b] TNL ([9(w0),9(b)]) 
Then 


||® (Ay, Aa) (xo) ||, < right hand side (72) < 
No (Aj, Aa) (g (6) — i || Aa (x)II, dx + [ || Aa (x)ll, i] . (107) 


l(a) 
Ns (Aj, Ag) = (108) 


iii) case of inequality (73): 
Call and assume 


| Picea) (Ar o97") » Sup 


Dy x (Ay og™* 
Plloo,[g(a),g(wo)| to€la,b] | g(x0) 


ms sup 
xo €[a,b] oo, [9(xo), o(b)). 
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ae | Pxcco)- (Ar 0g” Sup | Peto (Avo g7)™ < +00. 
xo € [a,b] [9(a),g(a0)] ®%o€[a,d] TNloo,[9(xo),9(b)] 
Then 
||® (Ay, Aa) ae < right hand side (73) < 
Ns (Ai, Aa) (9 ( ae [ 
aien Ai (@)l|,de+ [142 (@)llyde] (109) 
We need 


Remark 34 (i) This is regarding Theorems 12-17. Here K (fi,..., fr) (Xo), 
xo € [a,b], is as in (45). Next we denote and have (case of 1 <v < 2): 


b 
A (fi, suite) = K (fi, fr) (x0) dxo = 


Tr 


Yo-a f T]4@) nae—| f° Nea ae (ia | 


t=1 
Ii j#i 
(110) 


(it) This is regarding Theorem 18. Here ®(A;, Az) (Xo), Lo € [a,b], is as in 
(70). Neat we denote and have (case of 1 <a < 2): 


b 
A (Aj, Az) =| ® (Aj, Ao) (x0) dxo = 


(o~0) (ea An GY Ace) aes fo Ay (a) Ao (a jas) (111) 
( [severe] (wna) - (fa AG yar) ( faatorar). 


(itt) for y > 1, it holds 


b 
IA (fis os folly < ‘i IK fy fe) Dll, de, (112) 


and 


b 
[A (Ar, Aah < | I|® (Ai, Ag) ()|}, de. (113) 


We give the following set of y-Schatten norm generalized Canavati type 
fractional Griiss type inequalities involving several functions over B, (H), y > 1. 
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Theorem 35 All as in Theorem 12, with1 <v <2 (i.e. n=1). Then 


i) 
My (fi, fr) (9 (0) — g(a)” (b= a)” 
lA Gis falls T(v +1) 
SI IMeon} — |. (14) 
=e i oo, [a,b] 
where M, (fi, ..., fr) 1s as in (92), 


IA (fies fell Ma (fis fr) (90) — 9 (@)"* (b= 0) 
loesdr ly S ae 


Ye | D6 ll (115) 


i=l =1 
Je co, [a,b] 


where Mo (fi,..., fr) 1s as in (94), 
iii) when p,q>1: ae ; = 1, we have 


Ms (fi, «++ fr) (g (6) — g(a)” # (b— a)” 


WA Gis fll, < ~ 9h 
: (p(v—1) +1)? T(v) 
| ID ll. (116) 
* ies co, [a,b] 


where M3 (fi,..., fr) is as in (96). 


Proof. By Remarks 34, 27-29 and that 


JFi JFi oo, [a,b] 


| 
We continue with 


Theorem 36 All as in Theorem 15, with1<v <2 (i.e. n=1),y>1. Then 
i) 


M} (fis fr) (9 (0) = 9 (@))" (0= a)” 
Neen es Lee 
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3 


Tt 


Ili (IL, ; (117) 
i=1 \ \)j=1 
j#4 co, [a,b] 
where M7? (fi,..., fr) is as in (98), 


it) 


WA (fis fle < MQ (fi, fr) (g (b) — g (a))”* (b— a)” 
otto ee Be 


Tr 


ys fi @IL, (118) 


j#i oo, [a,b] 


where M3 (fi,..., fr) is as in (100), 
iii) when p,q>1: ot ; = 1, we have 


WA (Fiseor follig < vo Ua Fr) (9 ) “9(a))" 86287 
a (p(v—1) +1)? T(v) 


Tr 


| Le oon, (119) 


#4 co, [a,b] 


where M3 (fi,..., fr) is as in (102). 


Proof. By Remarks 34, 30-32 and that 


b £ r 
J | Ts@l, |e <@-o [Ti 
ji ee or 


7 
Furthermore we have (r = 2 case of p-Schatten norm Griiss inequalities) 


Theorem 37 All as in Theorem 18, with 1 <a < 2 (i.e. [a] =1). Then 
i) fory,d>1: S+35=1, we have 


My (Ai, Az) (9 (6) — 9 (a))*~ 5 (6-2) 
T' (a) (y(@—1) +1)? 


\|A (Ay, Aa) Il, < 


b b 
/ A (2) ||, de + / Ao lt | (120) 


32 


614 George A. Anastassiou 583-621 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


where N; (Aj, Ag) ts as in (104), 


ii) 
A (Ai, Aa)Ily < No (Ai, Ag) (g oo (a)) (b—a) 
b b 
/ Ar (@)], de + / | Ao la (121) 
where Nz (Ai, Ag) ts as in (106), 
and 
me N3(A1,A b “(bo 
A (Ay, Aa)[], < Mee ee Use) 
b b 
/ Ar (@) ||, de + / Ae ola] (122) 


where Nz (Aj, Az) is as in (108). 


Proof. By Remarks 34, 33. m 


6 Applications 
We start with applications on Ostrowski type inequalities: 


Corollary 38 (to Theorems 12-14) All as in Theorem 12 for g(t) =t. Then 


i) 
1 
|X Gitte) (xo) ||, as T+) 
| {MO alle teen @o- 9” | f | TDI le | ax] | + 23) 
iat 
db r 
WM 2% A lecseos 20)" | fF TLN @l | ae |] 
i 
it) : 
|e (fi, --5 fr) (xo) ||, < T(v) 
[M22%-Alallesdacoy | | ILI lle | @o - 2)" de] + 
i=l a j=l 


Ft 
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(124) 
ae 


++=1, we have 
pq 


IN O% A alescenoy I fj (@)lle | (@- ao)” dx\ |, 
iit) when p,q>1:+ 


1 
[ZE Gis +s Fe) (x aes == I 
0 (v= 1) +1)* Fv) 


Tr 


HN2%,-Alallejaon | f, 0-2)" Tl myll, | ax || + 
t=1 a 


i 


ih 


b 
W240) alten | f= 20)” 
zo 


It follows: 


IL iss ( x)||, | dx . (125) 


tH 


Corollary 39 (to Theorems 15-17) All as in Theorem 15 for g(t) =t, y>1 
Then 
i) 


1 
LK (fi, 5 fr) (zo) ||, a T (y+ 1) 


x Nes gaat IL, I. Pee (ao — a)” i Li, dx || + 


(126) 


ne rod) | al. fora (b— 20)” [ IL @, da 


IK (fay Fr) (wo)lly << 


Tr 


(o%.-f) 


i=1 


xo r 
[| Tls@, | 0-2" ae] + 
(lazol) Ja | 24 
j= 
i#i 


Ne voi YI, he Cites ae Tl @ (x — x9)” * dx 


tay 
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iii) when p,q > L:5+7=1, we have 


IK (fis fe) @o)lly < ; 
"7 (v= 1) +1)? P) 


- xo : r 
d. 2AM sean if (ap — x) q Ills (x)|), da a. 
Fi 
b wfe 
| | (Det) IL, on / (x — 2x9)" # II fi (2)|L, | €e (198) 
s[z0, ay es 
ji 


We continue with 
Corollary 40 (to Theorem 18) All as in Theorem 18, with g(t) = e'. Then 


i) fory,6>1:5+5=1, we have 
1 
I|® (Ai, Az) (#0) Il, S z 
P(a)(y(@—-) +)? 


[142 ele -ey# d] + 


| Passa (Ai 2 ioe), [e*,e70 


; 1 
| aad 108), [ero a || Az (w)|, (e” — e7°)°" * dav 
fer0,€°] Jing 
I pears tos), [ea se Arwker—e)-4 as| +4 


b 1 
lies (Az olog)llal mr 14s er — eye (129) 


ii) it holds 
1 

pcan 

|® (Ai, Az) (Xo) |, < T(a) 


[Pirlo — e277 ae] + 


+ 


| me: | 


La ([e*,e*0]) 


b 
Qa LZ 4X0 a-1 
fire eel gensay fle lal eye! de 


; A LO _ px a1 1 
es | [Ai (x)|l, (e e*) ac| + (130) 


{|[[l2%-— (re 108), 
‘ 


||l22— (42 08), 
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b 
x x@g\a-1 
fires A208) jem.emy WAL (@)Il, (e* —€") a 


and 
iii) 
a 
Mh © Fea 
xo 
{|| |D2..— (Ar © log)|| all. fs ee, \| Ao (Il, (e%* =e)" dr] + 


b 
|| Deo (Ar ©log)Ih, | [42 (@)ll, (€* - e0)* ae + 
oo, [e70 ,e°] Ja, 


I|® (Ai, Az) (zo 


[leo (22108) sono fs Coll (et — e8Y" ae] + 


lies (42.0108) a, aut IA: (@)Il, (e* — 62)" uel}. (131) 


We continue with applications on Opial inequalities 


Corollary 41 (to Theorem 19) All as in Theorem 19 with g(t) =t. Let p,q > 
tee =. Then 


[le (Di) (e)lh, dw < 


1. 


279 (z—a9)"tP-4 sits 2 ” 
T (v) [(p(v — 1) +1) (P(v—1) +2) ae (PaF) Mlle : , (132) 


for allajp<z<b. 


It follows: 


Corollary 42 (to Theorem 20) All as in Theorem 20, y > 1, with g(t) = et. 
Let also p,q >1: ptael. Then 


i II((F 9 log) (w)) ((Deeo (fF © log)) (w))I|, dw < 


274 a(z— evo’ t pa z ‘ z 
i I|(Deeo (fo log)) (w) ||, dw], 
CY) [(ey-)+) we) +2)? UV. . 


for all e™ <z<e’. 


We finish with applications on Griiss inequalities: 
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Corollary 43 (to Theorem 35) All as in Theorem 85 with g(t) =t (l1<v <2). 


Then 
i) 
Mifijeatbay A 
WA (fie fdll, < Twt+l [lf @l. | 
i=l jaa 
j#t Ldieg 


where M, (fi,..., f-) 1s as in (92), 


—a)’t! is r 
IA (fir fed S POS S| TG } 
[a,b] 


where Mo (fi, ..., fr) 1s as in (94), 
iii) when p,q>1: as ; = 1, we have 


3 


|A (fis. fri, < M3 (fi,..., fr) (b- a)’tits 
- Gwar we) ei 


[Lif ll, , 


j#t co, [a,b] 
where M3 (fi,..., fr) is as in (96). 
It follows (r = 2 case) 


Corollary 44 (to Theorem 37) All as in Theorem 37, with [a,b] C R+ — {0}, 
and g(t) =logt. Then 
i) fory,d>1: s+5=1, we have 


Ni (Aj, Ag) (log Byers (b <a a) 


|A (Ai, Aa) Il, S z 
T(a)(y(@-) +! 
b b 
/ I| Ai (@)|,ae+ | || A2 lt (137) 
where N; (Ai, Ag) ts as in (104), 


ii) 
No (Ai, Ap) (log a eae (b = a) 


|A (Ai, Ao)||, < T (a) 
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b b 
/ I|Ai (@)|,ae+ f || A2 lt (138) 
where Nz (Ai, Ag) is as in (106), 
and 
oe ( ) Gog 2)" ( — a) 
N3 Ay, Ao log 7 b-—a 
|A (Ai, Aa) |], < T(at+1) 
b b 
fla clact fas lt . (139) 


where N3 (Aj, Ag) is as in (108). 
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Abstract 

Here we exhibit multivariate quantitative approximations of Banach 
space valued continuous multivariate functions on a box or RY, N EN, 
by the multivariate normalized, quasi-interpolation, Kantorovich type and 
quadrature type neural network operators. We study also the case of ap- 
proximation by iterated operators of the last four types. These approx- 
imations are achieved by establishing multidimensional Jackson type in- 
equalities involving the multivariate modulus of continuity of the engaged 
function or its high order Fréchet derivatives. Our multivariate operators 
are defined by using a multidimensional density function induced by the 
algebraic sigmoid function. The approximations are pointwise and uni- 
form. The related feed-forward neural network is with one hidden layer. 


2020 AMS Mathematics Subject Classification: 41A17, 41A25, 41A30, 
41A36. 

Keywords and Phrases: algebraic sigmoid function, multivariate neural 
network approximation, quasi-interpolation operator, Kantorovich type oper- 
ator, quadrature type operator, multivariate modulus of continuity, abstract 
approximation, iterated approximation. 


1 Introduction 


G.A. Anastassiou in [2] and [3], see chapters 2-5, was the first to establish 
neural network approximations to continuous functions with rates by very specif- 
ically defined neural network operators of Cardaliagnet-Euvrard and ”Squash- 
ing” types, by employing the modulus of continuity of the engaged function or 
its high order derivative, and producing very tight Jackson type inequalities. 
He treats there both the univariate and multivariate cases. The defining these 
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operators ” bell-shaped” and squashing” functions are assumed to be of com- 
pact support. Also in [3] he gives the Nth order asymptotic expansion for the 
error of weak approximation of these two operators to a special natural class of 
smooth functions, see chapters 4-5 there. 

Motivations for this work are the article [15] of Z. Chen and F. Cao, and [4], 
[5], [6], [7], [8], [9], [20], [14], [12], [13], [16], [17]. 

Here we perform multivariate algebraic sigmoid function based neural net- 
work approximations to continuous functions over boxes or over the whole RY, 
N EN, and also iterated approximations. All convergences here are with rates 
expressed via the multivariate modulus of continuity of the involved function 
or its high order Fréchet derivative and given by very tight multidimensional 
Jackson type inequalities. 

We come up with the ”right” precisely defined multivariate normalized, 
quasi-interpolation neural network operators related to boxes or R%, as well 
as Kantorovich type and quadrature type related operators on RY. Our boxes 
are not necessarily symmetric to the origin. In preparation to prove our results 
we establish important properties of the basic multivariate density function in- 
duced by algebraic sigmoid function and defining our operators. 

Feed-forward neural networks (FNNs) with one hidden layer, the only type 
of networks we deal with in this article, are mathematically expressed as 


Np (x) = >_> co ((a5 +2) +8;), ceER’, sen, 
j=0 


where for 0 < j < n, 6; € R are the thresholds, a; € R®° are the connection 
weights, c; € R are the coefficients, (a; - x) is the inner product of a; and x, 
and o is the activation function of the network. In many fundamental network 
models, the activation function is the algebrai sigmoid function. About neural 
networks see [18], [19], [20]. 


2 Basic 


Here see also [12]. 
We consider the generator algebraic function 
y (2) = 


av 
n/] a jem.’ 


N,ceR, (1) 


which is a sigmoid type of function and is a strictly increasing function. 
We see that y (—2) = —y (x) with y (0) = 0. We get that 
1 1 
y (t) = ———,7 > 0, VeeER, (2) 


CLA 
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proving y as strictly increasing over R, y’ (x) = y’ (—x). We easily find that 
lim y(x2) =1, y(4oo) =1, and lim ¢(x) =—-1, p(—o) =-1. 
2—+00 ~L——Co 
We consider the activation function 


O (x)= 7 ly(@e@t+1)-y(e-1). (3) 


Clearly it is ®(2) = ®(—ax2), V x E€ R, so that © is an even function and 
symmetric with respect to the y-axis. Clearly ®(x) > 0,V a ER. 
Also it is l 
@ (0) = —~. 4 
) = S395 (4) 


By [12], we have that ®’ (x) < 0 for > 0. That is © is strictly decreasing over 
(0, +00). 

Clearly, © is strictly increasing over (—co,0) and © (0) = 0. 

Furthermore we obtain that 


_lim_ (2) = 7 [p (+00) - 9 (+00)] = 0, (5) 
and 1 
lim, & (2) = 5 [p(-20) — ¢(-00)] = 0. (6) 


That is the z-axis is the horizontal asymptote of ®. 
Conclusion, ® is a bell shape symmetric function with maximum 


1 
b(0) = , meN. 7 
(0) = sam (7) 
We need 
Theorem 1 (/12]) We have that 
S> ®(c@-i)=1, VreR. (8) 
Theorem 2 (/12/) It holds 
i; ® (x) dx = 1. (9) 
Theorem 3 (/12]) LetO0 <a<1, andnéN with n'~° > 2. It holds 
~ 1 
S- ® (nx —k) < meN. (10) 
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Denote by |-| the integral part of the number and by [-] the ceiling of the 
number. 


We need 


Theorem 4 (/12/) Let [a,b] CR andn €N so that [na] < |nb]. It holds 
1 


= <2(VIFR), a) 
SS @(na—k) 
k=[na] 
Va € [a,b], mEN. 
Note 5 1) By [12] we have that 
[nd] 
lim S° ®(na—k) 41, (12) 


n—0o k—[na] 
for at least some x € |a, }]. 
2) Let [a,b] C R. For large n € N we always have [na] < |nb]. Also 
a< <b, iff [na] <k< [nb]. 
In general it holds that 


[nb| 


S> @(na—k) <1. (13) 
k=[na] 
We introduce 
N 
Z (21,..,0n) = Z(e):=][G(@:), 2 =(a1,..,0v)€RY, NEN. (14) 
t=1 
It has the properties: 
(i) Z(z) > 0, Vere RY, 
(ii) 
So Z(@-kh)= SO YD. SD Zi —h,..,2n — kw) =1, (15) 
k=—oo ky =—0o kg=—00 kn=—-co 


where k := (ky, ...,kn) € ZY, V2 € RY, 
hence 
(iii) 
S° Z(nv—k) =1, (16) 


VaeER;neNn, 
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and 
(iv) 
if Z (x) dx = 1, (17) 
RN 
that is Z is a multivariate density function. 
Here denote |||, := max {|r| ,...,|an|}, 2 € RY, also set 00 := (00,...,00), 
00 := (—oo,..., 00) upon the multivariate context, and 


[na] := ([nar],..., [nan ]), 


(18) 
[nb| — (Lnbi | poeey [nbw }) ’ 
where a := (a1,...,an), b:= (b1,..., bn). 
We obviously see that 
[nb| [nb| N 
S> Z(ne-k)= > (Tes. -»)) = 
k=[na] k=[na] \i=1 
[nbi | 


[nbn | N N Lnbi] 
ki=[naj| kn=[nan | i=l i=l ki=[na;| 
For 0< 8<landn€N, a fixed x € RN, we have that 


[nb| 
ye, Z (nz —k) = 
k=[na] 
[nb] [nb] 
S- Z (na —k) + Z (na —k). (20) 
k = [na] = [na] 
eles ae lp — tlhe > we 


co 

In the last two sums the counting is over disjoint vector sets of k’s, because the 
condition ||£ — «||, > + implies that there exists at least one 
where r € {1,...,N}. 


te > aps 
(v) As in [10], pp. 379-380, we derive that 


sae (10) 1 
ys Z(nz—k) < sa 0<6<1, mEN, (21) 
4m (n'—8 — 2) 
k = [na] 
ll - loo > ae 


withn€N:n!-8>2,2€ nee [a;, bi] 
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(vi) By Theorem 4 we get that 


0< = E a * Z é a & [2(27/T+4™)]™, (22) 
k=[na] ee 


Vue Cs [a:,il), neN. 
It is also clear that 


(vii) 
{I -akoo a 


ne ere 
Furthermore it holds 


[nb | 
lim S° Z(ne—k) #1, (24) 
k=[na] 


for at least some x € (eS [a;, bil) 

Here (x, I-I,) is a Banach space. 

Let f € en Hee [a;, by] X), a = (a1,...,0n) € TEN, [aids], n € N such 
that [na;| < |nb;|, 7 =1,...,.N. 

We introduce and define the following multivariate linear normalized neural 
network operator (x := (%1,...,UN) € Cee [a:, bil): 


[nb| k) 7 (mn <n 
An (f,01,.¢N) = An (f, 2) = k= mal f(§) 2 (na Me 


[nby | [nbe | [nbn | k k N 
Ponsa Pane ee Sheeeate. (as eard =) yee © (nx; re i) 
N nb; . 
Tes ( ae 4 a ® (na; a ki)) 


For large enough n € N we always obtain [na;| < |nb;|, 7 = 1,...,N. Also 
a< Bi < bj, iff [naj] < ki < |[ndb;|, i =1,...,.N. 
When geECc (1 1 [Gi bil) we define the companion operator 


= : ad (-) Z (nx — k) 


An (9, zr) = ee az (na = k) (26) 


627 George A. Anastassiou 622-653 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


Clearly A), is a positive linear operator. We have that 


N 
A, (1,2) =1, Vxe (11 os] 
i=1 
. N ~ 
Notice that An (f) € C (is [ai, by] ,X) and A, (g) € C (i ; (ai, il) 
Furthermore it holds 
sine) 


na eG YL, Z (na — k) oe 
An (f, x pas z= [me =A, (||f yh) 27 
40 (FN $ St ra 8) (Iifl,.2), 27) 


Vee 3 las bi]. 


Clearly [If ll, € C (Ia (ai, bil) - 
So, we have that 


An (Fs2)IL, < An (IIL, +2) (28) 


vce TTY, [aisbil, Vn EN, V FEC (TIL, [ai bil,X). 


Let ce X andgeEC (mm 1 (aes il); then cg € C (i 1 (ae, bi] ,X) : 
Furthermore it holds 


An (cg, 2) = cAn ( ). veel [a;, bi] . (29) 


Since An (1) = 1, we get that 
An(c)=c, Vee xX. (30) 
We call ie the companion operator of Ap. 


For convinience we call 


[nb| 


ao s(= )z (nz — k) = 


k=[na] 


[nb; | [nbe | [nbn | N 
yee 5(3, Mt) (TL -)), (31) 


ki=[nay | ko=[nae| kn= [nan | 


Vue (Tie ‘ (ai, i]) : 
That is 


(32) 
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Vue (ess [ai,i]), neN. 
Hence 


_ ACh) ~ F@) (Deiat Z (m2 — 8) 


An (f,2) — f (2) SP (ue — 0 (33) 
Consequently we derive 
(22) * [nb] 
An(f2)-F@IL, < 2(°V1I+4)]" At (f,2)-Ff(@) D2 Z(ne—b)]] , 
— (34). 


vee (TIM; [ai,2]) 
We will estimate the right hand side of (34). 
For the last and others we need 


Definition 6 (/11], p. 274) Let M be a convex and compact subset of (RN, I-ll,) : 


p€ [1, co], and (x, I-I,) be a Banach space. Let f € C(M,X). We define the 
first modulus of continuity of f as 


wil(f,d):= sup If (x) - fF @)Il,, 0< 6 < diam(M). (35) 
zyEeM: 
Iz — yl, <4 


If 6 > diam (M), then 
wi (f,d) = w1 (f,diam(M)). (36) 


Notice w (f,6) is increasing in 6 > 0. For f € Cg (M, X) (continuous and 
bounded functions) w  (f,6) is defined similarly. 


Lemma 7 (/11/, p. 274) We have w,(f,6) > 0 as 6 | 0, iff f € C(M,X), 


where M is a convex compact subset of (RY, I-ll,) > pé€[l,oo]. 


Clearly we have also: f € Cy (R%,X) (uniformly continuous functions), 
iff w; (f,d) + 0 as 6 | 0, where w , is defined similarly to (35). The space 
Cp (RX) denotes the continuous and bounded functions on RY. 

When f € Cp (RY, X) we define, 


Bn (f, 2) := Bn (f,21,-,2N) = 3 £(S) 2tme- = 


fore) fore) fore) N 
Se De (2,2...) (ITeis—m)), (37) 


ky= co kg = co kn= co 
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néeN,Va2eR, N EN, the multivariate quasi-interpolation neural network 
operator. 


Also for f € Cg (RY, X) we define the multivariate Kantorovich type neural 
network operator 


Cn (f,@) = Cy (f, 21, .,0N) = S- (» ie f (t) i) Z (nz — k) 


k=—0o 


CO [oe) Co 


itt kot) ky tl 
Se Se v2 (> a ae Ft outy) ta) 
ky =—00 kg =—00 “nh 


(Ir nx; — kj ) ; (38) 


) , N EN, we define the multivariate neural net- 
work operator of quadrature type D, (f,x), n € N, as follows 


neN, VcaeR. 
Again for f € Cp (RY, X 


Let 0 = (01,...,0n) € nN Pa(Hieagth) e Ly . Ue pcre cog 0, Such 
0 01 02 
that > Wr = > ee Ss Wry ,ra,. 
r=0 


r,=0 r2=0 


ony = Tee ZY and 
Bert 


f k; r 
) =Yws (E45) = 
r=0 


3 Starman! (BeBe BE), 
ae mart EATEN nn nO? n | nb’? n - nOy )’ 
71 =0 r2= 


i T1 12 rN 
where 7 oes Bare su) , 
We set 


Onk (f) ?= On,ky ,ko,..- 


Da Fe) = Da Fig tn) = YO bac (DZ 


fore) foe) foe) N 
Se i (ITeims—m)). 
ky=—00 kg2=—0o i=l 


kn=—-co 
VaeR. 


(40) 


In this article we study the approximation properties of An, Bn,Cr, Dn 
neural network operators and as well of their iterates. That is, the quantitative 
pointwise and uniform convergence of these operators to the unit operator I 
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3 Multivariate general Neural Network Approx- 
imations 


Here we present several vectorial neural network approximations to Banach 
space valued functions given with rates. 
We give 


Theorem 8 Let f € c(t [ai,bi],X), 0<6B<1,27eE (i [ai,i]) , 
m,N,n€N with n'-8 > 2. Then 


1 
An (2) — fF @ll, < 2 CVYIF (na) — li =: (n), 
(41) 
and 
2) 
IllAn (1) = SIL] <a @- (42) 


lI-ll 
We notice that lim An (f) = f, pointwise and uniformly. 
n—Cco 


Above w, is with respect to p = oo. 


Proof. We observe that 


[nb| 


A(x) := Ai (f,2)—f(@) S) Z(ne—k) = 


k=[na] 


[nb] [nb] 
oe §(£) zine &) - Ss) f(a) Z(na-k) = 


k=[na] 


Thus ey 
Hal, so if (=)-1@ Zeb) = 
> |r(*)-s09], 202-04 

ee 


10 
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[nb| ; 
k (16) 
y  [r(F)-se@)] zee-0 
k = [na] - 
l= -lloo > a8 
[nb 
1 (21) 
o(ad)+2fui, Sze 
k = [na] 
paella Hse 
yl, 
i: (» =) Am (ni-6 — Pal ) 
So that | 
i Illy 
14 (sm (2) + nat (45) 


Now using (34) we finish the proof. m 
We make 


Remark 9 (/11), pp. 263-266) Let (RN, I-llp) N EN; where ||-||,, is the Lp- 


norm, 1<p<oo. R is a Banach space, and (RY)? denotes the j-fold product 
space RN x...x RN endowed with the max-norm ||| (qxyi = max ||x,||,,, where 
1SASj L 


y= Cie tse (RY)! : 

Let (x, I-I.,) be a general Banach space. Then the space L; := L; (RY)? :X) 
of all j-multilinear continuous maps g : (RX)? 3 X,7=1,...,m, is a Banach 
space with norm 


lg (@) 
Ig -=Ilgle, = sup [lg (@)IL, = sup | 2 


eh 46 
al,-le, “© 


Well (nvys=2 


Let M be a non-empty conver and compact subset of RN and x € M is 
fixed. 

Let O be an open subset of RN : M CO. Let f :O — X be a continuous 
function, whose Fréchet derivatives (see [21]) f) :O > L; = L; ((RY)’ :X) 
exist and are continuous for 1 <j <m,meN.— 

Call (x — x9)’ := (a — 29,...,t — 20) € (RY)’, ceM. 

We will work with f\m. 

Then, by Taylor’s formula ([14]), ([21], p. 124), we get 


™ #4) (m0) (@ — 9\4 
f(a)=>0 = on Bo) se ue ah alhee M. (47) 
j=0 , 
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where the remainder is the Riemann integral 


Ri (1,20) = f LE* (70 (0 + ule ~ a) — f° (60) (0 = 20)” a 


(m — 1)! 
(48) 
here we set f) (xo) (x —20)° = f (a0). 
We consider 
wi=ur(f™,h) = sup [[f™ (a) - ¢™ (||, (49) 
z,yeM: 
lle-yll, Sh 
h>0. 
We obtain 
| (ro (xp + u(@— 0)) — ‘aks (0) (x - 0)" | < 
| £™ (wo + u(@ — 20) — F™ (20)]] - Ile - aol” < 
am [Ulla — oll 
w le — aoe [Fe (50 
by Lemma 7.1.1, [1], p. 208, where |[-] is the ceiling. 
Therefore for alla € M (see [1], pp. 121-122): 
af [ulle—oll,] Q- uy" 
|x (azo), < whe sol f |e) CH a 
= Tm (Ia — oly) (51) 


by a change of variable, where 


[ete _ 3)" oe _ 
Dm (t) = [=] ay ds = = de-N , VteR, (52) 


is a (polynomial) spline function, see [1], p. 210-211. 
Also from there we get 


ee 
m(t) < ! | 
Pm (i) s (om me Sensi)’ ee oP) 


with equality true only at t = 0. 
Therefore it holds 


Lee (a, 09)|,, <w (Waele, Weal”, lle— ely”) ey 
PS HED ee (m+1Ih * wm! " 8 ™@m-—1)! |’ 
(54) 
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We have found that 


Haye Xo) (ero) < 


j=0 


p  lie@—aollp . Alle — 2ol 


(m) Iz — roll, 2 
oi (f ee (m+ 1)!h a Saas 9) 


V «x,t € M. 

Here 0 < wi (fh) < co, by M being compact and f\™ being continuous 
on M. 

One can rewrite (55) as follows: 


je es to) (= #0) 2 
j=0 Bs 
m+1 m m—-1 
os A||- — xol| 
mp) (eaaolp I= 20h a) eee 
wr (F' foe Omi saa 1p)? Y OEM, (56) 


a pointwise functional inequality on M. 

Here (-— 9)’ maps M into (RY)? and it is continuous, also f) (a9) maps 
(RY)? into X and it is continuous. Hence their composition f (ag) (- — xo)” 
is continuous from M into X. 

Clearly f (-) er £© (a0) -— #0)’ C(M,X), hence lf (-) ar f° (@o)-— #0)’ 

i j i 

C(M). 

Let {En} ven be a sequence of positive linear operators mapping C' (M) into 
C(M). 

Therefore we obtain 


4 


is(r0-¥ m 7 iro) au) (xo) < 
= 29||"") ) (x Ey (lI eolly')) @ 
oes (Zy (Il =n) Gl lr) 
h (Ew (lI-—2ollp” *)) (@o) 
eae d =| = 
YNEN,VanoEeM. 
13 
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N My 2 
Clearly (57) is valid when M = [] [a;,b;] and L, = An, see (26). 
i=1 


All the above is preparation for the following theorem, where we assume 
Fréchet differentiability of functions. 
This will be a direct application of Theorem 10.2, [11], pp. 268-270. The 
operators A, An fulfill its assumptions, see (25), (26), (28), (29) and (30). 
We present the following high order approximation results. 
Theorem 10 Let O open subset of (RY, I-llp) ,p € [1, co], such that Il [ai, bi] C 
i=1 


a 


O CR, and let (%IlI,) be a general Banach space. Let ™m € N and f € 


C™ (O,X), the space of m-times continuously Fréchet differentiable functions 
N 
from O into X. We study the approximation of f| nx . Let xo € (iI (ai, ul) 
I [ai ,bi t=1 
andr >0. Then . 
1) 


= ) a (-aug)) en) 


os 
8 
Q 
Q 
>. 
=. 
S) 
~ 
8 
= 
< 
Si: 
Sb 
S 
ees: 
8 
j=) 
bel 
I 
=) 
& 
I 
€ 
fas} 
> 
8 
e 
ios 


wr ( f™,r ((An (I — 2oll”**)) (wo) 
(er Uses 2) ) ((aa(h—ag)) 00) 
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and 
4) 
An (F) = fil. < 
[nA - Fl, we fhlose 
> ill ( (F (a0) (-—20)°)) (eo) aS 
= j! Yloo,ao€ T] [ai,b:] 
a=1 
A; 
(™m) = m+1 |" 
2 (4.7 [Ba (Ia) oan 
rm! 
| (4s (I-20) (a0) [" » (61) 
oo,0€ TI [as.bs] 
1 ioe mir? 
(m+1)'2° 8 
We need 


ee — N 
Lemma 11 The function (4, (I: - wrlly’) (x9) ts continuous in xg € (11 [a;, bl) ; 
i=l 
mEN. 


Proof. By Lemma 10.3, [11], p. 272. 
We give 


Corollary 12 (to Theorem 10, case of ™=1) Then 


1 
(An (A) 0) ~ F (@o)Ily < |] (An (F© (0) ¢ — 20))) (@o)f], + 


gs (£,r (An (I 20l2)) (o0))*) ((An (Ih =20l) 20)” (2) 


2 
1 —_ 
bene] 

and 
2) 

An(f))~ fill] x 

In () = Fl ee 
15 
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[I-45 (42° eo) = 20))) (eo) + 


N 
Vloo,ao€ [] [a:,b:] 
$=) 
1 ) 2 2 
pet (£°,r||(An (Ih 20ll8)) (0 
Syd Pgh n | “oll, (xo) See TI abl 
4=1 


IF (ba) eof, cetian tT E] 8 


r>0. 
We make 


Remark 13 We estimate 0 <a<1,m,m,nE€N:n'~°% > 2, 


yo lntl asp 
A, (\I-— 2ollz**) (20) = Saefnat a = tolls” 2 (nto — #) ee 


nb 
See ee (nz — k) 


[nb] m+1 
[2(*vI+a)]* S- E — £0 Z (nao — k) = (64) 
k=[na] 9, 
N [nb] k m+1 
[2 ( 78/1 + 4™)] = I< — Xo Z (nag — k) + 
k = [na 7 
ln — 2oll., S ae 
[nb] m+1 9 
(23) 
S E-s0] — zento—a) p's 
k = [na] “ 
‘|i — 20l|. > ae 
2m/ — N 1 i \|b = ae 
[2 ( Ara )] noa(mt+1) ' 4m (nl-@ = ay ’ (65) 


(where b— a = (b1 — a4,...,bn — an)). 
N 
We have proved that (V xo € [I [a:, b:]) 
i=l 


nemt+l) "Am (ni-o — ee 


—aql™t 
4, (Ir=2o") @o) < BOVERI)” | te \ extn 
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O<a<1,m,m,nEN:n'-% > 2). 
And, consequently it holds 


An (| ~ 20125") (20)| : 
| | oll.) (@o) voyeoe I fas. 
mom Vf 1 ball 
[2 ( W71+4™)] { aio an (nina — 2m =, (n)- 0, asn— +00. 


(67) 

So, we have that yp, (n) > 0, as n + +00. Thus, when p € [1,00], from 
Theorem 10 we have the convergence to zero in the right hand sides of parts (1), 
(2). : | 

Next we estimate | (An (7 (xo) (© — wo)’) J (x0)|| 

¥ 
We have that 
Ofna £9 (wo) (% = 20)’ Z (nao ~ ki) 


(An (F (@0) (= 20)°)) (eo) = re Z (nto — ) 


(68) 
When p=, j = 1,...,™, we obtain 
. k j k j 
| f (eo) ( - vo) | < |[F (2o)| | — x9 (69) 
n n as 
4 
We further have that 
ve , F (22) 
| (An (4 (0) ( ~ 20)')) (eo), “< 
N [nb] . k J 
2(VTFI]” |S fr (eo) (F-20) ff zine - 4) | < 
k=[na] Y 
a [nb] k j 

[2(2vT+ar)])" | So Figg (x0)|| E-a Z(nao—k)| = (70) 

k=[na] OO, 

N : pe k j 

[2 (vi +4") | Fig (x0) | |e - sol) 2 (mz —) | = 
k=[na] oo 
[nb 
2(2/T+am)]™ || fp 2 -, k 
[2 ( +4)! lf (z0)|| s ee (nzo — k) 
k = [na a 
: [= — toll. < ae 
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[nb| 


z (21) 
+ S- |< —2£o|| Z(nayp—k)>? < (71) 
k = [na] ba 
. lt — 20] 00 > ne 
_ m NV (J) ( 0)|| | \|b — all2, 
[2 (1 + 4) ] PF @ {z art aps (nina — 9) 0, asn— o. 


That is 
(4 (72 Xo) (- —20)')) (ao), + 0, as n — Oo. 


Therefore when p = co, for 7 = 1,...,™m, we have proved: 


(An (4 (eo) 20)")) (eo), < 


2 (VTE) [7 (w oll a + ha =| — ve 
r2( ~yT pam)” ], {a | 7 — =! Yo; (n) < 00, 


and converges to zero, as N — OO. 


We conclude: 

In Theorem 10, the right hand sides of (60) and (61) converge to zero as 
n — oo, for any p € [1, oo]. 

Also in Corollary 12, the right hand sides of (62) and (63) converge to zero 
as n — oo, for any p € [1, oo]. 


Conclusion 14 We have proved that the left hand sides of (58), (59), (60), 
(61) and (62), (63) converge to zero as n — ov, for p € [1, co]. Consequently 
A, > I (unit operator) pointwise and uniformly, as n — oo, where p € [1, co]. 
In the presence of initial conditions we achieve a higher speed of convergence, 
see (59). Higher speed of convergence happens also to the left hand side of (58). 


We further give 


Corollary 15 (to Theorem 10) Let O open subset of (R%,||-\|,,), such that 
N 
II [a:,0:] c OO CRY, and let (x, I-l.,) be a general Banach space. Let me N 
i=1 
and f € C™(O,X), the space of m-times continuously Fréchet differentiable 
functions from O into X. We study the approximation of f| x . Let xo € 
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N 
(11 («s,b) andr > 0. Here py, (n) as in (66) and po; (n) as in (72), where 
i=l 
néEN:n-*>2,0<a<1,7=1,...,m. Then 


1) 
(An aa (An (7 (xo) (-— wo)?) J (#)||_ < 


),» (py (n)) m r Tr? 


2) additionally, if f® (a) = 0, j =1,...,7, we have 


I(An (f)) (0) — f (to) Il, S 


rm! m+)’ 2 : 
3) 7 
PH - gu E 
Wy ( dr 1(n =H _ 
(FPO) ayy) - 


We continue with 


Theorem 16 Let f € Cz (R‘,X), 0<6B<1,2€R,mN,nEN with 
n'-8 > 2, wy is for p = 00. Then 


1) 
Ba 2) =F Olly <e (4 : ) + LE (n), (76) 
gee etal seg 2m (n1-6 — 2)?” pte res 
2) 

Bn) = FIL) <2. (77) 
Given that f € (Cu (RY, X) NCB (RY, X)), we obtain Jim Bn (f) = f, uni- 

formly. 
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Proof. We have that 


Bata) Fa)" SF a) Z(na—b)— f(x) J) B (nek) = (78) 
—_ k=—00 
& (1 (=) = f(e)) Binee ts 
Hence 
IBa(F.2)- F< Do Ir (4) -1 a0) = 
» Ir (G) -r@] 202-9 + 
{In alce & 
3 lr (=) — f (a) Te _&) o 
ee 
wy (1.5) +2 lil > Pena (23) 
eee 
oO) a We (79) 


proving the claim. m 
We give 


Theorem 17 Let f € Cz (RA x) 0<6B<1,2€RY,mN,nEN with 
n!-8 > 2, wy is for p = 00. Then 


1 
ICn (f.2) = F@), Son (24 5) += I He =As(n), (80) 
2) 
llc (1) = Sly) < rs). (81) 
Given that f € (Cu (RY,X) Cx (RY,X)), we obtain lim Cy (f) = f, uni- 
formly. 
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Proof. We notice that 


[PF sous f i i f (ti, ta, ..., tr) dtidta...dtw = 
[ i, aa f(o+ Snr. sty +) at. aty = f° (+8) ae 
Thus it holds (by (38) (82) 
Cathay= (wf (8) it) Zin (83) 
We observe that 
|Cn (f,2) — f (2)||, = 
Dae (we fs (:+*) i) Ztne—)~ Yo Fa) 2m —W = 
pe: ((" f° s(e+8) i) -10)) Zine) = 
bo (wf (s G *) = f(e)) i) Z (nz — k) < (84) 
bo! (wf (t+) — f (a) Z (nv —k) = 


(w fio 


k = —oo 
lp — tlhe S we 


i) Z (naz —k)+ 


s(t+ =) -Fe@) tt) Z(n-b) 
1 (Slit. + + [Ea]. )ae) zoom 14 
21 
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2iifil,|| Sa (\nv—a)) | < 
k =—-oo 


ko | 1 
IF 4 ees. 


14 Ila 
wi (Ai+oy)4 eae ae (85) 


proving the claim. m 
We also present 


Theorem 18 Let f € Cg (RY, X), 0<6B<1,2€RX,mN,nEN with 
n!-8 > 2, wy is for p = oo. Then 


1) 
Lay, hil, 
[Da (f2)~ Fl, S44 (Sn tas) + aarp caw aC), (88 
2) 
Pn (A) Fly] < Aan). (87) 
Given that f € (Cu (RY, X) Cz (RY,X)), we obtain lim Dn (f) = f, 
uniformly. 
Proof. We have that (by (40)) 
[Dn (f.2)— fF (@)IL, =|] D5 one (f)Z(ma—k)- SO f(a) Z(ma—k)|) = 
k=—0co k=—0o y 
(88) 
> nz (f) — f (@)) Z (na — hk) = 
k=—0co y 
x 2 k r 
wr(f{(—-+—]-f(a)))Z(na—k)|| < 
E (Ee Ga) 10) 
= z k r 
wr |f(—+— )—-f(x)| | Z(me—k) = 
& (Seb Gra) -e, 
oo 6 k Fe 
wr lif (-—+— | -f (2) Z (nz — k) + 
ae (>: (- =) ‘i 


lis 
|R-al,, <a 
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k=—oo a 
! 


1 
n —2||,. > ne 


oo 6 
ny (Som (x Lane zeae ))zme-8)4 
n 18 lloo 
ws r=0 O2. 
lle Plea’ S we 
Ulivi, |) YB (ne-#) | < 
= —0o 
ee les ae 
14 isi 
WwW (1.7 T =) T 2m (ni-6 — 2)” (89) 

proving the claim. m 


We make 


Definition 19 Let f € Cp (RY,X), N € N, where (x, I-l,) is a@ Banach 
space. We define the general neural network operator 


[oe) 


Folie) = > a7 Ge =F) 


k=—0o 


(90) 


Clearly J, (f) is an X-valued bounded linear functional such that ||lnz (f) 


ly < 
lieu, 


Hence F,, (f) is a bounded linear operator with Fe (fll < us| 
We need ¥ -” 


Theorem 20 Let f € Cp (RY, X), N>1. Then F,,(f) € Cp (RY, X). 


Proof. Clearly F;, (f) is a bounded function. 


Next we prove the continuity of F, (f). Notice for N = 1, Z = © by (14). 
We will use the generalized Weierstrass M test: If a sequence of positive 
constants M,, M2, M3,..., can be found such that in some interval 
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(a) |[tn (x)||, < Mn, n= 1,2,3,... 

(b) >> M,, converges, 

then >> uy (x) is uniformly and absolutely convergent in the interval. 

Also we will use: 

If {un (z)}, nm = 1,2,3,... are continuous in [a, b] and if $3 un (x) converges 
uniformly to the sum S$ (a) in [a,b], then S (a) is continuous in [a,b]. Le. a 
uniformly convergent series of continuous functions is a continuous function. 
First we prove claim for N = 1. 

We will prove that 772. Inz (f) ® (nw — k) is continuous in x € R. 

There always exists 4 € N such that na € [—A, A]. 

Since nz < X, then —nx > —A and k—-— nx > k—.A> 0, when k > X. 
Therefore 


S- ® (nz —k) = 
k= 


So for k > X we get 


esd: 


B(k — na) < 52 O (bd) = se B(k’) <1. (91) 
k= k’=0 


k= 


Ine (All, ® (raz — b) <flFil,|] ©), 


and 


list, See-a< furl. 
k= 


Hence by the generalized Weierstrass M test we obtain that )77°.\ Inx (f) ® (naz — k) 


is uniformly and absolutely convergent on [-4, A] é 

Since |x (f) ® (nz — k) is continuous in x, then 377°, Ing (f) ® (na — k) is 
continuous on [-4, A] F 

Because nz > —A, then —nx < \, and k—-—nx <k+.2<0, when k < —d. 
Therefore 

= —X —xr 0 

S> O(na-hk)= So O(k-nz)< YO O(k+AV= YO OK) <1. 

k=—0o k=—0o k=—0o k!=—oo 
So for k < —A we get 
In (lly (na — ) <|IsIL,]] oO +a), (92) 


and 


isi y ab+y)< sll 
k=—oo 


Hence by Weierstrass M test we obtain that ya ee lng (f) ® (na — k) is uni- 
formly and absolutely convergent on {[—4, A] 


nini-* 
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Since In, (f) ® (na — k) is continuous in z, then Saaes lnk (f) ® (na — k) 
is continuous on [—4, 4]. 

So we proved that S72, Ing (f) ® (na —k) and S772. Ink (f) ® (na — k) 
are continuous on R. Since Daan Ink (f) ® (na — k) is a finite sum of con- 
tinuous functions on R, it is also a continuous function on R. 


Writing 


love) —X 
So Ink (f) ® (ne —k) = So Ing (f) & (na — k) + 


k=—0o k=—0o 
A-1 
So Ink (f) ® (nw — k) + > Ink (f) ® (na — k) (93) 
k=—A+1 


we have it as a continuous function on R. Therefore F,, (f), when N = 1, isa 
continuous function on R. 
When N = 2 we have 


n(f, £1, £2) = s s lnk ( ® (nx, — ky) ® (nae — ko) = 


ky=—0o kg=—00o 


[oe) CO 


S- ® (nx, — ky) is S- Ink (f) ® (nae — 2) 
ka 


ky=—0o =—0o 


(there always exist 1,2 € N such that na, € [—A1, Ai] and naz € [—Aa, r2]) 


co —A2 
= S- _ S- Ink (f) ® (nag — ko) + 


ky =—00 ka=—00 
remit 
» Ink (f) ® (naz — eS lnk (f) ® (nag — i) = 
ko=—do+1 kia=Ao 
ts 
=> S- Lax ( (na, — ky) ® (nag — kg) + 
ky =—00 kg =—00 
Kent 
= S Ink (f) ® (nay — ky) ® (nvg — ky) + 


k,y=—0o kg=—A24+1 


So SS Ing (f) © (na = ky) ® (nara — kee) =: (*)- 


ky =—co ko =o 


(For convenience call 


F (ky, ke, 11, v2) = Lik (f) ® (nay = ky) ® (nx2 = ka). ) 


25 


646 George A. Anastassiou 622-653 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


Thus 


= 


a 


ky=—0o kg=—00 


—X2 


y yer 


ky= AL kg=—0o 


ky 


= 


Se 


ky=—-0o ko= A2 


=—Aitl ke=—A241 


Shs 


dee 


Ai-1 —2 


Dee ee 


ky=—2 1 4+1 k2=—0co 


(ky, ko, 21,22) + (ky, k2,%1,%2) + 


—A1 A2-1 


ye 


=—00 kgp=—A24+1 


(k1,k2,%1,%2) + F (ky, ko, 41,22) + 
ky 
A2-1 


+y ¥ 


ky=A1 kg =—AQ4+1 


F (ky, k2,%1,%2) + F (ky, ko, 41,02) + 


Ai-1 


Se 


=—Ai+1 kg=r2 


(ki, ko, £1, £2) + 
ky 


(ky, ko, 01,2)+ (94) 


ee 


ky=A1 ko=A2 


F (ky, ko, %1, £2). 


Notice that the BD sum of continuous functions F (k1, k2,271, £2), 


dd 
ee aa seme —iet 


F (ky, kg, 1,22) is a continuous function. 


The rest of the summands of F,, (f, 71, £2) are treated all the same way and 
similarly to the case of N = 1. The method is demonstrated as follows. 


We will prove that Soe M ae, nk (f) ® (nay — 


ky) ® 


(nag — kz) is con- 


tinuous in (21,22) € R?. 


The continuous function 


Ildnas (ADIL, ® 


and 


ls 


et, 


na — ky) ® (nat — ke) < lis, 2 hie = a) @ hs 4a); 
list. yo @ (ky + dx) = 
ky=A1 kg=—0cO 
Ll. ( S oat ( . (e+ &)) < 
ky=)1 ko=—00 


(ki) (#5) | <|[iifiLy | 


0 
Ss) @ 
ki=—0o 


So by the Weierstrass M test we get that 


aay once Ink (f) B (nar — 


ky) ® (nag — kp) is uniformly and absolutely 


convergent. Therefore it is continuous on R?. 


Next we prove continuity on R? of 


oe aay See Ink (f) ® (nay — 


k1) ® ka). 


(nx2 = 
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Notice here that 


ee 


< [FL 8 ® be + 2) = Saye [IV] Be +2), 


1 
2 2x/2 


es 1 —A2 
a5 [bl a : ( y) ® (ha +&)) - 
—A,+1 kg=—0o 


Slice ea < say C- 1), 


(95) 
So the double series under consideration is uniformly convergent and continuous. 


and 


Clearly F;, (f, 21,22) is proved to be continuous on R?. 

Similarly reasoning one can prove easily now, but with more tedious work, 
that F, (f,21,...,2~) is continuous on RN, for any N > 1. We choose to omit 
this similar oun os a 


Remark 21 By (25) it is obvious that An ¢ fll A. < ee < 00, and 
N 


N 
An (f) € C IL [assbs],X), given that fe C ( ays bal s X 
1 , 


= i=l 
Call Ly, any of the operators Ay, Bn,Cn, Dn. 
Clearly then 


22 OM, = [lee Ze DIL < [lee IL || <LI. ee 


etc. 
Therefore we get 


WMA COM|. <b» Ye en. (97) 


the contraction property. 
Also we see that 


zk onl, < IAP Ol, << [ze |, < fll). 68 


Here LE are bounded linear operators. 


Notation 22 Here NE N,0< 6 <1. Denote by 


a —\jN _ 
ee as ose ts 
1, if Ly = Bn,Cn,Dn, 
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1 . 
ne? if Ln = An, Bn, 
ey 1 


N 
Os= 3 (11 ai, bf x) pol Ete (101) 


and 

N . 

IT [a;, bj] ? if In = An, (102) 
ae if In = Bn, Cn, Dn. 


We give the condensed 


Theorem 23 Let fE2,0<8<1,2€Y;n,m, NEN with n'~8 > 2. Then 


(i) 
lun, 
I|Ln (f, 0) — f (a)\L, Sew Jor (Ff, (m)) 4 dm (nin — a | = T(n), (103) 
where w , is for p = o, 
and 
(ii) 
iz (N= fllyf) <7(n) 0, asn— co. (104) 


For f uniformly continuous and in Q we obtain 


lim In (f) =f, 


n—Co 


pointwise and uniformly. 


Proof. By Theorems 8, 16,17, 18. m 
Next we do iterated neural network approximation (see also [9]). 
We make 


Remark 24 LetréN and Ly, as above. We observe that 
Unf —f = (AF - LEA + (EF - Le 7A) + 


(Got od See PUP Lad) Pah 2) 


Then 


ene — iL], <[eae— 2b, + fete 2a | 
eee nea tt EE tol + [leet — sb = 
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ze? nF = DIL, | + flee? Gar = DL + (les? Gat — ILI 


$2.4 [lfm (Inf - Ally + [lent -Fl,|] <r 
That is 


Zn f —fil,|]_- (205) 


lene — sill] <e 


Inf — fll) - (106) 
We give 


Theorem 25 All here as in Theorem 23 andr €N, rT (n) as in (104). Then 


iene —si,]_ srr. (107) 


So that the speed of convergence to the unit operator of Li, is not worse than of 
En. 


Proof. By (106) and (104). = 
We make 


Remark 26 Let m,myj,...,m- €@€N:m,<me<..<m,,0<6 <1, fea. 
Then p(m1) > y(me2) >... > y(m,), vg as in (100). 
Therefore 


wi (f,p(m1)) > a1 (f,9 (mea) 2. 2 wi (Fe (mr). (108) 


Assume further that m, ? >2,i=1,...,r. Then 


1 1 1 
2m z 2m 2 ao 
4m (my? = 2) 4m (m3~° - 2) 


Let Lm, as above, i =1,...,r, all of the same kind. 
We write 


| fortes 0 Srcrmaeg Ce Ben CSray eam 
Digiag (Betis of Nadine (Da f))) Dui (Bite Gobet) + 
Digg: (Dis. (llgagf)) = Ding Decne Go Leg f)) 
jE CHET res BCE 2) ted SON Ta ON i 2) one (110) 
Lrg (Lp f) — Line f + Ln. f — f = 
Ling (Lemp (Lime) (Emi f — f) + Lm, (Lm, (.--Lmg)) (maf — f) + 
Lim, (Lmy—1 (-Lm4)) (Lmgf — f) +. + Lm, (Lm,af —f) +Lm,f - f. 


Hence by the triangle inequality property of | we get 
[I] Zm- (Lmya (--Lms (Lm f))) ~ fll,||_ < 
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2m. (Ties 5 Clee) op Ally||. + 


| Zmne (Eres (+-Lms)) (Ema f All. re 
[Nl rm- (Langa (Ema) Emaf - Sly]. + + 
Pema. Lome Hlal|. + [leone t = Fil. 
(repeatedly applying (96)) 


< [[llZmf - flly||_ + [llbmaF - fill] + |[llomsf - fll] +--+ 
[Zonet — Allyl]. + [lem = fll] = 30 [tm f= fll] Guy 
t=1 
That is, we proved 


lore Loner (Lins Em f))) ~ Fla, <> |Itn f-fily|- (112) 


We give 


Theorem 27 Let f € 02; m, N, mj1,mgo,...,m, EN: my, < mg <...<m,,0< 
B<1; m, >2,i=1,..,7r, « € Y, and let (Lm,,...,Lm,) a8 (Am,,---;Am,) 
or (Bmy; +) Bm,) oF (Cm; +-)Cm,) OF (Diy) +;Dm,), p = co. Then 


Lane (Epa (Lig (Em f))) () - f (@)IL, $ 


[I Zn. ee (Lime (LZ mf) 7 fll. < 


Ye [lem - sill] < 
t=1 


r lis 
en |r (fe (m)) 4 mG one ule 


(el. 
ren |w1 (f,e (m1) 4 ee (mi-8 — 2)" 


(113) 


Clearly, we notice that the speed of convergence to the unit operator of the mul- 
tiply iterated operator is not worse than the speed of Lm,. 


Proof. Using (112), (108), (109) and (103), (104). m= 
We continue with 


30 


651 George A. Anastassiou 622-653 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC 


Theorem 28 Let all as in Corollary 15, andr € N. Here ys (n) is as in (75). 
Then 


lane = fil] <r 


|Anf - flly|| << res (n)- (114) 
Proof. By (106) and (75). = 


Application 29 A typical application of all of our results is when (x, I-I,) = 


(C,|-|), where C are the complex numbers. 
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